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PREFACE. 



The Iiifiiiitesima] Calculus is generally considered to be 
the most difficult branch of pure mathematics to which the 
attention of tho student is directed. It is certainly the 
most powerful instrument of investigation known to the 
mathematician, and its philosophy is as profound as its 
methods are far-reaching and comprehensive. But we be- 
lieve that its difficulties, in so far as they are not purely 
algebraic, are due quite as much to the manner in which 
its first principles are usually eshibited, as to any inherent 
obscurity in the subject itself. 

In the preparation of the following treatise, the attempt 
has been made to remove all grounds for that feeling of 
uncertainty which often possesses the student at tlie very 
outset, and from which he rarely finds it possible afterward 
to extricate himself. With this end in view, considerable 
space has been devoted to an exposition of the doctrine of 
limits, which has been made the basis of both the Differ- 
ential and the Integral Calculus. 

Many demonstrations might have been abridged, and ap- 
parently simplified, by the adoption of the ordinary method 
of infinitely small quantities; but this would have been, in 
the opinion of the writer, at the expense of a sound phi- 
losophy, for which, in a work iuteuded primarily for edu- 
cational purposes, the advantage of mere brevity could offer 
no compensation. 
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The work is founded mainly upon tlie excellent philo- 
sophical treatise of M, Duhamel, and a large number of 
the examples have been derived from the works of Hall, 
Walton, and 'fodhuuter; but many other volumes, whose 
. titles it is needless to mention here, have been consulted, 
and tlie writer would hereby acknowledge his indebtedness 
to all the treatises (American and foreign), relating to tiie 
subject, which it has been his privilege to read. He would 
also tender his obligations to Prof. Schuyler, of Baldwin 
University, for some valuable criticisms by which he has 
endeavored to profit; and he is sure that all of his readers 
will unite with him in this sincere expression of thanks to 
the publishers for the faultless style in which they have 
prepared the work for presentation to the public. 

Liberty, Missouei, } James G. Clark. 



P. S. — Should any who may use the work as a text-book 
find it too extensive for their purposes, it may be conven- 
iently abridged by omitting the following chapters : 

Difibrential Calculus~-VI, IX, X, XI, XIX, XX; 

Integral Calculus — IX .... XVI, inclusive. 
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THE DIFFERENTIAL CALCULUS. 



CHAPTER I. 



THE METHOD OP LIMITS, 



SEOTIOK 1.— Definitions and Fundamental Propositions. 

1. Quantity, when made the subject of mathematical 
investigation, is to be considered under one of two aspects; 
viz., as constant or as variable. 

A constant quantity is one whose value remains fixed after 
having once been assigned; while a variable quantity is one 
whose value is either continually changing, or may be sup- 
posed capable of such change. Thus, the distauce between 
two fixed points, measured on the straight line joining them, 
is constant; the distance from the center of au ellipse to its 
circumference is variable. 

2. Whatever may be the law according to which a quan- 
tity varies, it will usually be found tliat there is some one 
value toward which the variable may be made to approach 
indefinitely, without ever reaching it; and it will sometimes 
occur that there are two such values within which the vaii- 
able is confined. 

Thus, ill the series 

1. 1. 1, J , 

the terms themselves are evidently converging toward zero, 
while the sum of the terms approaches two indefinitely. 
(9) 
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10 THE DIFFERENTIAL CALCULUS. 

The distance between two fixed poinis being unity, the 
distance from either of them to a variable intermediate 
point must vary between zero and unity. This distance can 
never be either zero or unity; for in either case the third 
point wou)d coincide with one of the fixed points, and 
thereby violate the hypothesis that it is between them. 

3. Tlie extreme value toward which the value of a vari- 
able may be made to approach, or converge, indefinitely, is 
called the limit of the variable. 

The inferior limit of a variable is the value toward which 
it converges in decreasing. 

The eiipervyr limit of a variable is the value toward which 
it cpnvgr^es in increasing. 

It is evident that zero and infinity are the inferior and su- 
perior limits of -pestive numbers. 

4. An infinitesimal is a variable which has zero for its 
limit. For example, the difierence between the value of 
any variable and its limit is an infinitesimal; since, as the 
variable tends toward its limit, this difierence becomes less 
and less indefinitely, without ever reaching zero. 

It is evident from this definition that however small may 
be any given value of an infinitesimal, it will, in tending to- 
ward its limit, zero, become smaller still, without ever being 
actually reduced to zero. We may, therefore, say that on. 
infinUedmal is a variiMe whidi may imauwe a vcdm fess ffiaw that 
of any asngnable finite magnitude, however email; and when we 
attribute such a value to an infinitesimal, it becomes what is 
usually called an infinitely sma.ll quantity. The theory of 
the Calculus does not, in general, require us actvaUy to attribute 
infinitely small values to these variables, and therefore we 
have preferred to use the term infinitesimal as descriptive 
of the class rather than the term infinitely small, which is 
of more limited application. 

5. Proposition. — TJ" two variables are equal in every stage 
of their variMion, and each tends toward a limit, their limits are 
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THE METHOD OF LIMITS. 11 

For, since the variables are equal, tliey may be substituted 
each for the otlier. Performing this substitution, we shall 
have the first tending toward the limit of the second, and 
vice vena; and since it is obviously impossible for a variable 
to tend toward two different limits at the same time, it fol- 
lows that the two limits must be equal. 

Corollary 1. — It is evident that the limits of the two mem- 
bers of an equation which involve variables are equal. 

Corollary 2. — A constant quantity may be called its own 
limit, and hence if one member of an equation is constant, 
the value of that constant is the limit of the other member. 

6. Proposition.— r/te limit to the algebraie mm of any numr 
her oj varieties ia equal to the a/jefrraic mm of their limits. 

Let K, y, a ... be the variables, and designate their limits 
by lim, (x), lim. (y), etc. Let a, /S, y, etc., be tbe differences 
between these variables and their respective limits. 
Then we shall have 

x = lim.(x) + <.. 
y = lim. 0/) + j3. 
z ^^ lim. (s) -4- y. 



x+y+z=\im. (3;)+Iim. (y)+lim. («)... +t+^+y. . . (a). 

Now, the limits of n, ft y . . . being zero [Art. 4], the 
limit to their sum is evidently zero. The limit of the second 
member of (a) is, therefore, lim. (x) + lim. (y) + lim. {z) ; 
and since the limits of the two members are the same, we 
shall have 

lim. ix + y + z)==\iai. (x) + lim. 0/)+lim. {£). 

7. IPropositton. — The limii to ike product of two or rmre 
variables is equal to ihe product of iheir limits. 

Employing the same symbols as before, we have 
lim. ^if=^lim. (x). lim. (y). bm. (z) -j- terms involving «, ,9, y 
as factors. 
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12 THE VtFFEBESTIAL CALCULUS. 

The limit U> each of these last terms being evidently zero, 
■we have, by taliiDg the limit of each side of the etjuation, 
lira. (3^);=^ lira. {x). lim. (y). lim, (z). 
Corollary 1. — If the product of several variables is con- 
stant, the product of their limits is also constant, and equal 
to that of the variables themselves. 
Let xip=^e. 
Then lim. {xyi) =^ lim. (e) = e. 
Corollary 2. — If two variables are reciprocal, their limits 
are also reciprocal. 

Let xi/^t, or x^-. 
Then lim. (»j,)==lim. (x). lim. (y) = \im. (1)=1. 

■■■'"■•«=n5hs- 

8. Proposition. — TIte limit to the quotient of two varviAks is 
egval to the quotient o/" their limits. 

Since -^a^j - I, we have 

y \yf 

lim.(^)^lim. (x).lim.(l). (1) 

Put -^s; then yz^l, and lim. (y). lim. (a) ^^ 1. 

.•.lim.(.) = Ii„,.(l\=,, 1 . 
\yl lim. (J) 
and by substitution in (1), 
li,n.(iUlim.W.li„,.(l) = liu,. («). 1 ..=liii«) 

9. Proposition. — The limit to Ute n"" povxr of a vari<Me is 
equal to t}ie n''' -poxeer of ita limit. 

1st. When w is an integer, we have, by Art. 7, 
lim. (jf) = lim. (xxx. . .X) ^lim. (_x). lim. (i) . . . lim. (x) 
= |Iira. C^)i". 
2d. Let H !x! any fraction, as "; ivlience af'^xi. 
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MAOmTUDES AS LIMITS. 13 

Put xi^=y; whence x=^^, and aw^=^/^ Then we have 

Hm. (a)=]im. 0/')=|nm. (i/)!'. 
Consequently, 

Jlim. (a;)J';=lim. (y), and 

SECTION II.-Magnitudea Considered as Limits. 

10. Since any quantity may be coBsidered as the limit to 
a variable, and since any number of variables may have the 
same limit, it is evident that we may regard any given quan- 
tity as the limit to a variable of simpler form than itself. 
Whenever, therefore, we wish to determine a relation be- 
tween two quantities, we may often facilitate the operation 
by considering them as the limits of simpler variables, then 
finding the relation between these new variables, and finally, 
by means of the proixisitions established in the preceding 
section, passing to the limits, the relation between which will 
be the required relation between the given quantities. 

11. Magnitudes may be considered as the limits of variar 
bles from several different poiute of view. 

1st. We may consider any number as the limit to the sum 
of the terms of a converging series of finite quantities. 
Example.— Unit J '\% the limit to tlie sum of the aeries J, \, J, cte. 

2d. A quantity may be considered as the limit to the sum 
of an infinite scries of infinitesimals. 

Example.— The lenglli of a given straight line is equal to the sum 
of llie lengths of the parts into which it may be divided. The greater 
the number of parts, the leas is the length of each. If, (lien, the 
oumbor of parts ia variable, Iho length of each part is evidently, a 
variable which has zero for ila limit, while the number of parts has 
infinity for its limit. Tfio length of the line is evidently equal to the 
limit to the sum of its iufinitesiinal parts. 

3d. AVe may regard any quantity as the liwH to Hic ratio of 
two variaMes. 
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14 THE DIFFEBENTJAh CALCULUS. 

Ex. — J is the limit to the ratio of the two variables 
i + i + i + -iV+ . . . , and 
l + i + i + i + -r^+ - • • 

12. Proposition, — The limit to the mm tf an ind^nite num- 
ber of pwUive infihUedmak is not citanged v^ien we replace thon 
by oOwrs whim raUm to them Iiave unity for their limit. 

Let a,b,c,...lhe infinitesimala whose sum tends toward 
a fixed limit as their number is increased. 

Let a', b', c', . , . f be other infinitesimals, such that each 
of the ratios -;, p, etc., shall have unity for its limit. 

Now, it is a principle of Algebra, that if we have a series 
of fractions with positive denominators, the ratio of the sum 
of the numerators to the sum of the denominators will be 
intermediate in value between the greatest and least of the 
fractions. Hence, 

a+b+c + . . .1 
o'+"6' + c'+...f 

is comprised between the greatest and least of the fractions 

%, 7-,, -„ etc. If, therefore, the limit to each of these frac- 
a b e 

tious is unity, it follows that 



lim. (a + 6 + c+ . . . O^lim. (a' + 6' + c'+ . . . I'). 

Corollary 1. — If either of these limits be equal to a con- 
stant, the other will be equal to the same constant. 

Corollary 2.— If the limit to the ratio of the correspond- 
ing elements of the two sums be I, the limit to the ratio of 
the two sums themselves will evidently be I ; and this prin- 
ciple enables us, under certain circumstances, to reduce the 
iuvestigation of tlie limitx of sums to that of the limits of 
ratios, which, as we shall see in the sequel, is a much sim- 
pler process tlian the former. 
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MAGNITUDES AS LIMITS. 15 

13. Froposltion. — The limit to ffie ratio of two variables is not 
cJianged vilieii. we replace tJiem by oSters whose ratioa to tiiem have 
itnityfor ilieir limit. 

tiet a and b he two variables. Let a' and 6' be two others, 



= lim, ^ X Hm, j- X lini. —. 



But lim. ^ = 1, and liin. =-, ^ 1. 
-■. lira, *?t^Iim. %. 



Corollary. — This proposition is evidently true, according 
to Art. 12, if for the word ratio we substitute mm,. 

14. Proposition. — When the limit to Vie ratio ^ two variola 
is unify, tJidr difference is an ivfinitedvud, and conversely. 

Let a and a' be two variables and i5 their difference. 
Then a' -— a -\- S, and dividing by a', l=—,-\- — ,. 

Hence, if the limit to -; is unity, the limit to —, must be 
2«ro, and S must be an infinitesimal. 

Conversely, if the limit to -^ is zero, or if 5 is aii infini- 
tesimal, the limit to —, must be unity. 

Note.— In the preceding demonstration a and a' are as- 
sumed to be variables whose limits are different from zero. 

Corollary l.^Tke limit to the ratio of two variablen is not 
etuinyed when we r^laee them by oUiers from whidi they differ by 
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16 THE VIFFERENTIAL CALCULUS. 

This follows directly from the preceding propositions, but 
its great importance warrants us in giving the following inde- 
pendent demonstration, for which we are indebted to Profes- 
sor Schuyler. 

Let a and b be two variables, the limit to whose ratio is r; 
and let x and y be two infinitesimals. 



Then lim. rr^^r, and lim. - 



1 



.-. Ixlini. ^+^ = 1; .-. lim "-+-^ = r; 
r 6 + 1/ b-\-y 

,'. iim. ^ — lim, ^i?' 
b 6-f 2/ 

Corollary 2. — The limit to the sura of any number of 
variables is not changed when we replace them by others 
from which they differ by infinitesimals. This is evident, 
since the infinitesimals disappear in taking the limite. 

15. Of Different Orders of Infinitesimals.— We have seen 
that the limit to the ratio of two variables may be any finite 
number or zero, and it may also be itself a variable, either 
infinitesimal or otherwise. Thus, let R designate the radius 
vector of an ellipse, let i be an infinitesimal increment to the 
radius, and let A be the semi-major axis. Then 






R±i_R. 



variable quantity. 

The statement made above is true whether the variables 
have finite limits or whether they are infinitesimals, and this 
circumstance gives rise to infinitesimals of different orders. 
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MAGNITVBES AS LIMITS. 17 

Lot X be atiy variable whose limit is different from zero, 
aiid let a, h, c, d, etc., he infiaitesimuis ; let the limit to the 
ratio of a and x he zero ; then we shall call a an infinitesimal 
of the fird order ; and any infinitesimal whose ratio to a lias 
a f,nile hmit, will also be an infinitesimal of the first order. 
It is evident that an itifinilemiifd of tlie first order is simply aw 
in^iiifesMiiaZ part cf a variable vHiose limit is fimie. 

Similarly, an infinitemnal of Vie second order is an infiniksi- 
iital part of one of tJie fird order; one of the third order ia an 
infinitesimal part of one of the second order; and so on. 

15'. Froposltion. — Hfte product rf txco infinOmmals of ihe first 
order is of the second order. 

Let X be an infinitesimal oi" the second order, and let y, z 
he two of the first order; liien we may evidently, in accord- 
ance with the preceding definitions, write 

— ^^z; whence x = yz. 

lb". Proposition. — To determuie alg^aic expremions for iJie 
infinitesmak of different orders. 

Let a, a,, Oj, a, . . , a„ he infinitesimals arranged in order, 
a being the one with which the others are to be compared. 

Designate lim — byfe, a finite quantity. Then ive shall have 

--'^^fc + 5, in which (5 is an infinitesimal which disappears at 

the limit. Whence 

flinch will be the general expression for an iniinitesiinal of 
tile first oilier. Also, 

.?="('' + '''■ »'■'"■=' "' C' + ■") (2) i 

5!=o'(i + ,>),oro. = <.'(i- + ») (3): 
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18 THE BIFFERENTiAL CALCULUS. 

for the infinitesimal of the «'* order. 

Corollary to (15), (ISO, (15").— The corollaries to Prop. 
14 are true of infinitesimals as well as of finite variables. 
For, let a and b be two infinitesimals, and let x and y lie 
infinitesimals of higher order than a and 6. Then, word for 
word, as in Cor. 1., Prop. 14, we may prove that 

lim. r^^lini. " "^ . 
6 b-\-y 

Corollary 2, Prop. 14, may be extended to the ease of 

infinitesimals as follows : 

Since lim. — — ^ 1, we have Hm. (a) =: lim. {a-\-x); 

and since lim. ^— j — = 1, we have lira, ft^^lim. (b-\-y). 

.■. lim. (a + 6)=^ lim. (a) + lim. (6) = lim. (a + x) 
+ lim. (6 + y)=lim. (a + x + b + y-). 

Therefore, in general, the limit to the mm or ratio of tim 
infimiemnals is iw( changed wkeit litey are replaced by others Jrmn 
vJiick they differ by u^nitesimals of higher order than tltemselves. 

SECTION III.— Increments and Derivatives. 

16. When two variables are in any way dependent upon 
each other, any change attributed to either of them will 
usually effect a change in the value of the other. Such 
s are called Increments. 



17. Let y be any function of x, designated by F(x), and 
let h be an infinitesimal increment of the first order assigned 
to X, converting y into y-\-k. Then we shall liave 

k = IX!, + k)-F(x); 
l;_- F(« + ).)--F(i) . 
k h 
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mCREMENTS AND DERIVATIVES. 19 

,i„.|=„„.{^fe±^=^)}. 

Tiie limit to the ratio of k and A is called the derivative 
of y with respect to x, and is designated by J^(i). We 
therefore have 



j J'(^+/0--P'( ^)] 



Now, since [Art. 4] the difference between a variable and 
its limit is an infinitesimal, we shall liave (calliog this dif- 
ference 3) 

j^ = F(x)-\-5, and 
h = k F(x) + Sh. 

Again, since S and ft are infinitesimals of the first order, 
the product [Art. 15'] is an infinitesimal of the second order, 
and ive may therefore ^ubstUute h F'(x) for k whenevm- the latter 
<^pears as otie of the ierms of a ratio or series v^iorn limits we 
tciaA to find. 

18. The derivative of a function will enable us to deter- 
mine the manner in which the function varies between any 
assumed values. 

Tims we have seen that 

fe = ft F'(x) + Sh = h (F'(x) + d}. 

Now, if for any given value of a;, Fi^x) is not sero, 3 being 
iin infinitesimal will, as it tends toward its limit aero, neces- 
sarily become less than F(x), and the sign of the factor 
F(x) -j- S will depend upon that of F(x). Therefore, sup- 
posing ft to be positive, k will, when 3 has reached a value 
less than F(x), have the same sign as F{x). 

("onsequently, F(x) is increasing for all values of x which 
render F(x) positive ; and F(x) is demvadnff for all values 
of X which render FQe) negative. 
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20 THE DIFFERENTIAL CALCULUS. 

The reverse will evidently be true if we consider h as 
negative. 

Corollary.— It is obvious tbat, of two functions of x, that 
changes the more rapidly whose derivative for any given 
value of X is the greater. 

19. Proposition. — Let y = F(x) he afaw-twn. of x, subject Ifi 
Hie following cmd^wm: 

1st. That the increment k of y produced by the increment 
k of X shall tend toward xero as h tends toward t:ero. 

2d. That, if in pasring from the value x, to X, the value 
of X varies continually in the same sense, then y will also 
vary continually in the same sense in passing from y^ to Y. 

Then we say that for every vedue of x between x„ and X, the 
derivative F'(x), oi* lim. -, Jtm a determinate valve vMch i«, m 
general, finite. 

For, if we divide the interval X — a,, into n equal parts, 
and designate by fc,, ij, etc., the corresponding increments 
of y, wc shall have 

Y—y, = ky-\-h,-\- . . . K; X—x,=nh; 

and therefore, 

Y—y. _ h + h+ ■ ^^. ^H- f+ ■ --f 
X— X, Ilk" n 

That is, the constant ratio -p — -^ is the arithmetical mean 

of the ratios =^, ^, etc. 
ft ft 

Let n be indefinitely increased. The terms of each of 
these ratios will then tend to xero, and the limit to each 
ratio will be » v».mi vj »iu.. r, . 

~"^° will then be the mean of the derivatives of F(x') 

taken for all possible values of x between x^ and X; and 
since the value of this mean, in general, is finite, it follows 
tliat the derivatives themselves must be finite. 
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Thl^ die* not however preclude the possibility of there 
being within the prC'icribed limits % and X, particular 
values of X tor which the value ot the derivative may be 
either zeio or trinity 

20 ^far aU vdim of x b^ween x„ and X fc vdiie of tiie 
dtnvahw be teio ?( is elear fft it all iSif tallies of y beheeen s^ 
and \ mU be equal to tneh otlie} and theiefore independent rf 
X For, in that case we shall ha\e 



Y-y. _ 



0, therefore Y — j„ = " and I ^s; 



and the same will be true if for Y we substituti; any inter- 
mediate value of y. 



GEOHETEICAL ILLUgTBAIIONil. 

21. — 1st. Let it be required to druiv a tangent to the 
curve gee at the point c, and let 
tl^F(x) be the equation of that '^' 

curve, referred to the rectangu- T 

lar axes oX, oY. Designate the j 

co-ordinates of c by a; and '(, 
and tho=e o£eh}x + hy + k ' 

Draw the secant line ce and the j 

tangent cd If n w wc supjoae ! 

the point e to mov e toward c the 

hne ce will t«nd to coincide with ed the position of which 
will evidently be the bmiti ig position of ce which the Utter 
is always approaching but which it can never reach withjut 
ceasing to be a secant and thereby violating the oiiginal 
Ijpythesia 

In this movement of the point e the lines ^f ini ef e\i 
dent!^ tend toward ixto as also d es ff mtie \er (^ and ff 
as the} approach e tend toward equalit) with each other 
df ef and ef are therefore mfinite'simals and the hmit (o 
the ratio of df and ff is unit> 

The position of the tangent ed will be determmed if we 
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can find the tangent of the angle dcf which it makes with 
the axis of x. The value of this taugent is (if we consider 
the trigonometrical radius as uuity) -■' ; and it might seem 

impossible to determine this ratio without first finding the 
value of df, which evidently depends on the position of 
the tangent line itself, the very thing for which we are 
searching. But, since the limit to the ratio of ^ and ef is 
unity, we are [Art. 14, Cor. 1] at liberty to substitute ef 
for df, and the determination of the ratio -i is thus reduced 
to that of the limit to the ratio % 
We therefore have 

tang drf=^^r,m. ^=lim. l^^^). 
<3 oj « 

Hence (ht tangent of the angle wAicA the tanqent line to a 
curve jjudes mth the axia of ofescE'iscts — the axes hemg lectan 
gular— IS eqmt to tie derivative of the mrfinofe of the point of 
taw/eney 

2d Let It he rejuired ti finl the irca if i ughtan^lel 
tnangle \BD 

Dtsignite the ba.=e BD h^ b an 1 the altitude AD b> a 
Duidc the altitude mto ini 
number n of equal parts ED 
FE etc nnd complete the rect 
'^'v.M angles 3D oF etc Njw each 

— - J ^ T.,^^^ rectangle as yD will differ frtm 

■ ■ I- ■ ^ the corre ponding tnpezoid BE 

■" — — - — 1 "B ij^ an elementary tmngie Bgq 

and the sum of all the rectan 
gles will differ from the given tri'kngle b> the sum (f these 
elementar} triangles 

But if n lie increased indefinitel> the arei of each (f 
these tiiangles will decrease and the hmit t« each trianglo 
IS CMdently 'eto The given tnangle is obviously equal to 
the limit to thi, "uoi of the leutangk^ and the sum of the 
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triangles. But the limit to the sum of the triangles ia aero, 
since the limit to each ia aero. Hence, the given triangle is 
the limit to the sum of the rectangles. 

Now, let Bq^ijOT^em, et«. =7t; 

also, let ED = FE, ete.=-. 

Then we shall have 

rectangle 5E=C^—/()"; oF = (6—2/0-; mG=(6— 3/0-, et«. 

Hence, 

ABD = lim. |(6 — /0--l- (6 — 2/0^ + . . .(6 — Hft)"| 

= lim. {„a5-?^(1 + 2 + . . . „)J 

But, whatever may be the number of rectangles, we have 
always ]iA=^6, and the limit of h is zero. Hence, since the 
limit to the sum is equal to the sum of the limite, 

ABD = lim. (ai)-lim.(^\-0 = «6-^ = ^. 



CHAPTER ir. 

FUNDAMENTAL PfilNCII'LliS OF TIIU DIFFEKKNTIAL CALCULUS. 

SEOTIOH I— DefittitioBS. 

22. When any relation exists between two or more va- 
riables by means of which their values may be determined, 
tliey are said to be ftmotions of each other. 
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Ill such cases it is usual, as a matter of i 
sdeet one or more of the variables in terms of which to 
express the others. The variables so selected arc called 
independent, and the others dependent variables, or simply 
functions. 

23. Fniictiom arc either explicit or implicit. 

An explicit function is ouc whose value may be deter- 
mined by performing the operations indicated. 

An implicit function is one ivliose evaluation leijuires the 
solution of au equation. 

lu the equation j; = a + 6.e -f ■'^'i V ''^ ■'^" explicit function 
of a:. 

In the equation ax' + hxy -\- c-f +'f.r + ey +/= 0, y i, an 
implicit function of j;. 

84. Functions are either algebraic or transcendental 
An algebraic function is one ivhose relation to the independ- 
ent variable is, or may be, expressed in a finite number of 
algebraic term^. The examples in Art. 23 are algebraic 
functions. Every function which can not be so ex]>refoed is 
a transcendental function. 

y = Iog x; y = ar; j( = siu x; y = m\-' x, 

are examples of transcendental functions. 

25. When we ivish to indicate, in a general way, tliat y is 
an explicit function of x, we make use of some such expres- 
sion as 

the characters J^, /, t designating different functions. Tiiese 
expressions are read simply, j equal to the F function of x, 
etc. 

When we wish to indicate that y is an implicit function 
of X, we write 

F\x.y) = 0;fix.y) ■=(>■, ^(x. y)=0, 
and i-ead, Ike F Junetioii of x and y exiled to zero, etc. 
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36. When ii function depends for its value direcUy upon 
one or more independent variables, it is called a simple 
function. 

Thus, y:^'h + 3zhB. simple function of a; and z. 

Wlien several functions are accumulated upon each other, 
the first is said to be a function of functions. 

Thus, iiy^F(?); s=/(-m); u = ^{x), 
2/ is a function of functions. 

Wheu a variable is a function of several variables, each 
of which is a function of the same variable, the first is said 
to be a compound function of the last. 

Tluis, if >,-F(^. u. ()i z=S(x); u = f(x); ( = 4W, 
y is a compound function of x. 

If one variable is a function of another, the second is an 
inverse fnnction of the first. 

87. A variable is continuous when, in passing from one 
value to another, it passes successively through all interme- 
diate values. When this condition is not fulfilled, the va- 
riable is discontinuous. 

A function is continuous when, in making the variable 
on which it depends vary confinuoualy, it is constantly red, 
and also varies continuously, A function may be continu- 
ous for all values of the independent variable within certain 
limits, and discontinuous beyond those limits. 

28. We have seen in the first section of Chapter I., that 
wheu two variables are always equal their limits are also 
equal, and that in order to find the limit to any algebraic 
combination of variables, it is sufficient to replace each va-- 
riable by its limit. Hence, if 

F(x.,.z...)=K':-y- '■■■}. 
we shall also have 

lim.Fix.y.z. . :)--^\\^.f{x.y.z. . .). 

D. C,-.^ 
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26 THE DIFFERENTIAL CALCULUS. 

If, now, a. b. c . . . are the limits of x. y. z . . ,, then 

lim. F(x.y.z. . .)=F(a. b. c . . .), 
and lim. f(x. y. z . . .) -/(a. b. c . . .)■ 

Hence, finally, 

j(«. *.«...)=/(«. *.«...)■ 

If, therefore, we wish to discover the relation which exists 
between several variables, it is sufficient to consider them as 
the limits to other variables which may be of simpler form 
or of a character more readily dealt with ; to determine tho 
relation between these new variables; and, finally, in the 
algebraic expression of this relation, to replace them by 
their limits. 

29, It has been demonstrated in Art. 19, tliat the ratio of 
the two infinitesimal increments of a function and its var 
riable has, in general, a determinate finite limit, which we 
have called the derivative of the function with respect to the 
variable. 

It 13 the primary object of the Differeatial Calculus to 
invedigate and estabjith, jnethods of determining Uie derivatiim of 
functions under all pomble forms and eombbmtiam. 



SECTION II.— BeriTativea and Differentials. 

30, The infinitesimal increment of a variable or function 
is called its difference, and is designated by the symbol d. 
Thus, dx is the difference of x. 

.The derivative of a function with respect to a given va- 
riable is designated by the same symbol which denotes the 
function, affected with an accent. Thus, if we designate a 
function by j = F(x), then F'(x) is the derivative of y with 
respect to x ; "and since tlie derivative of a function is the 
limit to the ratio of the infinitesimal increments of tho func- 
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tion and the independent variable, we sliall liave, in accord- 
ance with our notation, 

K(3:} = lim. ^. (1), 

in which Ay and Ax are infinitesimals. 

31. If, now, we represent by a a certain quantity which 
tends toward zero at the same time with Jx, we shall have, 
s with the theory of limits, 



?£r=F'(x) + a, or Ay=Ax. F'ix) + adx, 

in which aAx is an infinitesimal of higher order than Jx; 
and therefore [Art. 17], wbeneeer Ay enters into t}ie terms of 
a ra^ or series whose Kmils vie imh to find, vte may re^ace it 
by Ax. F'(x). Consequently, in all such cases, and in such 
cases only, we may write, as rigorously exact, the equation 

Jy = Ax. JTCx) (2), 



^^ 



.F'ix) (3). 



32. Equations (2) and (3) being rigorously exact only 
when they are limiting equations, it is found expedient in 
practice to substitute for Ay and Ax the symbols dy and dx, 
which are used ordy in limiting equations or expressions, and 
represent quantities whose ratio is equal to (Ae limit to (lie 'ratio 
of Ay and Ax. 

Instead, then, of the above equations, we may write the 
following : 

| = FW (4), 

and dy = r{x'). dx (5), 

which are rigorously exact: 

The expressions dy and <h are called the differentials of y 
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and x; and -f, being the quantity by which it is necessary 

to multiply dx in order to obtain dy, is called the differential 
co-efficient of y with respect-to x. It represents symbolic- 
ally the derivative of y with respect to x, together witli the 
algebraic process by which it ia obtained. 

A comparison of equations (2) and (5) will show that dy 
and dx may be considered as infinitesimals whose ratios to 
dy and 4x, respectively, have the limit uniiy, and which 
may be of simpler form than these last, or vice versa ; and, 
if X be taken as the independent variable, dx may evidently 
be considered as equal to Ax. 
/ 

33. If we have in the same investigation several functions 
(y, z, %i, etc.) of the same variable x, and represent by Jy, 
dz, etc., their differences with respect to Jx^ and by dy, dz, 
etc., their corresponding differentials, we shall have 



and, passing to the limits, 

Ay lim. 



Hence, the derivative of one variable with respect to 
another is equal to the ratio of their derivatives taken with 
respect to any third variable of which they are both func- 
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SECTION III— Differentiation in General. 

34. I%c operation of finding (Jte derivative and differential of 
a junction is caSed differetttiation. 

AU functions, wliatever may be their form, are eitlier 
simple functions or made up of simple functions, and we 
proceed to show how the differentiation of any function may 
be made to dejiend upon that of the simple functions of 
which it is composed. 



[1] DITFEaEBTIATIOH OF SIMPLE rTTNCnom 

Let y^:^F(x) be any simple function of x. 

Then we shall have, as has previously been shown, 

dy = Fix + dx)-F(x); 

dy_ F(x+^x)-F(x) . 

Ax dx ' 

Ja: Ax 

or, ^ = F(x),iinidy = FOc).dx. 

Hence, to dilferentiate a simple function of a variable, 
give to Hie vancAle an inerement, and find the eorreiponding 
increment of the fundion. The limit to the ratio of Ih&e incre- 
ments wiU be ike ^Hvative of ffie function. Plaee this derivative 
equal to the differential co-^ieient, miJiifiy hy the differential of 
(fte variable, and the result vM be Ike differential of the fanetion,. 

Scholium.— If we suppose the independent variable to 
vary uniformly, so that Ax is the same for all values of x, 
dx may be taken as the rate of variatum of x, and dy, being 
the infinitesimal change in y due to the corresponding 
change in x, may be considered as the rate of variation 
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t21 DIFFEEENTIATIOK OF A FDHOTION OF FUSCTIOBS. 

Let M be a fujictiou of x, determined by the series of 
operations 

and let it be required to find the derivative of u with respect 
toir. 

Let Jw, Jz, ^y be the differences of u, z, y. Then we 
shall have 

Jm Jm Js Jy 

Jx Js Jy Ax 

and, passing to the limits, 

<te & dy dx -^W-^WTW 

Hence, Oie denvative of a function u Qf x, through eeaend in- 
termediate fundwim, ts eqmd to the prodiiet tf tfie derivatives tf 
(Ae Mi/M>fo series <f functions. 



13] DlFFEEEirrilTIOlI OF IHVBB8B FUHCTIOm 
l.et y = F(x), and x=f(y). 

Since these two equations are the same under different 
forms, they will give the same increments for the variables. 
We shall therefore have 

P» = l!,n. * = ^. = J-=-L 
Ji lim. ^ /(y) /«!,)■ 

The equation 
expresses the method of performing this differentiation. 
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[1] rnTEEENTlATION OF COMPOUHD FDMOTIOHS, 

In order to determine the derivative of a compound func- 
tion we shall first find an expression for the infinitesimal 
increment of a function of several variables. 

Lety = ir(«. ^), 

and let dy, du, dv be their increments. 
Then we shall have 

Jj, ^ F(u + Jm, « + Av) — F(u. V), 

which can be written 

dy=F{u+Au, v)^F{u. v)+F(u+Ju, v+Av^—Fiu+Au, v), 

or 

In this equation the co-eflScient of Au differs by an infini- 
tesimal from the derivative of F(u. v) with respect to m, v 
being regarded as constant; and in accordance with the 
theory of limits this co-efficient may be replaced by that de- 
rivative, -^. 
dii 

In like manner, the co-efficient of Av differs by an infini- 
tesimal from the derivative of F(u + Au, v) with respect to 
V, tt being regarded as constant ; and this latter derivative 
difiers by an infinitesimal from the derivative of J!^(m. v) 

with respect to v. Hence we may substitute -f for the de- 
dv 

rivativc of F(t( -\- An, v), and this for the co-efficient of Av. 

We therefore have 



du av 



4,= "?.* + " 



It must be observed, however, that since quantities can 
be substituted for others from which they differ by infiiiitesi- 
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mals only in cases where Uriwls are to be taken, we must, in 
the general case, add to the above value of Ay an infinitesi- 
mal a, which shall disappear when we pass to the limit. 
We thus have 

Jy^f^. Jw + #. J. + a, 
" du dv 

an equation which is rigorously correct, and is independent 
of any relation between u and v. 
If now we have 

where ii, v, z . . , are functions of x, wo shall have 

Ay = $-. Au + f. Av + '^l. Az+ ... + a. 
^ du dv ck 

Dividing by Ax, and passing to the limits, w'e obtain 
or, multiplying by dx, 



dy dy du , dy dv ,dy dz 

dx du dx~^ dv dx ds dx ' 



dy = '^l.du + 'k.dv + '^y.dz+. . . (B). 

•^ du dv dz 

These two equoMons, (A) and (B), are formxdas for obtaining 
the derivative and differential of a compound funetion of a vari- 
able, and are much more readily remembered than the rules 
which might be derived from them. 

Note. — In these equations -S., X etc., are the partial 
ait dv 
derivatives of y with respect to each of the variables, and 



with respect to the variable x, on which all the others 
depend. If any one of the variableSj as «, should be equal 
to X, then we would have 
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dy du dy dx dy 

du da: dx de dx 

a partial derivative of the same form with the total derivar 
tive in the first member. In like maimer, dy in the first 
member of (B) is the total dififerential of y, while dy in the 
second member is a partial differential. 

Paiiicular attention is necessary m wsing Utem expremiom to 
prevent the confimfm of total loiA partial differentvdg and de- 
rivatives. The diiGculty is sometimes obviated by incloang 
the total derivatives or differentials in brackete. 



[5] DIFFEEENTIATIOH OF IMPLICIT FDHCTIOHB. 

(a). Let F(x. )/)=0 be an equation expressing that y is 
an implicit function of a:. 

Taking the deriv.itives according to formula (A) in the 
last case, we have 





dF(^.y} iFC^.,} «_„, 
th ' dy <k 


Whence 




d,_ 





These expressions may be somewhat abbreviated by sub- 
stituting u for F{x. y). 

(b). If we have m — 1 equations with m variables, the 
differentials of these variables may be determined in terms 
of the variables and the differential of any one of them. 

Let 
F(x. y.z.. .) = 0; /(a;, y. z . . .)=0; f(x. y. z . . .)^0. 
etc., bo the equations. 
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Differentiating with respect to a;, j;, * . , ., and jepreseiit- 
ing the first members of the equations by F, f, ^, etc., we 

dF , 



If till "^ 11" 



From these m — 1 equations the values o? dy, dz, etc., can 
)e determined in terms o{ x, y, z . . . and dx. 



CHAPTER III. 

DIFFERENTIATION OF FUNCTIONS OP ONE VARIABLE. 

35. Problem 1.— Zb differentiate y— x±a. 
We have 

y-\-Jy = x+Jx±a; 

whence Jy = Jx, and -^ = 1 
Ax 

,■. ^:;::=lim. -2^1; Rnddu^dx. 
dx 4x ^ 

Therefore, ^ a eonstatit be fMineeted mik a varwiMe by ike 
dgn -\- or — , it disappears in differentiati(m. 

Note.— In this and the succeeding problems it is to be 
understood tliat y is a function of x. 
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Problem 2. — Ih differetdiaie y — ax. 
We have 



■whence iJy ^^ aJx, and 



^ = 



^ = !im. ^ = 



a, and dj ^ (wie. 



Therefore, if Ow varvMe he midtiplied by a constant, the dif- 
/ereniial eontahts that content as afador. 

Problem 3. — To differeniUite any poiwr of a variable. 

Then we^hall ha\e 
y+Jy=(x+Jx)"=x"+nK^' Jj;-|- "'C"'— 1) ^^^ (Jxy+elc. 

Whence, by subtraetion, 

Aij = rttar-^ Jx + ' ^i'^'-'^) x—^, C-^^)' + ^^- ' 
and, dividing by Hx, 



, ^^iy=. 



Jim, -? ^ -? = maf^', and dy = mu;"-' dx. 



Therefore, the derivative of any pouiee of a variable in found 
by diminidmig the exponent by unity and midUplying the result 
by ffie ori^nal ex^ient ; oiid Uie differential is found by mvM- 
pltpjiig tiiis derivative by Ike differential of tJie variable. 

Note,— Since the binomial formula is true for all values 
of m, this rule for differentiating is correct for all powers. 
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Problem 4. — To differentiate y — j/x. 

We have x^f; whence d£ = 2ydy (by Prob. 3). 

.-. (/„--- — 
^ 2y '2^x 

Therefore, to differentiate a radical of the s&xnd decree, differ- 
mtiaie Oie variable under (Ae radical sign and divide the reeidt by 
twice tlie radical. 

Problem b.—To differentials 

y — as + &! + eu + fa + etc , 

where y, g, z, etc., are functions of a;. 

Let the increment Ax be given to z; then y, e, z, etc., will 
be converted into y-^ Ay, s -f J«, z-{- Ji, etc., and we shall 
have 

y+Jy^a(i!+As)+b(^+A^)+c(u+Au)+k(v+Av)+etc. 

. ■ . Ay^= aAs -(- bAz -j- cAu -{- kAv -f- etc.. 

All As , ,Az , Au , ,Av , . 
Ax Ax Ax Ax Ax 
and 

lim. ^=a. lim. ^+6. lim. ^+<^. lim. A'+i. hm. ^^+etc.. 
Ax Ax Ax Ax Ax 

dy (fe I I (fe , du I ,dv , , 

dx dx dx ds, dx 

. ■ . dy ^ ads -T bdz -\- cdu -\- Mv -\- etc. 

Therefore, the differential of the algebraic gum of any number 
t^ functions of the same varifMe is found h) taking the algebraic 
sum'of their differentials. 

Problem 6.— lb differeniiaie tlie pnidiKt of any number of 
funetions of tlie same variable. 
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(a). Let us take y^^uz. 
Then we shall have 

y-\- Jyt=.(u-\- Ju). (z -|- ^2) =^U3-{- U^z + zdu -{- Jit, dz, 
= y -)- uAz -j- zAu -f Au. Az. 

.*, iJy ^= uJb -[- 2^M + '^w- ^^! ^"id 

Ja; Ja dx dx 

Passing to the limits, and observing that, since dz enters 
as a &ctor into the last term, the limit of this term is zero, 
we have 

dy ^ I du . 

dx dc dm' 

dy =^ iwfe -\- zdu. 

(6). Let the function be y=^vev. 
Designating the procluet of u and z by s, we have 
y = sv, 
and, as in the previous case, 

d>j^sdv + vds. 0). 

But, since 3 = 1^3, we have 

di = wlz -{- zdu. 
. ■ . by substitution in (1), 

dy =^ vzdv -j- uvds 4- vslu. 

The same process can evidently be extended to any num- 
ber of functions, and we shall have the following general 
rule: 

To differentiate tiie pmduet of any number offunatwm of the 
some variaMe, multiply fhe differential of each fu)tetiort by Oie 
prodvet of all the other fuiwtwm, and take Ute idgdiraie mm of 
tlie produds so (Attained, 
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Corollary, — Dividing the equation 

dy ^^ uvdi -\- wzdv -\- vtdu 
by y^vvs, we obtain 



"Wherefore, if lite diffei'ential of eadi function be divided by 
tJie fimction itself, fJie «wn of tJie quotient xmli be eqtud to Uie 
differential of tlie product of the funeHom divided by tlie product. 

Problem 7, — To differentiate Hie quotient of two fundions of 
a variable. 



Let the expressiou he y^=~ 
Theu we shali have 



y-{- ^y= 'y — ; whence 



■" v + ^v V i'"-\-v^v ^ '' 

Dividing by Jx, and passing to the limits, observing that 
the limit to the denominator in the second member of (1) is 



dx 

Therefore, to differentiate afraetion, midttply the denominator 
by Ute differential of the mtmeralor, Hie manerator by the differen- 
tial of Hie demnninator, sid^act Ute second produetjrom tiie Jtrd, 
imd divide, by l3i£ square of the denomiiiator. 

Corollary 1. — If the denominator be constant, then the 
second term in the differential vanishes, and we have 
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Corollary 2. — If the numerator be constant, tlieu the first 
term in the difl'erential vanishes, and we have 



Problem B.—To iUfferentUde y — hg (x). 
We have 

y + J;, ^ log (ic + Js) =^ log j .r(l + ^) I 

= log:. + log^l + fj). 

.■... = Iog(l + ^)^^^-(g:,et..); 

. ■ . passing to the limits, 

dx \xl " X 

Therefore, to differeidiale i/ie logarithm of n variable, diviiie 
tiie differential of the m'riaile by ffie variable and midli^y by (/le 
modulus of the system. 

Corollary.— If the logarithm be taken in the Naperian 
system, the modulus is unity, and we have 



We shall in all cases, unless it is otherwise stated, under- 
stand our logaritlims to be referred to the Napei'iaii system. 

Problem 9.— To differentiate y — a" 
^ to logarithms, we have 

log y — x log a. 
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40 THE DIFFEREmiAL CALCULUS. 

Thereibre, by differentiation, 

-M.:^dx log a; dy^y dx log a ; or 

da'=^a' dx log a. 

Corollary. — If a is equal to e, the Naperian base, then 
log a ^ log e = 1, and therefore, 

d C = e' dx. 

Problem 10. — To differetOUUe y— sin x. 

In order to solve this problem it is necessary to demon- 
strate in the first place that the limit to the ratio of the sine 
and tangent is maty. For this purpose it is sufficient to 
observe that, 



-lim. (cos)=^l. 




We may also notice that, since the 
length of the arc of a circle is inter- 
mediate in value between the sine 
and tangent, we shall have 



lim. ( -^- W lim. ( >£5. \ ^ lim. ( A^ U lim. / I'H U 1. 

\ tang ; - \ tang / \ sm / \ arc / 



Now, resuming our equation ; 
m increment, Jx, we shall have 



y-]- Ay^^ sin (x + dx) ^^ sin x. cos' Ax -|- cos x. sin 4 
. • . Jy = sin a^ cos J» + cos a;, sin Ax — sin x ; 
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. cos dx + COS X. 



^.= «Ri. COS J, + cos,. SJi^SiJ. 

ax ax Ax Jx 



Urn, -# ^= lira. I '" ^ - 1. lira, (cos Ja:) 
Ja: \ ■^^ / 

4- lira. ( —— — ). lira, (cos a;) — 11m. (.5iIL£ 1, 

I 

lim. (cosiJa:) — 1, and lira. / ?1^-^ W 1. 

. lim. 4^^1im. /ii2_£\+liiii. (cosa:)— lim. (ii5A\; 
Jx \ dx 1^ ^ ■' \ Ax j' 



iy = 



■- cos X, and % = cos a: (ii; = d sin a; 



Problem 11. — To differentiate y^cos x. 
We have 

)/ = COsa: = sin (QQ°~x). 

■ . (by Prob. 10), dy = cos (90° — a;) rf(90° — a;) 

:^sin xd( — a;) ^^ sill a; da;:^d cos a: 

Problem 12.— To differentiate y — tang x. 
AVg have 



. (hy Prob. 7), dy = co^ ^ rf sin ar-sin ^ (t cos a; 

=; — . ""T' ... — dx^=^ — -— dx = sec^ X tlx ^=^d tans X 
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Problem 13. — 2b differentiate y =cot x. 
We have 

y^tang(90°--a;). 

.-. dy = secXQO° — x)d(^0°-~x) 
^ — cosec' X dx=:d cot x. 

Problem 14. — To differenlicUe y^sec x. 
We have 



\ COS a: / cos' X COS X COS X 

=^ tang X. secxdx^^d sec x. 

Problem 15. — To differeiaiate y=cosec x. 
We have 

y^^eosec K:^sec(90° — x). 

.•. rfy=iisec[90'=— I) =tang(90''~3:). 860(90°— j:)rf(90'' — i) 
= — cot X. cosec X dx=:d cosee a^ 



Problem 16.— lb dift 
We have 

i; ^ versiii k ^ 1 — cos a;. 

.-. dy=^d(\. — cos a;) :^ 3111 a^ da: =^ d versin a. 

Problem 17. — 7b diferentiaie y = emermi x. 
We have 

J = coversiu x = versin(90° — x). 

. ■. dy = d ver8mC90° — a;) ^sm(90° — a^) d(90='— .t) 
^^ — cos a; (fe = li coversin x. 
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Problem 18. — 2b differentiate y^siiT^ x. 
We have 

X ^ sin y. 
. • . dx^ cos y dy^ j/l — sin^ y dy = j/l — x' dy ; 



Problem 19. — To differentiate y^cos"' x. 
We have 



• . dx = — sin ydy=^ — i/l — cos^ y dy^ — i^l — 

whence, dy^^ — ■■ ;^ d cos~' x. 

l/l— a' 

Problem 20. — To differentiate y==(amr' x. 
We have 

X = tang y. 
.-. dx = sec^ydy = il + t&ng'y) dy^il+x') d 

Problem 21.— 2b differentiate y^^eot-' x. 
We have 

■. dx = — cosee' y dy= — (l-(-cot' y) dy^—il-^x^) dy; 



whence, 


*- iT.. 


. = <!colr' 


Problem 22.— lb 


di^ereaiiale y = 


«c-'x. 


We have 
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THE DIFFERENTIAL CALCULUS. 
.• . dx=: tang y. seay dy = y'sec'' y — 1. sec y <hj 
^xV'^^^dy; 



Problem 23.— 2b differetiliate y—-c 
We liave 



-. dx^ — cot y. cosec y'dy^ — l/cosec'y— 1. cosec y dy 
= ^x Vx' — Idy; 

whence, dy = — ^=^.= d cosec"-' x. 

xVx' — l 



Problem 24.— To dii 
We have 



ay. 



.-. dx^^nydy=^V2 versiii y — (versiii yf dy 
= V'2x--3i'dy; 

whence, dw ^ ■■ ,-^..__, — , =^ d versin"' x. 



Problem 25. — 2f> differentiate y = 
We have 

X =^ coverain y 



. ■. dx^^ — cos y dy^=^'\/2 coversin y- — (covershi y)' dy 
^—V2x—x^. dy; 



Hosted by Google 



EXAMPLES. 45 

36. The preceding problems embrace the methods of differ- 
entiating all the known simpk functions of a single variable. 
Problems 1 to 7, inclusive, embrace all the algebraic func- 
tions; 8 and 9 are the logaritliinic, and its inverse, the 
exponential, functions ; 10 to 25 are the direct and inverse 
circular or trigonometric functions, in each of which the 
i-adius is taken as unity. 

The methods of differentiating all simple functions being 
knoivn, the differentiation of functions of functions, com- 
pound functions, and implicit functions, can be readily 
effected by means of the formulas already provided for such 



1. Differentiate y = 3x-\- 7, 

According to Problem 1, the term 7 will disappear i 
differentiation, and by Problem 2, we shall have 






^=3, or dy = Zdx. 



2. Differentiate y = a:'. 
According to Problem .'!, ive have 



*=5.'. 



. dy = bx^ dx. 



3. Differentiate y^3]/2a;. 

We have, by Problems 2 and 4, 

dy = ?^^ =^ 6A« ^ ^_ 
2i/^^ 2i/2^ VTz 

4. Differentiate y^^bx^ -\- 7x^ — 4a;' + 6a; — 5, 
We have, by Problem 5, 

dy = 5(f (a;*) + 7(i(ar') — 4d(«=) + Qdx ; 
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. ■ , differentiating each term, 

dy = 5(4ar'(it) + 7(Sx'th) — 4(2mic) + G<h 
= 20a*(£c + 2Wdc — Sisdx + Gde. 

5. Diifepeiitiat«y=(4:B=)C3a;'). 
Wo have, by Problem 6, 

dy = 4x'd(3a^) + 3a;V(40 

6. Differentiate y^^ctc'(6a:'-|-CT + /t). 
We liave 

% = iaa?dxQ»? -\- ex -\- K) -\- aa?(2bxdx + wfo) 

^= dcAx'dx + iacx'dx -f daJix^dx. 

The same result would be obtained by performing the 
indicated multiplication and tlien differentiating. 

7. Differentiate y^4S3?. 
By Problem 3, we have, 

dy = 432a:'(fo. 

Again, resohing 48»° into three factors, we have 

y = 23?. ^. 6a;'. 

Differentiating this by Problem 6 (b), we have 

dj/ = 24a!'. 4a;(fe+ 12a^. V2x^<ix-{-fi3?. 'iAx'dx 
= (96a? + 144a^ + 192af)(&: = 432a;'tfe. 

8. Differentiate v = ^. 
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We have, by Problem 7, 

9. Differentiate y=^ — . 
Since a is constant, we have 



10. Differentiate ?/=--^. 

We have, by Problem 7, Cor. 2, 

. — 6ax*dx __ — 5adx 



11. Differentiate y^=:log(Sx'). 
We have, by Problem 8, 



,,_d(_3x') _12x'dx_4dx 

'^y — ^' — 3^ — r- 

12. Differentiate 2/ = a"'. 
We have, by Problem 9, 

dy = a'' !og a d(3x) = 3<^ log a d 

13. Differentiate y = a''. 
We have 

dy ^^f' log a d(x') 
= 2xaf log a dx. 

14. Differentiate y ^= if'. 
AVe have 

dy = ^d(ax)=ae.'"^dx. 
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15. Differentiate 5 = sin (x^). 
We have, by Problem 10, 

^ =; COS (a')d{3;') = 2x cos (xydx. 

16. Differentiate y^^cos (5;e). 
We have, by Problem 11, 



-cos (px)d(5x) ^^ — 5 cos (5x) dx. 



17. Differemiate y^^tang (ax). 
We have, by Problem 12, 

(^:=8ec' (air)d(ar) ^^a sec' (ax) da. 

18. Differentiate j; = sec (ax). 
We have, by Problem 14, 

dy = tang (<w). sec (ctr)rf(a») = a tang (ax-), sec ((M)(fe. 

19. Differentiate jf = versin (era). 
"We have, by Problem 16, 

<iS = nn(«)i(»)=.sin(«.)&. 

20. Differentiate y^a sin~' -. 
We have, by Problem 18, 



21. Differentiate 1;= a COS"' -. 
We have, by Problem 19, 
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22. Differentiate y^a tang"' -. 
We have, by Problem 20, 

23. Differentiate y^acot"^-. 
We liave, by Problem 21, 



d'dx 



24. Differentiate y = « sec" 
We have, by Problem 22, 



25. Differentiate y^a cosec" 
We have, by Problem 23, 



— tt'(fa 

= .■+»•■ 



iV¥^c 



;\'S--i 



26. Differentiate y^a versin~' 
We have, by Problem 24, 
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27. Diflerentiate y - 

We have, by Problem 25, 



W- 



"l/2<a 



ST. The preceding examples have been given simply for 
the purpose of illustration. The following are intended as 
examples for practice ; they are given without regard to 
order, and it will be noticed tliat some of them are quite 
complicated, 

1. Differentiate y = (o + te™)". 

Assume a-\-bx'"^z. . ■. y^z", dy^nz""^^, and ih^^ 
mbsT-'dx. 

. ■. by substitution, 

dy =^ bmn(a -(- 6*™)"~'a:"~' dx. 

We may also differeutiate this example by the rule for 
powers and obtain the same result. 

2. Differentiate y^x(l-\- x')(l + «)'■ 
We have 

dr/=(l + xyi+xydx-\-x(l+xy2xdic+3:(l+x'')2(l+x}dx=? 

S. Differentiate y = \/ax -{- bx'. 
We have 

dy = . "ILz__ ..fe. 



4. Differentiate y = ._..--_-—. 
We have 

, _ 20^X^' + 3)'- 3(3^ + 3)' 2.^. 5a^ , 
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5. Differentiate i/ :^ log {a -\- hx -\- ex' -\~ l\x''). 



Ans. ^ ^ 6 + 2ca; + 3/i«^ 
'etc a -]- 6a; + o;^ 4- /w; 



vt 



6. Differentiate y ^ A'a: + >/l + :r' = [x + (1 + a^)«S . 
We have 

*=i !«:+ (1 +"!')''r''<!i''+ (1 +»■)«! 

=4 !» + (1 +»•)«!"" !i +4(1 +i'')"''2«i* 



1 + 



vT+lf 



^ .,^ W'' + v^'+"- .,. 



7. Differentiate y = if aT f i/j + 1 — a:«(3:'^ + l)« 
We liave 

dy ^ ^^-"(3;!* + l)««ir + |x«(s« + 1)-". ia-^tir 



tl* ' b'dt-'+l)'' 




„ 61/V+ 3 








■* I — y-l — i"' 




, 9. Differentiate j,-»'' + '' + '^'-S, 
y-l+i-j/l-ji 




Multiplying both terms of the second member 


by the nu- 


merator, we have 




_ (i/r+i + v/r=i)" _ 1 + i/r= 

' 2« « 


ly 




| = ? 
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10. Differentiate y = '<^lx + l/i ^V^'^, 
continued indefinitely. 
Squaring this equation, we obtain 

• tf = x + y, or f—y^x. 
. • . 2ydy — dy = dx, and dy — - ^^ . 

11. Differentiate !/:= log (a; 4- vT+aO- 
We have 

12. Differentiate y ™ <a' + x') #'«' — a;'. 
Tailing tlie iogaritlim of each side of tliis equation, we 
liave 

log } = log «, + !og(a' + J?) + i Iog(a- - !■) . 

. dy_dx <i(a' + »?) , (! ((.■-«■) 
■ ■ S >,+ .■ + a? +» «■-«■ ■ 

from which the value of dy may be easily found. This 
method of passing to logarithms may often he resorted to 
with advantage. 

13. Differentiate i/^A+^. 
We have 



■ (<.+j)'(kH-iy 

We shall find 

, „ _ 2(i. + »,) + 3(» + ») j. 

*- -c» +«)■(» + .)•■■■ 
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15. Differentiate >/ = (« + a;)"'(6 + x)\ 
We have 

log ji = m Iog(a + x) + n log(b + k). 

• ■ y a + x ^ b + x ' 

.-. dy = ia + xr(p + xr\^^±- + -^'^dx. 



t/^x 



Ans. dy- 



, _\/ai\/x-Va) 



17. Differentiate ij = ^-1^—. 
Passing to logarithms, we have 

log!/ = i log(l 4- x)-^ log(l-a.). 



<l~x)V\-x^ 



18. Differentiate y = {a; + t/1 — x' }"• 
We have 

dy = n{x-\-\/V^^^}^^d{x^X/U:^} =1 



AVe have 

y=iog{i/r+^^-x]-iog{i/rR"+^}. 



20. Differentiate ?; — »''+''. 
AVe have 
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C 21. Differentiate i/ = af. 
We have, 

logt/ = a;logK. 

. ■ . # ^ tog a:. At + dx. .-. dy :^x'(log x-^l^dx. 

'^22. Differentiate y=^x'', the notation signifying the x' 
power of K. 
We have 

log y ;= af log k. 

.-. dj, = 3fV{l0g<l0g^+l) + ^}(fo- 

23. Differentiate y = e". 

Ans. dy = n e"" 'jf~' dx. 

24. Differentiate y = e'. 

Ans. dy = e^ af (log a; + 1) <!*:. 

25. Differentiate y --= «*'. 

26. Differentiate y=:]og(logx). 
We have 

I d log a: dx 

log a: a; log a; 

27. Differentiate y = (log a;)". 



Ans. dy^nQLOgx)"' 


.1 «» 


28. Differentiate y = e'°". 




29. Differentiate y = e'''s ►'•^+^'. 




30. Differentiate y — ^'^^. 


-rf^. 



(«■+»-)■ 
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31, Difiereiitiate y=~ -. 

e' — 1 

32, Differentiate y ^: e'''s'^ 

33. Differentiate y = x'lo^x+2x' log' x+4 

34. Differentiate j/==^e'. /idl5_. 

Alls. dy = ff— 



W. Differentiate y = A sav' x. 
We have 

dy ^ 20 sin' a: c( sin x ^ 20 siu' a-, cos x dx. 

= 10 siu^ X. 2 sin x. cosxdx = 10 sin' a:, sin 2x (in. 

36. Differentiate y = sin sia;. 

37. Differentiate y = tang" a:. 

38. Differentiate y = sin 3a;. cos 2x. 
We have 

dy = sin 3a; d cos 2x 4- cos 2x d sin 3a; 

= — 2 sin Sx. sin 2a; (ic + 3 cos 3a:. cos 2a; dx 
= (cos 3a;, cos 2ii; -1- 2 cos 5a;) dx. 

39. Differentiate j/=:l(^ sin a:; y^log cos x; y^ 
log tang x; y^=\ogcotx; )/ ;= log sec a; ; j ^ log cosec x ; 
y^log versin x; y=^\og coversin a;. 

40. Differentiate y =^ sin' x. 

41. Differentiate jf^sin(sin x). 
We have 

d!; = cos(sin x) d sin(3;) 

42. Differentiate i/=(cos a;)""''. 
We have 



;d by Google 



>6 THE DIFFERENTIAL CALCULUS. 

. '. -^^ca&x dx, los cos a; + sin a; —^?—- 
y cos a 

, cos' X. log cos X — sin^ x • 

cos X ' 

and rf»/==(co9 z)''°'~'[cos^ ;r. log cos a; — sin'a:| dx. 

43. Differentiate y==los j « + ^ tang x ) 

" ^ U — 6 tang a;) 

44. Differentiate v == sin~' ^ .. . 

We liave 



^45. Differentiate 5/ = sin~'(sin k). 
We have 



l/l — sin'a; cos ar 

46. Differentiate y = log i/sin a; -]- log i/cosk. 

47, Differentiate j/ = logSco9a.- + 1/— 1 sin a; J. 

An.. ^ = . 



■ <& 



48. Differentiate «zz^£!C^i'!.^-n^^_^. 

^ a' + l 

We have 



(iy^__-— joe"'(asina; — cosa;) + ae"cosa; + e'"sinxi 
^ e" sin X dx. 

49. Differentiate y =^ cos^' ( ''-?5!JL+A I . 
^ U cos a; + a t 
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38. In the next article v/e present some examples to be 
solved by the methods for functions of functions and com- 
pound functions. For convenience we repeat the formulas 
for these cases. 

l.ifu = F(v) and y = ({£) ; ^^ = ^. ^l. 
<fo ay ax 

2. lSu = Fiy. ....). y=K^), z = ^{£) . . .; 
d>i __ dii dy , du dt 
dx dy' dx ds' dx ' ' ' 



39. Ex. l.—Given w — a" and y = b'; fin 


We have 






^^a'hga; ^=b'}ogl 




. ■ . ^^.^a'b-log a. log b. 


2. Given u 


= logy,y^hgx;6nd^. 


We have 






du _1, dy _1 
dy y' dx x' 



' ' dx a; log a;' 

3. Given u^Vi, z = 3^+ ix + a)»; find ^. 

4. Given w^tang"' y, y^= — ^ ^; find -; — 

^ ^ ^ a' + *' dx 

5. Given M^ sin"' y, y = 6* cos x; find -=-. 

6. Given u ^ e», y=^ tang"' x ; find — . 

7. Given u^x', i/ = af': find ^. 

' •' ' dx 
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8. Given u = see"' y, y ^^ ; find -^. 

" ■' coax dx 

9. Given u^sur' (y — ^'}< y = ^^, s = 4r'; find ^. 
We have 

dw __ 1 ^ du — 1 

^ = 3; ^ = 12:^. 



((m 3~-12x= 




ffc l/l — (Sk — •iar'y 




,, = e... = ^,fi„d|. 




, j = e- — «-, j = e- + e- 


find * 



10. Given n 

11. Given ?i 

12. Given u = ta.ng-' y, y = x+v'l^^'; find ^. 

Ans. ^ = —^ a^— _ „. 
rfa; 2l/l — a:\l + 3;i/l— »0 



13. Given « = tang-'i/, u = JL_£!!i^; find ^-. 

6 "' ^ \ 1 + cos a; ' d:.; 

An.. ^ = i 

14. Given H = log»;, y = VT+^+Vi'^^; find ^. 

15. Given J/' — 2aOT/ + K'—i'' = 0; find ^^Z. 



Then we have 



. u = F(x. y) = 0, and (Art. 34 [4]) 



du (fi( . da dy 

dx dc dy ctx 
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Now, ^ = 2x — 2ay; ^:^2y—2ax. 
dx dy " 

. ■ . by substitution, in (1) and reduction, 

dy ay — x 

dx y~ax 

It will be noticed that equation (1) in this example is the 
same aa the formula for implicit functions in Art, 34, 

16. Given m = i/* + Sttej; + ^^ = ; to find % 
Employing equation (1) as above, we have 

i^^^Zx' + iay; ^=^Zf -'rZax; 
dx ' •' dy -^ ' 

. ^ = _ x' + u y 
■ ■ tfo y-'-{-ax' 

17, Given « = )/'+ y3; + %V + 4-^ + ^'=^0; to find 
dy_ 

da>' 



CHAPTER IV. 

SUCCESSIVE DIFFERENTIATION, 

40. The derivative of a function of x will, in general, be 
itself a function of x, and will therefore Tiave its derivative 
and differential, which may, in their turn, be diiferentiated ; 
and so on. 

The process of obtaining the derivatives and differentials 
of derivatives and differentials is called successive differen- 
tiation. 

In determining the successive derivatives of a function, 
we shall suppose the differential of the independent variable 
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to maintain a constant value, as we are evidently at liberty 
to do, and this will introduce great simplicity into the oper- 



41. dotation.— Let y^F(x), and ^^F'Q^). 
By differentiation we obtain 



r by F"(x) the derivative of F'(x). 
Difierentiating again, we have 



l = F-"(x); 



The notation used in the first members of the above equa- 
tions being inconvenient, it is in practice replaced by the 
following : 

d(dy) is denoted by d^y; d\d(dy)\ by d^y; 
dx. dx by dx^; dx. dx. dx by da?; 

and so on. 

The above equations will then become 



,^■. *=FY.1; ^=F''tx>. fl=F»'rx:: *S = 
dar 



!i=^('y. 5!=-f"«; S.=p»: 3=J""w: 2=F-w, 



F'i^x), F"{x) . . . F-^(x) are the 1« 2'' . . . n" dtrivativei of F{x) or ji ; 
dij, d'tf . . . d-y are the 1", 2'' . . . n" difercnUats of F(x) or y ; 
dx, di^ . . . djfl are the 1", 2^^ . , . n"' powers of the differential of i; 
'll,^...^l are the 1", 2" . . . n'* diferenlial co-cffickals of F{x) 
or y, M'ith vcapect to x. 
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The student must be careful not to confound dy with dy". 

42. Examples. 

1 ,, — ^n. dy_ ,, d^y_^(.-_i-.^u 

1. y-x , ^^nx . ^-«(« IJ^, 

g=<ri-l)C^2) ..-; g=^(^l)(^2) ... 3. 2. 1. 

2. y^iog 

3. y^sin 





^1. 


e=- 


_ 1 , 


■■P 


2 


g- 


*= 


^CO) 


,.,A. 


^__ 


sin a; 


,*, 


= -co 






dc' 'dip' 

sin a; ; etc. 



§ = "■'<»: etc. 



6. y=w V, in which tt and v are functions of a:. 
We have already found 



Differentiating both sides of this equation with respect to 

;, and observing that -^, -*- are functions of 3!, we have 
dx ax 

d'y _ d'v ,du dv , d\i , dv 'du 
dx' dx' dx dx dx' dx' dx 

— '^*' 4- 2*^'* ^'^ -)- 1^'^ 
dx' dx' dx dx' 
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Differentiating again, we have 



dx' 5a? dx' <b? dx'' 
Similarly wc shall find 
d'y d'v I jdu (Fv , f,dht dh) , Av <Fu , d'u 

A simple inspection of the foregoing results shows that 
the co-efiicients follow the same law as in the Binomial for- 
mula, and it may readily be shown that this will always be 

the case. Tlie resultinE; formula for -,-^ is known as Leib- 
dx" 

oitz' Theorem. 

43. We give here two examples in the successive differen- 
tiation of implicit functions of a single variable, reserving 
until a subsequent chapter the notation and formulas adopted 
for such cases. 

1. u = ^ + 3axii-\-i/ = 0. 

We have already found [Ex. 16, Art. 39,] 



Designating -J' by u', we shall have, since u' is a functiuii 
of X directly and also indirectly through y, 

(Pj/ di^ du' dy ,du' ,,. 

Now i^w' „ - Mf + «x) + a(x' + ay) . 
' dx (f + axy 
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— e 


■(s' + ") + 2s(«" + «!') 






(j' + o,)- 




by substitution in 


(1) and reduction, 








(/ + =)■■ 


2. . 
We 


• = ?'-% + » 
shall fiud 


■, = 








t' 


1 




3(1 -9")' 



Placing this equal to u', and observing that u' is a func- 
tion of X through t/, we have 



du' d'y du' dy 

dx dx' dy ' dx 

Sow. *-:= „„ ^»,. . 



(!)■ 



. *. by substitution in (1), 

d^ 9(1"— !/0^'" 
We may also obtain the value of -j-^ as follows : 
Expanding the value of -^ by actual division, we have 



= i(l + s' + j' + etc.) 



■■■ £=K2!' + V + etc.)§ = l(2j + 6y' + etc.) 

44. 'Piohlem.— To find an esxpressum for tlie ratio of anyfiri 
increments of Ui>o functions of Hie same variable. 
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Let FQc), J(x) be two functions of x, and let a^,, X be two 
arbitrary values of x, such that 

X— a^ + A. 

It is required to find an expression for the ratio 

F(X)-^W or J^C ^ + ZQ-ffa) 
JOCy^lQ^^) 'M + hy-fix^) ' 

Let us suppose that the derivative /'(ic) is positive for all 
values of x from x^ to X Also, let A and B be greater 
than the greatest and less than the least values of the ratio 

}'^' between Xo and X 

Then we shall have 

/W ^ ' /'W ^ ■ 

and therefore 

F'(x-)<Af{£); F'(x)>Bf(x). 

How, F'{x), A^Xx), Bf'(x), are the derivatives of F(x), 
Afix), £/(!■). Consequently [Art. 18, Cor.], FCx) increases 
less rapidly than Af{x), but more rapidly than Bf(x). 

Therefore, 

F{X)-F{x,)<A\XX)^S{^,)\, and>£|/(X)-/(z„)S. 
. F{X)-F(x,) , , „ 



If, then, the ratio ,,/ ^ - be continuous between the values 



Xo and X, which will be the case ii F'(x),f(x) are continu- 
ous, there must be between Xa and X some value of x which 

will render this ratio exactly equal to ^^^~ ^^'^X Call- 
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ing this value of x, a^ + Oh {8 being lees than unity), we 
have 

AX)-/c^) nx,+Gk)- ^'J- 

If we had taken f'(x) negative, the inequalities in the 
above demonstration would have been reversed, and we 
would have been led in the same manner to the equation 
(1). This equation is therefore general, provided /(x) re- 
l^iius the same sign for all values of x between x^ and 

Xo + h. 

45. Let ua suppose that for x^ we have F(xa) = 0, f(x„) 
^0; then, designating Oh by h', we shall have 

F(x„ + h ) _r(_x, + h') 

M + 'O 7'C^ + A') ■ 

If at the same time f"(3^)=0, f(_Xo')=Q, then we shall 
have in the same way 

FXx« + h') ^ F"(x„J- h"l 
f(=^^ + h') f"lx, + h")'' 

h" being less than h', and -7777-^?^ being continuous ; hence, 

F(x,+ k) ^ F"(xo±hn 
Six, + h-) f'(x, + h")- 

Continuing thus, we shall find that if 
and the ratios Y , ' ^ . ■ • ■ -sr-T7-^-> ^^^ continuous, 



^" + ^> ^ :^K±*) 
f(x,+-hj n^^ + Oh) 

D. C.-0 



(2), 
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in which represents some positive quantity less than 
unity. 

Corollary 1. — -If all the foregoing conditions be fuifiUed 
except -F(a^o) ^= 0, then 






(3). 



CoroUary 2.~-lf x, = i), then 







F(h) _ 


_ i?-(a) 

rm ' 


or, writing a 


; for A, 














an equation 


whieh leads to the following 


Theorem.- 


—If two conlinuom 


1 Jundiowt (^ 



■) for x = 0, and if (/le jJrei n 
derivotivei of one of (/wm Imve (fe same sign for all valu&i of x 
between x,, and X ; tiien ihe ratio of ffte fimetions wiU be equal 
to that of their n'" denvative», in botJi of wkieJi tJie value of -s. is 
some value between x„ and X. 

46. The conditions which have been imposed upon f(x) in 
the foregoing equations will evidently be fulfilled if we take 

/W = {.-«,)•; 

for, we shall have 

/(^o)-0; f'{x,) = 0; . . .f"-'{x,) = 0; /"(^To) = 1. 2. 3 . . . 

■ . . (« - 1) « ; X^i + '0 =M) = h': 
Hence, equation (3) becomes 

F(>,-Hi)-r(x.) = —-J''^^ F-(,. + HO (6); 
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and if F(x;) = 0, then 

F{x, + h) = -,-2^^ -F"(^o + Oh) (6). 

If, also, ;ro = 0, then 

If F(x„') be not zero for x^, = 0, then 

J'(xj-J'(^)= ^ ^^" _^ J'"(e^) (8). 

47. Corollary 1.— If -ll^ tends toward zero at the same 
time with x, then 

-^(^I = _ F'(^_ 

X" 1. 2...}i.' 

For, we must in such case have F(0) = 0, J'"(0) = . . . 

F"~'(0) =0\ otherwise, —^ would be infinite for i = o! 

The eonditions attached to equation (7) are consequently 

satisiied. and hence ?M = __-^_L(^^. 
X" 1, 2 . . , n 

Corollary 2. — If in (5) we make n^l, and replace x„ by 
X, ive shall have 

i?(i.+;.)~J'(«)='>i^'(«+«'') (9)- 

From this we infer that if Hie tlerivoiive of an expreman 
taken with rented to x. is sero for eveiy vahie of x, the imhie Of 
Ihe expression is independent of x. 
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For, let F(x) be such au expression ; then we shall have 
h F'(x + eh) = 0, and F^x + k)— F(x) == 0, 
or F(x + h) = F(x). 

Therefore F(x) has the same value for every value of x, 
which can only be the case when it is independent of x. 

Also, ^ two /unctions of x ham the same derivative wiSi respecJ 
to X, (A«y differ from each other by a cmistatU. 

For, the derivative of their difference being equal to the 
diiferenee of their derivatives, and this being zero, their dlf- 
ferenco must be independent of x, and therefore constant. 



APPLICATIONS OF THE DIFFEEENTIAL OALOULUS 

TO AHALYSIS. 

CHAPTER V. 

TAYLOR'S AUD KAOLAUBIN'a FOSMTILAS. 

48. The preceding chapters contain the most important 
principles of the Differential Calculus, so far as it relates to 
functions of a single variable. We propose now to exhibit 
some applications of the theory, beginning with certain 
useful formulas for the development of functions into series. 

49. Taylor's Pormala 

Ims far lis object the d^velopmetit of F(k -f h) in fertm of the 
asce-nding pmvera of h. 

This formula may be demonstrated as follows. From 
equation (9), Art, 47, we have 

F(_x + k)-F(x)=hF'ix+6h), 

the only condition of whieh equation is that F(x) and its 



;d by Google 



TAYLOR'S FORMULA. 69 

derivative F'{x) are continuous between the limits x and 
x + h. 
This equation may be written 

F(x + h) - Fix) =k F'Qc) + B,, 

or F(x + h) ~F(_x) — h F'(x) ^ iJ, ; 

El bemg a function of h which vanishes when ft = 0. 

Now, the first derivative of B, is evidently aero when h 
=^0, and its second derivative is F"(x + k). 

We therefore have [Art. 46] 

and cons»;|uently, 

F(x+h-)-F(x)-k F'(x)=^ F"(x+eh), 
which may be written 

F(x + 70 ~ F{x) ~ h F\x) ^ ^ F"ix) + Ii„ 
or F(x + h) - F(x) - k F'(x) - ^ F"(x) = B,. 

.^2 is a function of k which, together with its first and 
second derivatives, vanishes when A = 0, as may be readily 
seen, and its third derivative is F"'(X'\-^)- 

Hence [Art. 46], 
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or F(^^h) = F(x)+hF'(:^) + -^- F''{x) + .^.^l-. F"'iz + ffh). 
Coiitftiuing indefinitely in this manner, we sliall find 

F(H-*)=-F(i)+lJ="W+3^-F"W+j7|-j-f""W+ ■ ■ ■ 

If now the last term of tliie equation tends toward zero us 



F(x -\-h) is the limit to the sum of the terms of the series 
F(x), hF'{x), ^ F"(z) ■ ■ , and we may write 

F{7^+h)=^F{x) + hF'{xy\.^^F"{x)Jr~—^F'"[==)+ ... etc. {2). 

If we designate F{x) by y, F(x -\- h) by )/, aad substitute 
for the derivatives F'(x), F"(x), etc., the differential co- 
efficients which are respectively equal to them, wc shall 
have 



Equations (2) and (3) are, both, forms of Taylor's for- 

KoTE. — It must be borne in mind that this formula 
depends upon the conditions that F{x) and all of its deriva- 
tives are contiouous between the limits x and r + ft, and 



If the last conditjon is not satisfied, then formula (1) gives 
the development of F(x -\- h). 

60. The term ■■ J^" - F'(x + eh} tends toward zero as 

n increases whenever F"(x) is finite for aU values of n. For, 
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under this supp sitmn whatever niaj be the \alue of k, a« 

soon as n pi«sea this ■value the co-efiicieQt -^ — ^ ■will 

be multipiied (in hnding the np\t succeeding term-ij b} the 
fectors v — y^ TT, , „ , efe. , which form a continu'illy de- 
creasing series ind the limit to the product of theie factoii 
and therefore to the term containing that product, wiil ob- 
viously be 2t) 

Therefore ulwnevei F{x) and aU of tU i^eniatwee aie finite 
and e<mtimiom, Taylors /wmula gives the aact dndiprrwiit of 
F(x+h). 

51. Formula (1) of Art 49 imposes no condition upon the 
derivative-s -which are of in oider supeiior to tlie ji'* These 
may be dtseonhnumi^ foi certim \ nines of i. between the 
extremes x and r -(- A, and the /oi mula be stil! exact and 
thus tlie dfiidopmetd bj thii foimula nil) in i gnen < ise 
be exact up to i certain term, md meiact iio^ond that 

For example let us take 

The den'\itive« of thi" expression foi the particular value 
a- of T imU be finite as far as F^^ix^) if those of/(^i) and ^.(a) 
are so but be)ond this term the\ will be infinite The 
development will then be exact onl\ up to the term pre 
ceding that which contain F^iy^) and lu order to reader it 
complete it will be netessaiy to odd a term coire^pondms tf 
the last term of formula (1) ^vhich depends upm the m" 
denvative 

Taghr's formula uiU therefore in ^eneral terms gi e (he 
exoet deeelopment of F(x + h) only vp to Ike fi.i t denvative 
uhieh becomes infinite for any lalue of x between tht kmiti v 
and x + h 

By means of formula (11 we may deteimine the limit* of 
the enrr committel m stopping the de^eInpmpnt it a,n\ 
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given term of Taylor's formula. In fact, if we take the first 
n terms, the exact quaJitity which it is necessary to add in 
order to obtain the value of jF(a -{-h) is 

-F\x + eh'). 



1.2. 

If, then, we designate by A and B the smallest and 
greatest values of F''(x) between x and x + /i, the error 
committed in taking the first n terms will be between 
Ah" ^. Sh" 



52. Haclaniin's Formula. 

Madam in s foi mida Itas for its object ihe deeehpneid of a fune- 
twn of a nngk variable in terms of the amending powers of that 
varuMe 

If in formula (1), Art. 49, we make x = 0, and then sub- 
stitute X for A, we shall liave 

^W=.f^O)+r ^(0)+^ f"(0)+ . . . +Y72^"77ii *■"("') (-1). 

If, now, as n increaSes, the last term tends toward zero, 
F(x) Is the limit to the sura of the terms ^(0), x F'(0), 
ete., and we may write 

F(x) = Fi(f) + X J"(0) + ^ _F"'(0) + . . . etc. (5). 

If F(x) be designated by ij, and we indicate, by inclosing 
them in brackets, the values assumed by F(x), F'(x), cte., 
when x^O, then (.5) may be written 

-fW=J = W+«[-f"W] + /,-[-F"W]+ • ■ ■ »te- (6)1 
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or, replacing the derivatives by the diiFerentiat co-efficients, 
i^W = , = W + rg] + ^g] + etc. (7). 

Equations (5), (6), and (7) arc difierent, but equivalent, 
forms of Maclaurin'a formula. 

This formula is attended with limitationB similar to that 
of Taylor. It ceases to give the exact development of a 
function, whenever that function or any of its derivatives 
become infinite for finite values of x ; but it will be obsei-ved 
that while Taylor's formula may fail for but a single value 
of X between x and x ■+■ k, if Maclaurin's formula fails for 
one value of x it fails for all other values. 



1. Develop y ^= sin x. 

Forming the successive derivatives, wo have 

Making a; = 0, these become F(0) =;= sin = ; 

ir'(O) = cos = 1 ; F"(0)^— sin = 0; F"'(0):^— cos 
= — 1 ; J""(0) = sin ^ ; etc. 

Therefore, by substitution in Maelaurin's formula, which 
is applicable here since none of the derivatives are infinite, 
we have 



1.2.3.4.5.6.7^ 



2. Develop y = cos x. 
The derivatives are 
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Making x^O, we have 

F"(0) ^ — cos = — 1 ; J""(0) ^ sin = ; 
Ji"X0)^co9 0^1; etc. 

Therefore, by substitution in Maclaurin's formula, 



^ 1.2 ' 1.2.3. 4 1.2.3.4.5.6^ — 

3. Develop y^^if. 
"We have 

Fix) = a' ; F'(x) ^<f\oga; F"(x) = a' log^ a ; 
F'"{x)^a'log'a; etc. 

. *., making x^O, 

FiD) = a" = 1 ; ir'(O) = log a ; F"(0) = log" a ; 
ii""(0) = log'a; etc. 

Therefore, by Maclaurm's formula, 

y = «^=l+?loga+^log^a + ^-|-glog=a + etc. 

Corollary 1.— If a = e, then iog a = log fi = l, and 

Corollary 2.— If p; = l, then 6' = e, and 

.■..=i + i + 3^ + n^;+.t.., 

[I formula for the base of the Naperian system of logarithms 
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EXAMPLliJS. 
4. Buler's rormnlas.— If in the series 

"■ = 1+1- + CT + 17^1! +*•■ 
we put z — zi/ — 1, and x = — 21/— 1, we shall have 






1 1. 2 1. 2. 3 ^1. 2. 3. 4' 

-^ ^— 1:2 + XXT + 1. 2. 3. 4' ^'*'- 
Adding and subtracting these two equations, we have 



2i/— 1 
and by division, 



These are Buler's fornaulas for the sine, cosine, and tan- 
gent of an arc in terras of imaginary exponentials. 

5. Bemoivre's Fornmla. — Eesuming the equations of the 
kst example, 

e -1 + — -^ - .j-^ -j-g-g- + ^_ 2. 3. 4' ''^*^-' 
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i 1.2^ 1. 2. 3 ^1. a. 8. 4' 

we notice tliat, by Exs. 1 and 2, the second members of 
these equations are respectively equal to 

cos 2 + t/ — 1 sin 3 and cos z — i/^^ sin s. 

. ■ . substituting mx for z, we have 

gi,mx\'^i =^ cos ma: ± l/ — 1 sin rnx. 

But e^"-"^-^ = {e^''^-']'^ = {cos X ± l^^l sin x}"", as 
above. 
Hence, 



This formula serves to convert powers of sines and cosines 
into series whose terms involve sines and cosines of multiple 
angles. 

6, Develop y=(x~\- A)^ 
We have 

F(x + h)^(x + hy; FCxI^x"; F'(x)=Ti3f-^; 
F"(x)^H(n-l)x'^'; etc. 

Therefore, by Taylor's formula, 
F(,x + k) -(x + ky = X" + nx'-' h + n'^^x"^-^ h' + etc.. 

the well known binomial formula. 

7. Develop F(x + K) = log(3; + h). 
We have 

F(^- + 70-log(^ + '0; F(x-)^\ogx; F'(x) = l; 
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Therefore, by Taylor's formula, 

ii-(c.+;o=iog(^+;o=iog z +*-/?,+ '",_*;, etc. 

X 2x' Sjt 4x* 
Corollary 1.— If a: — 1, then log x = 0, and we have 



Corollary 2. — From the last equation, we have, by writ- 
ing M for h. 



•'■ ^°S(1 + ,^)-=Iog(l +"-■) =M-'--^- + '-!- + etc. 

. • . lDg(l + «) -l0g( 1 + l) = H [ \^f I = log « 

Let u=:ff' •'-'• ; whence log u = xV' — 1, and 
+ ^(^3^ v=i _. e-3^ v^) _ etc. 

+ i^— —^ , etc. 
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. ■ . by Example 4, 

^ :^ sin a; ^ I sin 2a; -f ^ sin 3a; — \ sin 4x, etc, ; 

and, by diiierentiation and reduction, 

i ^= cos X — cos 2x + cos %x — cos 4k -[- etc. 

8. By Examples 1, 2, and 4, we have 

e''^^ = cos a; + V—1 sin x, 
^zV—i ^ cos 3- _ i/rr-fsin a;. 

, J. ■ . e*''— i n.v'-T cos a; + 1/ — Isina; 

.-. bv division, —-7^ =6^*^ ~^=- ■ ' '^. _- -. — 

e— iv— 1 ens a; — y — 1 sin x 

__!-{- 1/ — 1 ^"g £ 
1 — i/- — 1 tang X 

. • . passing to logarithms, 
1xV~i==\og{l-\-V^^ tang x)—\Qg(\—V'^-i tang a;) (1 
But, log(l + «) -log(l -«) = 2( M + I' + 1^ + etc, ), 

as may be seen by substituting ± u for K in Ex. 7, Cor, 
and subtracting the results. 

. • . log(l + i/^=Ttang x) — iog(l — v'— ""i' tang a:) 
= 2Jii/^^tanga;i+AS)/— rtaiiga^p 
+ i!l/— Tt«ng :<!}' + et«. I- 



;d by Google 



EXAMPLES. 79 

. ■ . by substitution in (1), 

2a;i/=T=2| Sl/=Ttang a;| + JJi/^^ tang a;p 

+ i|l/^rtang:^J^etc.}, 

or, X ^ tang x — J tang^ ^ + :> tang* x— etc. 

9. Develop Fix + A) = sin (a; + /.)■ 
AVe have 

Fix -\-h) = im{x + Ji); Fix) =sina;; F' (a;) = cos a; ; 
^"(a;)^ — sina;; F"'ix) = — cosx; F" ix)=s\a.x; et«. 

Therefore, by Taylor's formula, 

F(. + 4) = sm(« + S) 





= »mi + Jc«s«- 


1^-^ 


ft' 

"irs: 


"3"" = 




^.n.{l_^ + 


A' 
1.2.3.4 


-■} 






+ 


..{,._- 




+ et<!. 




^dn:.cosA + cosx 


sin S. 






10. 


Develop Fix + /t) = c 


m(. + 4). 






11. 


Develop j/=^3in~'w. 









'i^?^ — _ 



3(l-xO-« 



dx V 1 - 

^^ + 172 + 172. 2= ■" "^r"2:"0"'^ 

(Py _ 1. 2.0^ L_3^4 ,, I^V^e 
rf;r^~ 1.2"''" 1.2.2^^"^!. 2.3.2'^ 
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1.2. 2' '^i.2.-S. 2" 



d'y_l\2.S\4: 1.3^4.5'.fl . 



Kow, making x^O, ' 



(IH'^ (g)-- '« 



»=«^ H=i^ JIHo; 



/''i'l 



■0; ra=l-.3- etc. 



by Maclauriii's formula, 

2/_sm ^ — ^+1,2.3"^ l."2.3. 4.5^ 
[>i/ = tang-'(i). 



We have 

dx — l + x' 



- 1 — «'+ x' — /-]- 3^ — etc. ; 



^ — 2 H- 3. 43:=— 5. 6 x'+ 7. Sx^— ete.; 



= _ 2 a; + 4 ar'— 6 :c=+ 8 »■'— etc. ; 



da;*" 



g = 2. 3. 4 a; — 4. 5. 6 a;' + 6. 7. 8 a?— ete. 
Making a;=;0 in these exprCissions, we have, 
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by Maclaurin's Formula, 



CoroUary.^ — If in this scries we make x = tang 45° = 1, 
we have 

2, = arcof45''=l-^ + i-|+etc. = J«; or 
^-4(l-i + i-| + eto.) 

This is a slowly converging series for the ratio of the cir- 
cumference of a circle to ita diameter. 

Scholium,— In the last two examples we have expanded 
the values of -J, a method which is applicable whenever 

such expansion will give rise to converging series. When 
this is not the case, the method ceases to give exact results; 
for if the series is not converging, we evidently have no 
right to say that it represents exactly the value of the ex- 
pression with which it is coiuiected by the sign of equality. 
In all the preceding examples all of the successive deriva- 
tives have proved to be finite, and therefore the Formulas 
of Taylor and Maclaurin have been applicable. Had this 
not been the case, it would have been necessary to make use 
of formula (1) instead of (2) or (3), and (4) instead of (5), 
(6), or (7). 



CHAPTER VI. 

THE CONVEKGENCE OF SERIES. 

54. The formulas developed in the preceding chapter give 
exact results only when they give rise to converging series : 
it is consequently important for us to consider the laws of 
the convergence of series in general. 
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Let Ufl, M„ Mj . , , , M, be a series, of which m„ is the 
general term ; iiiid let 

*;,= ««+%+«,+ . . . w^i 

be the sum of the first n terms. 

If, as Ji increases, iS„ tends continually toward a firdU limit, 
the series is convergii^. 

If this is not the case, the series is diverging. 

Suppose S to be the limit toward which S„ approaches. 
Then, when w^ao, the sums S„, S„^„ iS„+5, etc., will differ 
by infinitesimals from S and from each other. Now 

S„^i — iSj,^^M„ : S„^j — '5„^:i(„+ «„^.i : etc.; and, since these 
difierences are infinitesimals, it follows that when it = oo, we 
must have 

M„=0; M.H-i(„^.i=^0; etc. 

And, conversely, whenever «„ and all the succeeding terms 
are tero for n ^ oo, the series tends tiiward a finite limit, and 
is therefore converging. 

55. These principles furnish us with two simple rules for 
determining, in many cases, the convergence of series. 

KuLE 1. — Jf we represent hy Uo ihe numerieal valve of Un, 
and designate by Jj Ihe valve of ihe limit foward wfttrft v'TJ^ 
approaches as n increases, Sien ihe series vnU he converging if 
Ij<; 1, and diverging iflj^ 1. 

For, let i< 1. If we designate by p a number leas than 
1 and greater than L, so that Ii < p ■< 1, and suppose n to 
increase indefinitely, then 

V''(7„, which difTers from L by an infinitesimal, will finally 
become less than p ; so that we shall then have 

v'7^<p; and, therefore, m„= ± !/„<?'', and the terms «„, 
Wn+i. »Ws> st*-" will be less than p", p"+', p^^', etc. 
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Now, since p is loss than 1, the terras of the scries, p", p"*', 
p"*', etc., evidentl)' diminisli as n increases : mucli more, then, 
do the terms m„, m,,^,, it,^!, etc., diminish, and thereibre the 



is in that case converging. 

In precisely the same manner, changing the sense of t!ie 
inequality, may we show that when i > 1 the series is 
diverging. 

Rule 2. — ^, as n increases, u„ decreases, and the ratio j-.°*' 
converges toward a limit 1, the series will be converging when 
1 < 1, and diverging w/icii 1 > 1. 

Let e be a quantity leas than the difference between I and 
1, so that the two quantities, l^e and l + e, shall be, at 
the same time with I, less or greater than 1, 

Supposing n to increase continually, ---^ will finally be 
comprised between I — e and I -{- e, and the terms of the 
series, u„, u^^,, n^^, etc., will be comprised between the 
corresponding terms of the two series, 

K, M„(? — c), u„(l — cy, etc., 

«„, «„(; + e), ii,(l + ey, etc. 

Now these series are both converging if i< 1, and diver- 
ging if i > 1. Hence, in the first case, the given series, m„, 
ji„+,, et«., will be converging, and therefore w^, u,, u^, etc., 
will also be converging, while in the second case it will be 
diverging. 

Corollary, — ^The two limits L and I are the same. 
For, designating any number by m, the ratios 

U^t U,„j.j U^ U^.t.,. 
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from / by a quantity e, whose limit is zero. Consequently, 

i'u.7.^ 1 £'.(..-.)!'= (' ± «)i c. r- 

Passing to the limits, by making 7i^= a=, we have 

66. We will ROW apply these rules to Taylor's and Mac- 
la uriii's formulas. 

Ivet If;, be the va 

let 'P be the limit of V9„ or -"'■' . The two formulas will be 

converging when the numerical value of x is less than ^. 
and di\ergmg in all other ca^e« For, if we designate the 
general teim of these formulis hy u„=:^„(x''), we shall 
ha\e, m the fiist case, 

hm t"„)^— ^'a; < 1 ; lim / '-^'^J \ ~ fc < 1 ; 

and in the second case, 

lim(M„)^=(/>:t>l; hm/^'itl j = fe> 1. 

Therefore, since In the first case the limit is less than 1, 
tlie series is converging; while in the second case, the limit 
being greater than 1, the series is diverging. 

57. Examples. 

1. Let F(x) ;=e'. Is the development of e* a converging 
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We have 

!P — lim — 



Every numerical value of x is less than ■— , and therefore 

the development of e' is converging for every finite value 
of X. 

2. Let F(x)=cosx. 

In this case ^ = I —~^ K . The value of this expres- 
sion is evidently Jess than 1, and therefore the development 
of cos a; is a converging scries. 

3. Let J'(x)-=siDa;. 

The development is a converging series. 

4. Let F(*)=log(H-a;). 
We have, by differentiation, 

jr"(0) = (— 1)"-'S1.2. 3.. n~ll; 

Therefore the development of Iog(l -|- x) is not converging 
for any value of x greater than unity. 

5. Let FCic + h) = !og(3; + It). 

Is the development of this function converging? 

58, Although the formula of Maelaurin gives, in general, 
the expression for the development of F(x) whenever it u 
converging, yet this is not always the case. 

If, for example, we take 
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the development of this function, by Maclaurin's formulii, is 
converging; but instead of being the development of the 
entire function, it is merely that of the first term, iT^. 

Nevertheless, whenever the functions represented by F(x), 
F(x-\-K), can be developed, by any known process, into coo- 
verging aeries, arranged according to tlie ascending powers 
of X or h, the resulting series will be identical with those 
given by Maclaurin's and Taylor's formulas: for two c<m- 
verging series, arranged according to the ascending powers 
of the same quantity, and whose sums are equal, must, by 
the theory of indeterminate co-efficients, be equal term for 

We may remark that it Is an open question whether 
a function which can not be developed by Maclaurin's 
formula is essentially incapable of development by any 
process whatever. 



CHAPTER VII. 

ESriMATIOU 01' THE VAl.tJES OF FUNCTIONS WHICH ASSUME 

INDETEKMINATli FOKMS I^R CERTAIN VALUES 

OF THE VARIABLES. 

59. When the relation between two functions of the same 
variable is that of a quotient, product, or expon^dial, a partic- 
ular value of the variable may render one or both of the 
functions equal to zero or infinity, and thus reduce the given 

expression to one of the forms, -^ , — , oo X 0, 0", etc. 

These are usually called indeterminate forms, because, being 
the symbols of operations which it is impossible to effect, 
they oifer, in themselves, uo clue by means of which their 
values may be determined. They are, properly speaking, 
the limits toward which the forms of the expressions from 
which they originate convei^ as the value of tlie variable 
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tcnd^ tonal 1 somi, particular vilue, say x^; and the limits 
touaid which the wo^jiei of the given expressions tend, as x 
tends toward ita \ilue x^ aie e\idently the real valaea sym- 
bolized by the expies loua when they assume the peculiar 
forms above enumerated 

The Calculus a(ioid% a implo method of finding these 
real values m most c-iaes 

60. Functions of the form -^ . 

Let F{x), f(x) be two functions of x, such that 

Fix,) = 0, fiw.^^O. 

Then we shall have 

F(x^_0^ 
J'(?h) ' 

AVe have • already seen [Art. 45] that if F(x), /(x) and 
their first n — 1 derivatives reduce to zero for x^Xa, then 

FCx,+_h) ^F"(x„J^O}t) 

Hence, H- ^i^*^ = «- ^-±- *>= or. 
FW _ F-W 

Tlierefore, The ixUite of a fiiiidioii vilaeh reduces to Oie form, 
--- Jm- a partmdar value. Xg of x is equcd io the ratio of the 
first derivatives of tite niiTnerator and deiiominulor wlii^i do not 
reduce to or a> for tlie vdiie x„ of x. 

Corollary. — If either of the derivatives should be or co 
while the other is finite, the real value of the function will 
then be or oo. 
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Scholium. — If all the derivatives should reduce to or w, 
this method eeases to be applicable. In such cases the 
proper plan is to substitute x^-^- h for x iu each of the func- 
tions, U) find by some algebraic process the resulting value 
of the fraction, and, finally, to pass to the limit by making 
h = 0. 









Examples. 




1. 




Let 




>"- 


1. 


We have 














F(!c), 


= «' — 1, 


/(')="'- 


-1. 






P(P)' 


Fix) 


.n.l /■(.) = 
FX£) 4 


= 3j" = 3. 


2. 


^1^ 


<f—<r' 


^.0,0, 


1 = 0. 








A„,.ZW 




f-. 


3. 


J?(i) 


^^^^ 


4-" 


= 0. 





A„,. m = ^A = '^ = i = -^. fcr . = 0. 



F(x)_ 

m~ 



/(«) /w 



, F(x) F'(x) 1 , „ 



, for a; := 0. 



Ans. 
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F(x) _ ^ — 5*^ +_ 9a;' — 7a; +2 _ 



We have 



fX^) _ ix'—Wx'+ lSx— 7_0 
/'(a;)" 'is^'Z- lfix'+ 2ix —10 ~ ' 



fix) ~~ 12x'— 36a; + 24 ~ ' 



J""(^)_ 24a: — 31 



^,for^ = l. 



/'"'(^ 24a; — 36 ""2 

Ans. ^, forx = 0. 

In this example all the derivatives become infinite, for 
x^a. We therefore place a; = a-\-h, and after reducing 
the resulting expression as much as possible, put h^=0. 

We thus have, 

i:I^_ i' t _ >-» „ ftA 

V-j'-i' i/23r+S'~'i«(2<.+/i)>' (2« + i)«-"' 
for x = a, and S. = 0. 



Placing a; ^ a + ft., since the derivatives are all infinite, 
ve have, 

D. C.-3 
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(? ±^1— "1+^ _ A'*+^a -i/(, e tc. _ 1 + etc. 



(2a + A)^ (2a)^' 
10. Z(|^£^l=l'?g(i+_-i^ 0., for ^ = 0. 

Instead of differentiating as usual, we shall evaluate this 
expression hy substituting for e" and log(l-i-a;) their ex- 
panded values. These are 

e'^l+^ + j^ + ^-^g + etc. 

.-. }.:-i = l — -s-, et«., = l when x = 0. 

6L Funetions of the form ^ ■ 

If £j^ ^^ *- for any particular value of a;, then =i-^ 
f(x) 00 F(x) 

nnd -s-^ will each be zero for the same value of x, and ive 

may solve this case by applying the preceding method to 



Heuce, by differentiation. 
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Whence, by reduction, 

and the method in this case is therefore the same as for the 
form jT ■ It is to be observed, however, that if Fix) is in- 
finite for a fmite value of x, so also are all of its derivatives; 
and the above method will not be of practical value for 
finite values of x, unless we can detect in the terms of the 
derived functions a common factor, which, being canceled, 
will leave a result whose value can be determined. 

Examples. 

Differentiating n times, x disappears from the numerator, 
and we have, 

fW __ ..(..- 1 )(.-2) ... !i.2.1_„ f„„^„. 



l-fi-:i=-«-.-^-- 



62. Functions of the form * X 0. 

Let F(x), f(x), be two functions of x, such that for x 
we shall have F{x^ = cc, f(xo} = 0. 
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Then we shall have, identically, 

which reduces this case to the first. 
Tlierefore, by differentiation. 

If the second number of thi-. equition ■^hnidd not pro\e to 
be deteiminable, ne most continue to difleientnte ah betore 
and it IS obMous that the method i\dl hi\L tht, inie hmiti 
tious as 111 the preceding case, 

63. Functions of the forms 0°, oo", O", etc, 

Let u^F(xy^'\ in which either or both of the functions 
Fix), fQt), may reduce to or cc, for the value x„ of x. 
Passing to logarithms, we have, 

logu=f(x)hgF(x)=Ox ^. 
We may, therefore, find the value of log u, or of 
fix) log F(x) 
by one of the preceding methods, and we shall have, finally. 



Examples. 
1. F(xy'''^=^x'~0', for ^ = 0. 

Passing to logarithms, we have, 

log x'=x\og x=^ — Ox 00, for at ^^0. 
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.-. logaf= 


in Ex. 2, 


, Art. 


61. 


-~- 


0, 




. ■. af: 


= ,'.-=, 


:"=!, 


fors 


= 0. 




2. 


F(^r«= 


=a+i)i 


=1- 


fori 


= 0. 




We have 














l0g(l+>.)T, 


= ilog(l 


+«) 




— 0- 


for>i 


= 0. 




. by differeatiation, 















(1+"=: 


' — 


e, for » 


:=0. 


3. 


F(^)- 


fW_ j-T 


= « 


•, fe X 


= », 


"We hav 


e 












log I^^ 


4 log. 




-,ftr 


a; = c 


.-. fey 


differentiation. 










iog.-;„- 


i=o, 


and 


a:'i = l, 


for ; 



64. General Examples on this Chapter. 

1. i, i — ... . -^ — L- =~^ when x:^a. Ans. 
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Alls, -j^ 



auil since the latter fector alone reduces to _ , we may find 
its real value when x^l, and multiply the result by the 
first factor, whose value is evidently -- . 

, „:_ _ , ..„-. a; , T . , 

= -^ when X = — ■ Ans. 1. 



(*=-— o')sin^ 



In this example sin -'- reduces to 1, and we may proceed 
as in Ex. 2. 

eos-'(l— a:) , fill 

5. -,-^--^=^== = ^ when x — 0. Ans. 1. 
V 2x — a;' 

6. t^_^a.-^^^Q .^heni^^O. 
- 2a^ tang ax 

Assuming x^O-\-h, and expanding tang :ra;=taug ^h, 
by Maclauriu's formula, we have, 

tangjr/i — 7r/t-|-i^^--^ etc. 

tang rr/i — !:h 1 ;: 

■ ' 2x' tang 73ir~W~ 2K^k + i(=ift)'+ etcT) 

_ '^ + K^t'+etc.— ^ ^■r'' . , ^ . ^ 
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7. (l-l- — r = c»° when x = 0. Ans. 1. 

8. (^Sf f=l-when« = 0. Ans. 1. 



l/l + ji — l/l + i" » 



(sin i)-- -=1- ivhen t = -^- 



L'eaL?!=«,hen,. = 0. 
g tang » so 



This may be pnt nnder the form 

^J^(^J2 ^ when . .:. 1. A... | ■ 

(a; — 1) log a; 2 

14. (a;)5^ = r when a; = 1. Ans. i- ■ 

15. iAx''+Bx'^'+ ■ ■ ■ Mx + N)^ = 'xfv!hen x^-x- 

Ans. 1. 

16. (cos ax)'°'™''"=l" when a; ~ 0. Ans. -^ . 

17. Show that when a; ^ oo, 

— ,--- ^i OS or 0, according as m > or < n. ; 

(t aJid 6 being both greater than unity. 
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THE DIFFEBENTIAL CALCULUS. 
CHAPTER VIII. 

L AND MINIMA-. 



66. When for a particular value x„ of a; the correaponding 
value F(xa) of F(_x) is greater than the values F(x„-\-h) and 
F(xo^-h), in which A is an infinitesimal, the value J*X*o) "^ 
said to be a maximum value of F(x). 

If F(x„) be less than F(x„+h} and FQe„—li), then F(3k) 
is said to be a minimum value of ^(3;). 

It results from these definitions that, for a maximum, 
F(xa + A) — F(3!a) must be negative, whatever may be the 
sign of A; and that, in order to a minimum, FXx^-^-K) — 
i^(a^,) must be podtive, whatever may be the sign of A. 

[1] It is evident that in order that these conditions may 
be fulfilled, F(x) must be a decreasing function on one side 
of F(_x^, and an inerea$ing ftinction on the other side of 
F(Xo'). Now, we have already seen [Art. 18] that when 
J^(a;) is decreasing, ii"(^) is negative; and when F(x) is in- 
creasing, F'(x) is positive. 

Hence, in order that F(x) may be a maximum or mini- 
mum, F'(x) must, in passing through the particular value 
F'(xu), change from a state of increase to one of decrease, 
or vice vers&: and, as a quantity can change its sign only in 
passing through or cc, we have, as a necessary condition 
for a maximum or minimum value of F(x), 

J"(^) = 0, or J"(^)=*. 

[2] Now, it has already been shown [Art, 46] that 

F(x,+h) -Fix^) = -^ F'-(xo+ eh), 



a equation which may be written 
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in which n denotes the order of the first derivative which is 
finite for the particular value Xi, of x, and RJi is an infini- 
tesimal. 

The sign of the second member of this eijuation will evi- 
dently depend upon that of its first term ' . F^ixo). 

Hence, 

If n be an odd number, this term and, therefore, the first 
member of the equation will change sign with h, and F{x^) 
can not be either a maximum or minimum. 

If It be an eeen. number, the second member and, there- 
fore, the first member also will not change sign with h : it 
will be po^ve if F''(xa} is greater than zero, and negc^ve if 
F'(x„) is less than zero. 

But F(x^) is a maximum if F(x^+ K) — F(x,) < 0, and a 
minimum if F(x„ + Ii) — F(x^) > 0. Therefore, 

F(rk) !'< a ^mximum. if F (,,) < tnd 
F^x,^ IS a mimmim if F'ix ) > n 

66. The preceding invebtigition lewis to the following 
Ettle for defermmin^ monmcs and minuna values of explicit 
funcOom of a "nngle lanahle 

Isf. Form the successive derivatives of the function 

2d. Place the first derivative equal to zero or infinity ind 
solve the resulting equation. The values of a. so ftund are 
the only values for which the function is to be examined 

Sd. Substitute these values of a; in the remammg deii\a- 
tives. If the first derivative whose resulting \ilue la firuta 
be of an eeen, order, and /esa Sian zero, the corresponding 
value of F(x) is a mcadmum; but if it be greater than zero, 
the corresponding value of F(x') is a minimum 

If the first j?mfe derivative be of an odi order there is 
neither maximum nor minimum. 

D. C.-9 
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67. If ALL of the derivatives be either zero or infinity, 
the preceding method ceases to apply. In such cases the 
question may be determined in the following manner: 

Substitute x^-\-h, for a; in the function. Then, if the term 
which contains the lowest power of h changes sign with h, 
there is evidently neither a maximnni nor minimum value 
of F(x) for the value x^ of x. But if this term does not 
change sign with A, then the value of F(x^ will be a miui- 
mum when this term is negative, and a minimum when it is 
positive: since, in the first case, F(Xo') will be greater than 
the immediately preceding and following values of F(x), 
and in the second case it will be less than those values. 

It is possible, and sometimes preferable, to use this method 
even in cases where the general rule is 



68. If it be required to determine maxima and minima 
values of implicit functions of a single variable, we may, 
according to the rules established for these functions, deter- 
mine the successive derivatives, and then proceed as above. 
Thus, if we have, 

du 
,.=F(«,5) = 0, the«* = — * (1). 



But for a maximum c 
-j-=^0, OT -y- r=rx>. Either of these equations, together with 
the given equation, F(x,i/) =^ 0, will enable us to determine 
values of x and y for which the function is to be examined, 
and we may then apply the usual tests to the successive de- 
rivatives formed from equation (1). 

69. In applying the preceding methods, we may he greatly 
facilitated by bearing in mind the following simple and self- 
evident principles : 
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I'f If J^fa;) IS a maicimum oi mimmum a Fix) i'- nlso a 
maximum or mmimum ihoiefore the ^i\eii fmictmii may 
be multiplied or dividi^d bv an\ constant fact ji without affect- 
ing the character of the leiult 

2rf If F(x) IS 1 maximum m mmimum F{x) ± a will be 
a maximum or minimum but a — F(x) wiil be a muumuni 
when F(x) la a maximum, and a nnximum when Fix) is a 
minimum 

3(7 It Fix) 1^ 1 miximum ir minimum isdl be a 

minimum ( 



4t/i It F(x) IS a maximum or minimum and positive, 
\F(x)\'* will also be a maiimum or minimum n ]>eing 
poiitiie. But if F(x') be ■aegoiiie, \F(x)\ ' wilt be a maxi- 
mum when F(x) is a minimum, aud a minimum when F(x) 



5tk. U F(.r) is a maximum or minimum, hg{F{x)l will 
be the same. 

6rt. It is not admissible to assume x equal to injimty in 
the search for maxima and minima, for in that case x can 
r value. 



1th. The basis of the whole theory Is that F(j:) must he 
emdinuom, at leatt in the neighborhood of the particular 
values to be examined. 



70. Examples, 

1. Divide a number a into two parts whose product shall 
be a maximum. 

Let X be one of the parts, and a — x the other. 
Then, F (x) =x(fi. — x)=ax—x\ 

F'(x)= a — 2x=:(i. .■.x=^- 
F"(x) = -2. 
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The first derivative which does not reduce to zero being 
of an even order, it follows tliat the value -^ of x, which 
reduces the first derivative to zero, will render the value of 
F(x) a masimum. This value is ~ . 

2. Find the value of x which shall render 

F (x) =x' ~8x+5, 

a maximum or minimum. 

We have, F' (x)=2x — S =0. .-. x = 4. 

F"(x) - + 2. 

The second derivative being positive, x=^4 renders F(ai) 
a minimum. The minimum value of i-Xa;) is — 11. 

3. Find the values of x which shall render 

F (x)^2x^—dax'+12a'x — 4^, 
a maximum or minimum. 

We have, 
F'(x)^ 6z'— 18(Kc + 12a' =0. . ■. 3;^aand a; = 2a. 
F"(x') = I2x — 18a = — 6a, for x = a, 
= + 6a, for X = 2a. 

Therefore x = a renders F(x) a maximum, and a; = 2a 
renders it a minimum. Tliese values are, respectively, «' 
and 0. 

4. Find whether F(x') z^b-\-G(x — a)^ has maximum or 
minimum values 

We have, 



-f"'W = 
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and all succeeding derivatives are infinite. We infer that 
the given function has neither maximum nor minimum 
values. 

5, Determine the maximum and minimum values of 

F (x) = S + c(i~.)*. 
We have, 

■f'W = —!-«('-'•)-* = ». fori = ., 
and all the succeeding derivatives are infinite. 
Let a; = a + ft. 
Then, F(x) =^ 6 + efe^. 

As this does not change sign with h, and the term con- 
taining h is positive, we infer that x = a renders i^(a;) = 6 
a minimum. 

If c be negative, F(x) ^^b will he a maximum. 

6, Find the maximum and minimum values of 



We have, 

F' (x) = m cos(2x—a)^0. .-. k- 

F'Xx) = — 2m sin(23; — a) 

= — 2m, for a; = -g- 4- -^ , 

= +2m,fora;=-^ — -^■ 
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Therefore, the first value of x renders F(x) a maximum, 
and the second renders F(x) a mmimum. 
These values of F(x) are, respectively, 

-^ (1 — sin a) and — -^ (1 + sin a). 



7. Find the maximum and minimum values of y in tlic 
expression 







^^("^,9) = 


.f-!^ 


« + af: 


= 0. 


We find 














i^ 




= 0. . 


■.»= 


= ± 




% 


_ 2« 


tori = 


+ «. 








- + f". 


fora;^ 


-a. 





- -i- o renders y a maximum, and a: ^ — a renders 
8. Find tile greatest and least ordinates of the curve 

We Snd, 



djj 2ttB — 3a' 



= 0. 



dir' o' a' ' 
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. ■, x=^^ renders y ^^ 0, a raiuimum; andi:^ -^ renders 
y=^^, t\, maximuia. 

9. Find the number of equal parts into whicli a number 
a must be divided in order that tbeir product may be a 
maximum. 

Let X = number of parts, and — the value of each part. 

Then — . ^ . — . . . ^\^\ = the required product. 

Assume F(x) = I — I > <"^ by taking the logarithm, 

F (f)=x logl - J = a; log a — X log a;. 

.-. f"(;«)-loga-logi«-l = 0; 

. ■ . log a — log a; = log| -^ 1 ^ 1- 

Hence, log 1—1=1, or — =e, and a; ^^ — • 

The maximum product is e*. 

10. Find the value of x which renders F(x) =^ ^ — ^^ 
a maximum. 

We have. 
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K'oTE. — Whenever we are certain, from the nature of the 
problem, that there mud he a maximum or minimum, we 
may neglect the second derivative, unless the value of x, 
which reduces the first to zero or infinity, should also reduce 
the second to the same values. This can often be deter- 
mined by simple inspection. 

11. Find the greatest cylinder which can be inscribed in 
a given right rone with a circular bai^e. 

In Fig. 4, let AC^b, VG^a, ^, 









VC: Vq = AG: DQ 



_ AGX VQ _ h(a-x) . 
- VC ~ a - 




and the volume of the cylinder is 



(!)■ 



Therefore, omitting constant feetors, 
F(x)=xia~xy. 
F'(x) ^ a'— iax + Sx''= 0. 



We see at once that the second value of k is the one re- 
quired. This value substituted in (1) will give the volume 
of the maximum cylinder. 

12. The content of a right cone being given, find its form 
when its snrfiice is a n 



IJet -K- be the given content, x the radius of the base, 
and y the attitude of the cone. 
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Tlieii we shall have, 

^^^ = -^ , whence x'^y = a', aud y^=z—-. 

The area of the base will be -x', and the convex surface 
Mc l/a;'+. t^. Hence , 

the entire surface = ttx' -'j- ttx y/^ _]_ ^ 

. • . omitting the constant factor ir, 

F(it) = «•+!(:#+<.•)*. 
We find, X ^^ —^ and y = 2a. 

These two elements determine the form of the cone. 

13. Find the point on the straight line, joining two lights 
of unequal intensity, which receives the kast amount of 
illumination from them both. 

Let a and b denote the intensities of the lights at a unit's 
distance, designate by c the distance between the two lights, 
and let x be the distance of the required point from the 
first light. 

Then, since the intensity of light varies inversely as 
the square of the distance, that of the first light at the 
distance x will be -^, and that of the second will be 
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^{i- 









14. Find the greatest rectangle which can be cut from a 
given trapezoid. 

15. Find the greatest cylinder which can be cut from a 
given frustum of a cone. 

16. Divide a into two such parts that the product of the 
)n" power of the first by the n'" power of the second shall 
be a maximum. 

We have, 






-(m + n)xi = 0. 



F"(x)^U: 



~im + n)x\- 



-^r-'i 

-(_m + n)x''-'(a-xy- 
aiid by substituting the values of x in this expression, i 
find that a; = renders F(x) a minimum if m he even, x~ 
renders F(x) a minimum if n be even, and x ^ -^ 



3 F(x) a maximum without reference to the character 
of m and n. 

17. From two points, ^i and 
B, draw lines, AP, BP, to a 
given line, CD, so that their 
sum may be a minimum. 

Take the given line as the 
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axis of abscissas, draw AC and BD perpeiHlicular to CD, 
and take C as the origin. 

hetC'P = x, CA = a, CD=b, BD = d, PD = b—x, 

Then we shall have 

F (X) = i/?+^+ i/(P+(6-^y; 



■ ■ V'a'+x' i/d'+(b—xy 

The first member of this equation is the cosine ti{ APC, 
and the second member is the cosine of BPD. Whence, 
APC^BPD, which defines the position of P. 

18. Given the length of the arc of a circle; find the 
angle which it must subtend at the center in order that the 
corresponding segment may be a maximum. 

Let a denote half the length of the arc, and let x be 
the radius; then — is half the angle of the segment and 
we shall find. 



= F(x) =^ax — k' sin — cos — 
■ . F'(x)=a- |2x sin ~ cos |- + ^' cos ±^ sin -? 

+ .= sin^^cos^U0. 
X Ox X j 



. by reduction, 
cos-^-^ <*co3-^ — xsin-^ l~0, or cos — — 0. 
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. • . — =^~, and -^ ^= n, or the required angle is 180°. 

19. Show that of all circular sectors of the same perimeter 
the one which has the greatest area is that whose arc is 
double the radius. 

20. Find the sides of the greatest rectangle which can be 
circumscribed about a given rectangle whose sides are a and 6. 

a + b 

V'T' 

21. Find the sides of the maximum rectangle which can 
be inscribed in a given ellipse. 

22. Find the least ellipse which can be circumscribed 
about a given parallelogram. 

Let 2a and 26 be the sides of the parallelogram, and des- 
ignate by a their included angle. 

Then the ellipse will have a pair of conjugate diameters 
^Kirallel to the sides of the parallelogram, and designating 
them by 2A', 2B', we shall have, 

A"o?-i-B"b''=A"B" (1). 

Also, designating the semi-axes of the ellipse by A and 
B, we have A'B' sin a^^AB, and the area 

^AB^'!zA'B' Bin a (2), 

Taking A' as the independent variable, we have 

FiA') ^ nA'B' sin a = A'B'. 

Substituting in this equation the value of B^ derived from 
(1), and differentiating, we shall find that 

Area of ellipse : area of parallelogram ;= t : 2. 

23. Find the length of the longest line that can be drawn 
from the focus of a hyperbola perpendicular to a tangent. 
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Note. — The formula for the length of a perpend icular 
from tlie focus to a tangent is h-^^^ — , in which x is the 
abscissa of the point of tangency. 

24. Two focal chords are drawn in an ellipse at right 
angles to each other: find their position with reference to 
the major axis when their sum is a maximum, 

25, Two vessels are sailing at right angles to each other, 
with velocities a and b per hour. Show that if at any given 
instant their distances from the point of mtersection of their 
courses aie p and q, respectively, then their least distaJice 

from each other is - ^-'^-^ . 
Va'+b' 



CHAPTER IX. 



71. It has been shown in Art. 34 that if we have 

u = Fi,,y), 

in which equation x and y may be either mutually dependent 
or entirely independent of each other, then we shall also have 

In this equation ^x and Ay are the arbitrary but inlini- 
tesiiaal ineiements of x and y; a is an infinitesimal witli 
reference to J a; aaid dy; -j- , -t-, are the partial deriva- 
tives of u with respect to x and y, and Au is the total incre- 
ment produced in it by the increments assigned to x and y. 



;d by Google 



110 THE DIFFERENTIAL OALCVLUS. 

Now we ha\e «eeii [Art VS et ^tq"] thit whenever mhm 
teiim-kls occur m the tcim^ of a series or rttio whose limit 
Is to be taken they maj be leplaced bj others wluch differ 
from them bj mfinitesunalu of highei otdei and we ha\e 
<dao seen [Art, 32] that the differentnls of variables iiiij be 
considered as differing from their infinitesimal differences by 
infiiiit«sima]s. Hence, if ive take the limits of the quantities 
in equation (1), we may write 

ay 
first member, thus giving 

Now as du is the Mai increment produced in u by a change 
in X and y, m we may call dii the total differential of u, 

while the terms -J^ dx, -^ dy, are the partial differentials 

dx ' dy " 
of u with respect to x and y. 

We have, therefore, the following 

Bule. — The total differential of an explicit function of 
two (or more) variables is equal to the sum of its partial 
differentials. 

73. Problem.— To find the successive differentials of 



" = ^.^ + ii7.'^y w- 



Differentiatins: this equation, and observina- that -.- , -^, 
de dy 

are themselves functions of both x and y, we have 



;d by Google 



FVNCTIOm OF TWO OB MORE VARIABLES. Ill 
d\^i,\ d\^b\ d\^d,j\ 

(ic" dxdy " dydx 

This expression may be simplified by observing tliat 



dx3y dydx ' 

for, designating by ^^ the increment which a function i 
ceives in virtue of the increment Ax to x, we shall have 



Ml}-' 


'i * r 


dy 


f4.\ 

r«7 


Dividing by Ax, which may be r 


egaided as 


constant. 


-{^n 


^m 


"{4? 


1 


Ax 


Ax 


(iy 





and passing to the limit, 



\dy ) \dx) Qp (N. d'w 

dx dy dxdy dydx 

Hence, equation (2) may be written 
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In the same manner the higher differentials may he 
obtained. 

Note.-— In the successive differentiation of functions of 
several independent variables, the following notation is 
used: 



dr rfy" <fcf etc. ' 

indicating that n-\-m-\-p-\- etc. differentiations have been 
performed, n with respect to x, m with respect to y, etc., 
and it is evident from the preceding demonstration tliat it 
is immaterial in what order the operation is performed, pro- 
vided the entire series of differentiations is effected. 

73. Differentiating equation (2) we shall find 






It will be observed that the co-eifieients and indices in the 
different terms of these differentials are the same as those in 
the corresponding powers of a binomial, and this law will 
hold good in ail cases. 

Hence we may write the following sifiiiixiUc fonavh: 

''''={i •'" + %'''} ■ 

in the development of which by the binomial theorem the 
exponents are to be placed over the d in du, and over the x 
and y in dm and dy. 



;d by Google 



FUNCTIONS OF TWO OB MORE VABIABLES. 113 

Tills formula has no significance when taken in its literal 
sense, but it is extremely valuable as an aid to the memory. 

74. VTOhlem.— lb differentiate u:=F(v,z), invAiek V (end z 
are Junctions of boUk x and y. 

Since i* is a function of x and y, we liSve 

I du , , du , 
But since v and z are functions of x and y, we have 



dy ^ dv dy " ~^ dz dij ^ ' 
, dv , , dv , J dz , , dz , 

Hence, by substitution and reduction, 

, du , , du , 
du ' dz 

A second differentiation will give 

J, d'u , , , „ d'u , , , dSt J, , du n . du ,, 

The general solution of this problem will be as follows : 
Differentiate as though v and z were the only variables, and 
siAdiiide for dv, da, dV, d'z, etc., their vtdves fafeji frmit the 
eqmitians wliich conned^ v and z wtt/t x and y. 

75, Implicit fanctiona. — Before showing how the differ- 
entiation of implicit functions of two or more variables is 
effected, we wish to establish the formula for the second 
derivative of an implicit function of a single variable. 
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Let u = F(x,y) = be such a function. Then, as we have 
already found [Art, 34], 

du dy .du _^r. ,, ■, 
dy dx dx ^ '' 

Designating this expression by v, and differentiating, we 
have 

-p dv _^^ dy d?u _ dv ^ d'u dyda^ ^a 
dy ~^ dy dc ' dxdy' dx~^ dxdy dx dy dx? dx' 



. ■ . by substitution in (2), 

dSt n dSi, dy iFul ■ _ 

dx''^ dxdy'^'^'^\'^}~^dy ^~ 

Placing in (3) the value of -^ derived from (1), we have, 
after transposition and reduction, 

d^u/duV d'u du du dhiidu V 

(^ B^\dy ) dxdy dx dy ' dy'\dx f 

dx'~ IdM"? 

This equation gives the value of -.^ in terms of known 

quantities, but it is so compUeated that in practice it is 
generally better to follow the method than to apply the 
formula itseltl The third and higher derivatives may be 
obtained in a similar manner, but their forms are quite 
unmanageable. 

75'. Problem.— 2f> difmniiale u =^ f(x, y, -/.) = 0, m whidi z 
is an implicit fanetUm. of x and y. 
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IMPLWIT FUNCTIONS. 
For the first derivative we shall have at once 



dz dx 



-s=» (1); 



Equations (1) and (2) will give the partud derivatives of a 
with respect to x and y, while (3) will give the value of the 
total d^erential of x. 

For the second derivatives we shall find from (1) and (23, 
as in the last article, 

(Pw d?u dz d^uldz"^ dwd?e ^. . 

^''^^'3^di^M\di,)^dzdz' — ^ '•^-'• 

dii'^^d^zd^^^\Tyl~^'~Sdy'^^ '^^^' 
Difierentiating (3), 

and, difierentiating (1) with respect to Q/), 

</*« . ^u dz dSi dz d?u ds dz dw tT'z , . 

dxdy dxdzdy dzdy ^'' ds' dy dx ds dxdy ^ 

From equations (4), (5), and (7) we can obtain the values 

of -j^, ~, and -r-^, in terms of known quantities, while 

flar dif dx ay 

from (6) wo find the value of d'z. 
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The expressions for the higher derivatives aiid differentials 
are too complicated to be presented here; and, fortunately, 
they are seldom required in practice. 

Corollary.— Let m ^ F(x, y, z) be a hmiogeiwimx, fundion of 
Ute h" degree; that is, such a function that if we multiply 
each variable by (, the result will be the same as if we had 
multiplied the function by C. Then 

F(p, ty, is) = f F(x, y, z). 

Differentiating with respect to (, we liave 

Observing tliat 

dtx <Uy dtz ^ 

Hi ~^' ~^ ^^' ~^~ ^' 

tnd maldng t^^l, we have 



't+y'^+'i-'^'-y-y' 



whence it follows that If we midtiply the partial 

a honiogaiemm function of tfic n" degree by tlieir re^edive vari- 

aite, tJie sum of ilte produHs so obtahied loill be n times the 

fundian. 

Scholium. — We have confined our investigations in this 
chapter to functions of two variables, but the student may 
readily see that the method will be the same for any num- 
ber of variables whatever; and the feet w that by far the 
most numerous and important class of problems t« which 
the Calculus is applied involve functions of only one or 
two independent variables. 
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jr^+ 2j;y'; -3- = Zfx'+2r''y; 



du = 3x^ y^dx-\- 2xy' dx -\- Sy' a? dy -\- 2a? ydy. 

(Pu^^6:ci/dx^ -\- Qx'ydiedy ~\- 2y^ dx' -i- Qiafdxdy -{• Qx'ydxdy 
-\- 23? dy' -\- 6xf dxdy + Ox' ydy'' 
^{^+2f)da^ + 12(_x'y + xy')dxdy+i^y + 23?)dy\ 

2. u = vH; v = -l/x'T'f; z^^f. 

AVc have 

dv 'da ' Vif+f 

d2^=2x^ ydy + 2y^ xdx. 
J du , , du J 



{^^±A} + 2^Wj + J'*)=» 



What is the value of dW 

3. w==^u»>cos2; «j = 2a: + %, z = 4:e + 5 
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We have 



do = 2dx -\- My ; da = Adx -\- 5dy. 

. ■ . dw =^ cos cos a (^dx -\- My) — sin v sin a {4dx + 5dy) 
^= (2 C09 «i cos 3 — 4 sin vsm z)<h: 

+ (3 cos !) cos £ — -5 sin v sm s) dy. 
Find the vdue of (Pu. 



4. 


«=»'+; 


2a*' If — 


-a^^O. 


In this example y is an i 


implidt 


function of 


We liave 








du . 


-2aic=— 3a)/=; 


du 


ix' + iaxy; 




.~6,; * 


^^12^;' + 4a)/; 


.: * = 


4r'+4cKCT/, 










dx 2ax'- 

[ (12x'+ 4ay)(2aa;=— Say*)' 
^^— -^ -8aw(4x'+4<w:j()C2£«;'— 3ai/0 V ^{la^^^axjy 

5. u^x^^ iiaxy + y^ ^ 0. 

„. , dy 1 <f W , (f»/ 2re''ra/ 

Find j- and t^. ■ Ans. -,■; = — ^^ ^ 

rfa; (tc' dx' (y' — ■ax) 
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in which z is an implicit function of x and y. 
We have 

^^6^ + 2!,; ^^33,= + 2.; ^—2.; 

(tcrfy ' <ii(fe "^ ' dydz 

These values substituted in the formulas for implicit 
functions ^ve 

d2 __ Zx+ y _ ^_%!±%. 
(fo ^ % ' dy 2z ' 

(ftr + 2y)dx + (3^ + 2a:)(?ji — Ssrfa ^ 0, 

from which the value of dz may he found. 

Also, Q-2\^±^y~2z^^,=G; 

{ z ) dx' ' 

%ydf + 6(Jc= + 4(M)/ — 2(fe=— 2af3 ^ ; 

^3 ^3 
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»=l + t + ?-i=''- 

dz dz ^z_ d^ . ij 
dx' dy' dx' dy' 

1 = oa:' + V + c^" + 2«w/ + 2/13 + 2/132. 

i 



.*. by substitution in the forniula for homogeneous 
functions, 



•^ = 2x{ax + eg^Sz)^2yQyy + ex + hz) 

= 2(aa;'+ 6y'+ k' + 2aw/ + 2/a3 + 2 V) 
= 2m. 
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CHAPTER X. 

DEVELOPMENT OP FUNCTIONS OF TWO INDEPENDENT 
VARIABLEB. 

77. Let u = F(x,y), and let it be proposed to develop 

into a series. 
The required development may evidently be obtained by 



FCx + ht,y + U) 

with reference to ( as a new variable, and then making t 
equal to unity in the result. 

Differentiating this expression with reference to (, we have 

dF dF , , (IF, 
tit ax dy 

dt' dx' ' axdy ay' 

d^-'Fj^,,, 
"d^^" "'^""^'dr'" 

If in these expressions we make t — 0, they will become 
the partial derivatives of Fix.y), and by substitution in 
Ma«]aurin's formula, we have 
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, li-F,, , „d-F ,, , <l'F,,\ e 



in the laat term of which x-\- M, y + OH, must be substi- 
tuted for X and y, in accordance with the limitations of 
Maclauriu's formula. 
Now, maliing ( ^ 1 in this equation, we have 

Fl^n + Ky + k) 

I 1-; A , ilF, . dF, , ifF h' dfF ,, 

, d'F f , 



"^ *■-■ 1. 2 . . («— 1) T dn—dy 1. 2 . . . C»— 2) 

^ d-'f t-' 
+<fS-' I.2..- (»-l) 

, id-F,, , , <fF,,) 1 ,,, 

+ {s?'.-+--- +^'-} -07777. W' 

ic and J being replaced in the last term hy x-^ ffh, y-\- Ok, 

The application of tbis formula is restricted to those cases 
in which the first n derivatiYes are continuous between x and 
x-\-h, y and y -\-h. 

If the terms contained in the { } tend toward zero as 
n increases, then formula (1) will give the excid develop- 
ment of ^(a; + A. y + ^)i and may be considered as the 
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extension of Taylor's formula to functions of two inde- 
pendent variables. 

78. If in (1) we make x^O, y^^O, and replace h and k 
by X and y, we shall have 



1~^ df 1. 2 ■ 

^Idx" 1.2. .n^ 

dy" i.2..ny 
X and y in the ) { being replaced by ftr, ft/. 

If the terms in the j J tend toward zero as n increases, 
then formula (2) will give the exaet development of F(x,y), 
and may be considered as the extension of Maelaurin's 
formula to functions of two independent variables. 

It is to be understood that in this formula the values of 
the various derivatives are to be found under the supposi- 
tion that a; := and y^O aller differentiating. 



). 


Example. 






Develop M = e" sin y. 




^■e have 








du . (Pji (Pm 
^_^sin!,_^^-^; 


etc. 
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,- = -»,; 




W 


— — 6* 


sm 


y; 


f^-.».. 






= c dn 


J/' ' 


etc. 


. making ic = and 


•1 = 


0, 








(..)=F(0,0) = 0; 


dF 


^0, 




ete 


., etc. 


. by substitution in 


(2), 











w^z^e-siny-y+^r^ + ^-^^-g, ete. 

80. Problem. — Given u = i^(2/), and y = z-\- xf(y) in 
which a; and z af e independent variables ; to develop u in 
terms of x. 

Since m is a function of x, we have, by Maclaurin's 
formula, 

. = F(!,) = (.) + ( j-|^ +.(-jj.|j^ + etc.; 

and it remains to determine ()(), ( 5^ 1 ' etc. 

Ist, Since »/ ;^ z -j- x/(y), we have i/ = i^ when a; = ; 
hence, («)=(ji'(!,))=i?(,). 

2d. Designating /()/) by Y, wo have y^^z-{-xY. 

.-. ^^Y-L-x — ^- ^ = 14-x— ^^■ 
da; dy de' dz dy ds: 

Eliminating x from these two equations, we have 
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and consequently, 

dFjy) di^dFQ/) ^ yH^ ^ = Y^, 
dy dx dx dy dz dz 

a relation which ia independent of the character of jF(y). 

If in this equation we make FQ/) =^ Y', it will become 

iZ!:^r— — ■ 

dx dz 

Now we have 
d (Y-'dF(y)\ 

^dF(y) dr- y^<PF(s)^ydF(y-) dY- ynd'F(y) 
da dx dzdx dz ife dsdx 

^dF(,-) dT- y.d-F(,j)^ d l-^.dF(,)] 
dx dz dzdx dz\ dc J 







-i{ 


-^}- 


.-.makings 


equal to 1, 


2, 3, etc.; 


, in succession, 


l{-T} 


-M^- 


m^y. 


^|,.._^| 






= 


^{^■^}-- 


If now we differentiate successively 


the equation 




dFdi) 

-IT' 


^ydFj,- 


) 


we shall have 








^^M^^ 


d f y dF(,}\_ d 1 Y,dFCy)\ 
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ihf ~dir-'\ ds i 

Finally, making x :=^0, whence (if) =^ z, and f(y) or 
Y=f(z), and substituting the above expressions in the 
development of u or F(i/) by Maclauria's formula, we have 

which formuk is known as Laiprange's Theorem. 



y—'-^^^^^»-^l,2 dz +1.2.3 (fo' +^^" 

a formula for the development oi y ^z-\- xf(y). 

These two formulas are of frequent application in the 
sciences of Mechanics and Physical Astronomy. 
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LAGRANGE'S THEOREM. 127 

We have 

" = !■ ' = "?• S^'J>=f' /» = ■?; 

Hence, by substitution in Lagrange's theorem (Cor.), 

= |{l + | + 3|+12| + etc.}. 

"We ma} in a Mmilar manner expand the unknown 
quantity m any algebraic equation, and thus approximate 
to the roots of the equation 

2. y^b-{- CO?. Expand y in terms of c. 



y — 6 + ca' = 6 + m'+ 2 



+ 3-Iog-«. .— Jt,""; etc. 



■ 1. 2. 3 
Corollary 1. — If a = e and 6 — 1, then 

, = l + o? = l+„ + 2,'j?!j + 3'j^ + ote. 
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128 THE DIFFERENTIAL CALOVLVS, 

Corollary 2. — If c = 1, whence i/ = 1 + e", or i/ — log 
(y~l), then 

y = log (2, - 1) - 1 + 6 + 2. ^ + 3^ j^ + etc. 
3, y^a-^-x log y. Expand y in terms of x. 

Wc have 

.-a; i.-^; /(;/) = log(^) ; /(O = log(«); 

., <5#'^2iog(a) ^'^31o^«(2^1og.);et«. 



4. Develop y — a + e sin;/. 




We h«TC 




= e; /i) = »n(s); /W = ma; (/W> = 


= 8ui' 2 ; 


.-. 4^=2sm = C0S! = sin2.; 




'f(^?>-6™.c«,-. 3 8m-, 





= 3 siiisj2 cos' 3 — siu'sj— 3 ain 3 jcos'3 4- cos23j 

9 . , 3 . 

= _sm3!— ^sm 

■"■ */ = 3 + 6smy = 3+e3in a+ :p^sm 2, 
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MAXIMA AND MINIMA. 
5. Given M = sin I/; y:=z-{-esmy. Dovdopit. 
We have 

FQi)=smy; F(z)=:^nz; /{^^^smz; x = 

■ ■ JKV — ^ = Sin 3 cos s — y sin Sa; 






. ■ . by substitution in Lagrange's theorem. 



CHAPTER XI. 



3F FUNCTIONS OP TWO 
VAEIABIj:S, 



82. If F(x, y) he a. function of two independent variables, 
such that for the particular values a^o JAi of * and y, F(xa , Vo) 
is greater than F(xa-\- h, ya-\- k), then F(xo, y^ is said to 
be a maximum of F(x, y); and if F(x„, y^) be less than 
F(xo+ h, ya+ k), F(x„, y^) is said to be : 
Fix,y). 
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In order to determine the tests for these two i 



hhy odx; hhyady; F{x-\-h,y-\-fi) hy S(a); 
andf(^,;,)by/(0). 

Then F{x + ''^,y-\- ady) - F(x, y) =f(a) -/(O). 

Now it is evident that in order that F(x,y) may \ 
, we must have 



F(x + adx,y + ad^/)-F(x,y)<0; 
and that F(x,y) may bo a minimum, 

F(x + adx,y + ady) - F(x, y) > 0. 

That is, for a maximuni, f{aj — /(O) <; ; and for a mini- 
mum J^a) ~f(0) > 0. 

These conditions require that for a maximum of F(x,y), 
/(O) must bo a maximum of /(a); and for a miaimura of 
FQc,y),J{0~) must be a minimum off (a). 

Now, in order that /(O) may be either a maximum or 
minimum, we must have, aa in the case of functions of 
one variable, 

/(O) := or ^ ; 

and, supposing /(a) and its derivatives to be continuous, the 
first of its derivatives which does not reduce to zero must 
be of an euem order, negative for a maximum, and positive 
for a minimum. 

If we have /(a) = F(x + "dx, y -\- ady), then, by differ- 
entiating with respect to a, we have 

/(«) = d(^+.d£) ^ + diy + ady) ^y 
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MAXIMA AND MINIMA. 
Making a ^ 0, this reduces to 

dy '' 
du , , du , 

whicli is tlie value of du. 
Observing, then, that if m = F(x, y) we shaD have 
/(O) ^ u; /'(O) ^ du, etc., 

we obtain the following 

Rule.— Form the suceesaive differentials of u. Then, 

1st. For either a maximum or minimum, 

, du , J, , du 

f -5— rfjy ;= : whence -j- :^ u, -^ - 
dy •' ' ax ' dy 



2d. d-„=^*.+ „-j^-^ &--.* + 

must be of an even degree and negative for a 
po^ve for a mmimum. 

On account of the complicated forms of the higher differ- 
entials the application of this method is almost entirely 
restricted to the first and second differentials. Let us sup- 
pose, then, that the second differential does not reduce to 
zero for those values of x and y which render du either 
zero or infinity. 



;d by Google 



132 THE DIFFERENTIAL OALGULV& 

Then we shall liaye, for a maximum, 

, (Pu , 
ax ay 

fmd for a mmwami. 

Now, in order that this expression may have constantly 
the same sign, whatever may be the value of its middle 
term, we must have, in accordance with the theory of 
quadratics in Algebra, 

\dxdyj di? Jj/'' 
which requires that -y- and -j-^ shall have the same sign ; 



'positive if they are botli positive. 

We have, therefore (to recapitulate), the following 
tests for determining a maximum or minimum value of 

1st. For a maximum, 

*=», t = 0; 
ax ay 



, du , , du , 
or du =; -J- dx -j- -J- ay ^ c 



dx ' ay 



3ir<0, s?<»i sa,7 < 



d'u d'u 



dx' ^ ' ciu' ' \dxdy f die' 
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MAXIMA AND MINIMA. 
2il. For a minimnm, 



dz^ ' dy' ' \ dxdy f ^ dn^ dy'' 

We may remark that the sign of d% will depend on the 
» d^u d'u . I L / (fi* \' , rf'w d'u V , 

-^^ °'s-df- "' •^=' •"''"' (lElj)<S W 
also when the relation between the two terms of this ex- 
pression is that of equality. 

The consideration of this case would involve an additional 
test for the complete determination of maxima and minima, 
but the resulting expression is rather complicated, and the 
case seldom occurs in practice. 



83. Examples. 

1. Find the values of x and y which render 

u=^^ -\- y' — ^axy a maximum or minimum. 
We have 

dx " ' " a 



dy ^ 



= or a, and y ^^ or a. 

, dFu „ , d'u 

» = " = +■ Jf = * = + ' «s = 
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__ _| 

= — 27a' for a; = a, y = a. 
. • . x^a, y^a, render the value of m a minimum. 

2. „=«,. + ^ + 5.+ | + i'. 

We have 

ax ' ^ x' ' dy " ' f 

From these two equations we derive x^=y, and therefore 

dx^ "^ """ ar" ' Ihiy ' dy'' 



dx^~'^' df^^"' \dr^)'^d3?df' 
hence the above values of x and y render u a minimum. 

3. Find the values of x and y which wiJl render m ^ ic* -f- 
1/* — Afixy' a maximum or minimum. 

4. Given the surface 'of a rectangular parallelopipedon ; 
find its edges when the content is 



Let a:, J/, 3 be the edges, and denote the surface by 6a'. 
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EXAMPLES. 


Then 2(1!, + J 


3 + j«) = 6«', Emd« = a 


Wc have 


3«- — a,. 







a^, a maximum. 



S- =1 { -iff- }-<>■■ -■•■•" '■+ ^''-=«' ■ ■ (')• 

From equations (a) and (6) we have 

X = y = a, and, therefore, z ^ x^y, 

and the figure is a cube. 

Note. — In examples where there is no douht about the 
existence of a maximum or minimum, it is not necessary to 
form the higher dorivatives. 

5, Given the content cs' of a rectangular panillclopipedon ; 
find its figure when the surfece is a minimum. 

We have, as in the preceding example, 

a^ := a', and u = 2(xy -^xz-\- yz), a minimum. 
It is easily shown that the figure is a cube. 

6. Find the edges of the maximum parallelopipedon which 
can be inscribed in a given ellipsoid. 

Let ^; + |! + I ^ 1 . . . (1) 

be the equation of the ellipsoid, referred to its center and 
axes. 
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136 TUB BIFFEBENTIAL CALCULUS. 

Let x, y, 2, be the coordinates of an angle of the paral- 
lelopipedon. Then 2x, 2y, 2z, will bo its edges, an<l we 
shall have 

u ^ Sxyi, a maxim um. 

We have 

1 = 8^ + 8:^1 = 0, C2) 

But, by differentiating (1), 

dz «c\ dz j/c' 

dx z a^' dy z 6' 

. • . by substitution in (2) and (3), and reducing, 
3 — ^' J = 0, and 2 — 1^ y, = 0. 

Whence, -^ ^ ^ = |- ■ 

e" a' b' 

■ • «' ~ ' ^~i/3"' ^~i/3"' '' i/3"' 
7. Find the maximum value of 

u ^^ ax -\~ by -\- is, in which v? -\- -i^ -\- ^=1. 
Proceeding as in the last example, we find 
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8, Find the point in the aurfece of a triangle from which, 
if lines be dra^vn to the angular points, the sum of their 
squares shall be a mtninium. 

Let ABC lie the triangle, 
and let P be the required 
point. Designate the sides by 
a, b, e. Draw PN and AD 
perpendicular to BG, and 
draw AP, CP, BP. 

l^t CN^x, PN=y. 
Then GP':=y'+x' : BP'=f+ (a — x)' : 

AP'=PE' + AE'= {CD—CNy+ (AD—PNy 
^ (6 cos G—xf+ (b sin G—yf. 
.-. u = CP' + BP' + AP' 

^3x^ + Sy' -\- a^ — 2ax -^ b'—ifix cos C— 2by sin G. 

We find, by differentiation, 

=.= i(« + icosC) : !, = iisinO. 

which values fix the position of the point P. This point is 
the center of gravity of the triangle. 

a b c 

9. Given w — -i-— ; + -:--- + -■ — - ; and 

sui ' sni 4> ' sm -4^ 

a cot -\- h aiii ^ -\- c QiDi ■^ =^ constant ; 
to find the values of 0, $, ^, which shall render u a minimum. 
Considering 4 as a function of and t, we easily find that 
= * = 4- 
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CHAPTER XII. 

CHANGE OF THE ISDEPESDENT VAEIABLE, AND 
ELIMINATION, 

84. As in Analytical Geometry it is frequently convenient 
to effect a transformation of coordinates, so in the Calculus 
we may often fecilitate our operations by ehajiging the in- 
dependent variable, the necessary formulas for ivhich wc 
wDl now establish. 

85. Problem.— Given u = F{x); to find f^-, ^, in 
terms of the derivatives of y and x, with respect to a 
new variable, t. 



' dx ^_ ^ dt 

: dt' dx dx 



Differentiating again, 



§-S(*|+SI^*- 



^y d?x dy d^ dx d'x dy 
d?y __ (ft' dff dx __ dt' dt dP di m) 

[dt] \-di} 

In a similar manner the higher derivatives may be found. 

Corollary. — If i — i/, then 

*; — 1 . <% _ 
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CHANGE OF VARIABLE. 139 

d'x 

. dy- _1^ , d'y dy' 

' ' dx dx' dx^ I dx'i' 

dy \ dy ) 

formulas for changing the independent variable from x to y. 



transform this equation to one in which t is the independent 
^^lriable. 



l — x'—l — cos'i = sin'(; jr=—smt; -jr; = — cos*. 
at at' 

. ■ . by substitution in formulas (1) and (2), 

^l ^1 sin t—-^cost 

dy di . <Py df ' dt 

dx ~^ sill t' dx' sin^ ( 

Substituting these values in the given equation it 

"^ X dx ~^ dx' ' 

transform to the independent variable t, where x' ^^ it. 
We have 

dw dn dt X du . 

dx "" di" (fe ~TS"' 
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3?- 


1 <1« , I fciil 


1 * , 








= 


1 du , 




rhese values substituted iu 


the giv 


■en equation reduce it to 




» + S + 


.d'u 
'dF' 


= 0. 




i. Transform the formula, 









into an equivalent expression in which y is the independent 
variable. 

4, Given x' -p^ + ^ 7 — |- u ^^ 0, and \og x=^yi 



transform to the independent variable y. 
We liave from formula (1), 







1 du du 


du 


and from (2), 




A. du 
dh. df dy 




whence 












J dV _ d?u du 
dir^ dy' dy ' 





, by substitution in the givon equation, -pp; -\- u^^Q. 
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transform to the independent variable 0. 

Ans. § + 2/ - 0. 

x-f- —y 



1 this into an equivalent expression in terms of i 
and 0, having given 

x^ r cos 0, y = r sin 0. 

Taking r as the new independent variable, and as e 



Now, we have 



dy dr dy _ 

Ix^ d^' ~dr- 



dr 
. by substitution in the given e 

1 + r cos - 



cos B- 
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This is an important transibnnation in the theory of 
curves. 



^Mif 



transform this into an equivalent expression in tfii-ms of r 
and e, liaving given 

a; ^ r cos (', y =^ r sin 8. 

The values of ^ , -^ , ^> are the same as in the last 
dx dr dr 

example. We therefore have, by substitution in the given 

expression 

)■ cos tf sin (? + r' cos^ C t- ^ r cos S sin -\- r^ sin' -r- 

_ dr f 

another important transformation. 

8. Given (. + ,)-*'4-3(. + j)'|! + (<.+ !/);|^+ta = 0; 
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transform to the independent variable x, where 

Ill making this transformation we sliall find it best to 
apply the mcUwd rather than the formulas, simplifying as 
we procee<l. 

Thus, we have 

y^du dx dit 

dx dy (ic * 

Differentiating again, and multiplying by (a -{- y), we have 

, du (Tts 

' 'iy ~ rf? ' 

Differentiating again, and multiplying by (a -[- y), we find 

(a + y) .^^ + Z(a + yy-^^, + (a + y)-^^=^,. 



88. Problem — Given u=F(x,y'), x=f(r,e), y^f(r,fl); 

to find ^, ^, in terms of r and 0. 
dx dy 

We have 

du du ^ du dy 

do "dxdO'dyW' 

du du dx du dy 
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We find, from these equations, 

du dy du dy 

du dr ^ do dr ^y^ 

dx dx dy dx dy ' ' ' 

d^ dO~M dr 

du dx du dx 
du __ dr do do dr z^) 

dy d^dx dy_dx 

dr d^^ do dr 

As an example of the application of these formulas, let 
K ^ J- cos C, y ==f sin 0. Then 

d^ „ dy . ^ dx . „ dy 

J- = cos fl: /■ — sm C ; jr: = — r sm ; 3^ ^ r cos 0. 

dr ' dr ' dB ' dO 



, r cos fl -; — - sin (5 -^ , . , 

(m_ dr da _ _ du sm du. 

dx~ r(cos" (7 + sin' e ) ~ ^^ ^ r~rfo' 

du . a ''*' j_ COS du 

J- — sm C -r; -| —- J- ■ 



87. Problem.— Given n—Fix, y, z), in which x, y, z, arc 

functions of r, 6, a- to find -5^, etc., in terras of r, O, *. 
dx 

Tlic following formulas will resolve the problem : 

rfit ^^du dr . du do .du d^ 
dx ~ dr de' do dx' d4 d,x' 

du du dr^ du dd du df 1^ 

dy ~dr dy'^ do dy"^^ ^' I *• '" 

(fit dttdr^,dud^dud<t 

^~dr ds~'~dO ds'^^^ 
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"We may also make use of the following formulas to 
resolve this problem: 

dv, ^du dx du dy du dn 
dr dx dr dy dr dz dr' 

du du dx du dy du ^ \ ro-, 

dfi~dxl^^^dS'^d^'dn'l ^ '' 

da du dx .dudy , du o 

d* dx d^ ' dy ^ ds d^ ' j 

Let us take as an example 

a; =^ f sin tf cos ^, t/ = r sin S sin i 

From these equations we easily obtain 



r^l/^ + f + 1^; tangC=-!^^^-; tangi. = -^ 



■■ 


'"• & x'+f+tW^+f ' 


J» COS 


Csin*. dS sine, df sin* , 


5r=- 


r ' <fe I- ' i T«in»' 


* CO 


in II ds 


by substitution in (1), 




. ^ , dn cos cos f dw sin t 
Bn«c»s,+_,„ -, . j^^^.^, 
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du du . „ . , du COS S sin * , dit cos * 

T- =^ J- sin fl sin (I + -57- — ■ + -. !-^ 1 

dy dr ^ ^ dO r ^ d^ r sin & 



<fe — dr """ do r 

AVe might easily obtain the values of -j- , etc., from (2), 
by finding from the given relations between x, y, z, r, d, ^, 
the values of — , etc., and substituting them in (2). 

We leave this as an exercise for the student. 

88. Elimination. — When in an equation there are two 
or more variables, and a number of constants, we may, by 
successive differentiation, obtain a series of new equations 
by means of which the constants may be eliminated, and 
thus arrive at an equation containing only variables and 
their derivatives. Such an equation is called a differential 
eqnation, and we here present a few examples by way of 
illustration. 

1. Eliminate the constants from the equation 

y = a3?-\-'bx, 

da; ' ' dx 

2 dx^' dx dx'' 

^ 2 dec" ' dx dx' 



'{"-'s 



*U»-*- 



+ -'B-<'- 
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ELIMINATION OF CONSTANTS. 
2. y = m cos(ra: + a)- 

Two differentiations give 



g = -A„co<™ + .) = -,.j,. 




■■■ §+'•»=»• 




!. (.-o)' + (,-i)- = ^. 




We have, by differentiation, 




(x-a) + (!,-i)|. = 0. 




l + (»-')g + (l)'=». 






■* 




i 



These values substituted in the given equation reduce it to 



MMI^. 



(2J 

The given equation in this example is the well-known 
equation of the circle, and the result obtained is the dif- 
ferential equation of the same curve. 

4. y=e^^- 
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Multiplying by e* we have 



2a; = log(y + l)-Iog(y — 1). 
We obtain, by a single differentiation, 

5. a = <w; H- fo/ + e. 

Considering y and s as functions of a;, and differentiating 
with respect to a:, we find 

89. If we have u = F(z), and s =/(a;, y), in which x and 
y are independent, and i^ is an arbitrary or unknown func- 
tion, it is possible, by difierentiation and elimination, to 
obtain a new equation in which F does not appear. 



Thus we have 



du du ds , dn 

dx rfs dx ' dij 



du ds 

dx dx dw (fe _ 

du dz dx ^ 

dy dy 



I e<iuation free from the function F. 
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The following examples will serve to illustrate this 
operation : 

1. Given u = F(z), z ^ t:njt . 

We have 

(fe ^ 2y , dz x^ ■j-y' 

dy~~ X ' dx~ 3? 

. ■ . by substitution and reduction 

2. „ = iF(£\. 
We have 






3. »=''-f(f)+!'-/(-i-) 

We have 

du 
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twice, we find 



The subjects treated in this chapter are important, but o 
limits do not admit of any further consideration of them. 



APPLIOATIONS or THE DiriEKEHTIAL OALOHLUS TO 
GEOMETEY. 

CHAPTER XIII. 

TANGENTS AND NORMALS TO PLANE CUEVE8, 

90. The finite equation of a plane curve, being the ex- 
pression of a rdation between the coordinates of its points, 
may be considered as a relation between a function and its 
independent variable, and may be written 

y = F{x); J'(i,5)=0; eto. 

By applying the principles which have been discussed in 
the preceding chapters, the theory of curves has been gen- 
eralized and extended far beyond the capability of the ordi- 
nary algebraic methods employed in Analytical Geometry. 
In the remaining chapters of the Differential Calculus we 
shall present some of the more important applications of 
the science to the solution of geometricaj problems. 
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TANGENTS AND NORMALS. 151 

91. Problem. — ZJ> f,nd fJie general diffbreniial equalion of 
a tangent line io .a plane curve. 

If 3/, y' be the rectangular coordinates of the point of 
tangency, the equation of the tangent line will be of the 
form 

in which a is the tangent of the angle which the tangent 
line makes with the axis of abscissas. Now, we have 
already seen [Art. 21] that the value of this tangent is 
equal t(f the derivative of the function y with respect to x. 
If, therefore, y ■= F(x) be the equation of a curve re- 
ferred to rectangular coordinates, 



j'=S(«-«') (I) 



will be the equation of a tangent line to the curve at the 
point /, x'. 

Bote. — In applying this formula the particular coordi- 
nates / and ^ must be substituted for x and y in the 
expression for -^■ 

As an example, let it be required to find the equation 
of a tangent line to the ellipse. 
The equation of the ellipse is 



dx d'y 

and the equation of the tangent line ia 
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Corollary. — If y be an implmt function of x, then, having 
given the equation F(x, y) =: 0, we shall have 



d^ __ <b^ 

dx'~ dF 

dy' 

and by substituting this value of -^ in (1), that equation 
becomes 

O-rtf+C— ■)f = (2), 

another form for the equation of the tangent line. 

92. Problem. — lb find the general differentml equation of 
a nonml llm fo a plane ourve. 

The equation of a tangent line being 
that of the normal will be 





}-!/ = 


--^(-^'-^ 


1. 


But, 


by the preceding proposition 








1 __ 


"ab- 


Hence, we have for the 


equation of a 


normal 




y-!f = ~ 


-^<«--) 


(3); 


•nd for 


implicit functions 








,.dF 


(«-^)f^ 


= (4; 
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93, Problem. — Jb fiixd ei^presmns for the lengths of ike 
tangent, normai, suiMngeiii, subnormal, and perpendieukir from 
the origin up<m Hie tangent. 

Let be the origin, OX, 
Oy the ases, PQ the tan- 
gent line, PN the normal, 
PT the tangent for the length 
of which we are to find an 
fcxpression, TD the subtan- 
gent, ND the subnormal, OQ 
the perpendicular on the tangent from the origin. 

!»(. To find the subtangent TD. We have TD = OT-- 
OD; and making y=^ in (1), the resulting value of k will 
be tlie length of OT. Hence, 

TD = subt = OT— OD = x — x-= — y'~ (a). 

2d. To find the subnormal ND. We have ND = ON — 
OD; and making 7/=:0 in (3), the resulting value of a will 
be the length of ON. Hence, 

ND = subnorm =-. ON— OD = x~u/ = ■>/ ^ (b). 

Zd. To find the length of the tangent. We have 

tang = PT= I'^PlF'+TD^ 

4ih. To find the length of the normal. We have 
norm = PJff = y^PIT + DN' 
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6Gi. To find the length of the perpendicular. We have 
perp = OQ = OTsin OTQ 

= OT sin PTD = iOD — Tlf) sin PTD 
I , __ , dx'\ikf 

rnn rm '"'g^'™ I "dfjdS 

<4b' i* fr"*/ — iZ-V 



V'+(g)" 



l/(<ie')H(d/y 



Note. — In the expression for the value of the s 
the negative s^n simply indicates that the length of the line 
is estimated from D toward T. The arithmetical value of 
the Bublangent ia that of the second- member of (a) with- 
out r 



1, Find the length of the subtangent to the logarithmic 
curve. 

The equation of this curve is y = a'. 

dy ,, , dx 1 

• ■ J = tt" liw a = u log a ; -j-^ — i ■ 

ax ^ ^ ° ' dy !/ log a 

. • . subt = — if ^r-; z= , - ■" = — ' r ^ a constant. 

dy yloga log a 

2. Find the equations of the tangent and normal, and the 
lengths of the tangent, subtangent, etc., in all parabolas. 

The equation of this class of curves is 
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Hence. -« = ^iL_, = X, .„d * = = . 

dx my inx dy y 

. ■ . the equation of 

the tangent is y — ^ = -^ {x — a:*), 

the normal is y — ^ ^^ j- (x — a/); 

the length of 

the subtm^nt ia — !'' TT? ^^ — '™^' 
the subnormal is y' -^ = -^ i 



the tangent is ^ -\fl +1 -jT- i =1/1/=+ (ma;')'. 



, normal is ^-^^7(^-^1/^' 



+ («^')'. 



the perpendicular ^^ 



^y'(l-m) 



3. Find the tangent, et<!., to the cycloid. 
The equation of the cycloid is 



y =Lr versin"' \- 'x/ 2rx — a;'. 



v^ 
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Substitute this value of -S. m the proper formulas as in 
the last example, 

4. Find the subtangent and subnormal to the cissoid. 

The equation of this curve b 



s'= 


-2<.-i' 




shall dud 






subtangent : 


1.(2.- 
3«- 


-x) 


subnormal : 


»-(3« - 


lil 



{2<. - »)■ 

5. Find the tangent, normal, etc., to the catenary. 
The equation of the catenary is 

Ans. Tangent ^ ,— --_ . 

Vf — e' 



Normal = -^ ■ 



Hosted by Google 



POLAR FORMULAS FOE TANGENTS, ETC. 

96. Problem. ^fo find expresmons for the lengtli, of H, 
gent, de., when r^erred to polar coofdinatei. 

Let Q be the pole, and 
P a point on the curve. 
Draw the radius-vector 
qP, the normal PN, and 
the perpendicular Q S . 
Then, QT being drawn 
perpendicular to QP, and 
QX being the fixed axis, 
we shall have PT the tangent, QT the subtangent, and QN 
the subnormal. 

Designate the radius Q,P by r, the variable angle by 0, 
and the angle QPT by ii. Assign to the angle an infini- 
tesimal increment JO = PQM, which will cause r to take 
an increment Jr. 

From Q as a center with radius QP describe an arc PR, 
and draw the chords MP, PR. Then we shall have arc 




PR = 



ind tang PMR = "^"^^^ • (Strictly s 



ing, this last expression is not rigidly correct, but the terms 
of the fraction differ by infinitesimals from the true values, 
and as we are going to take the limits, we may use the one 
for the other.) 

Now MR = Jr, and the chord PR evidently differs from' 
the arc PR by an infinitesimal. We may, therefore, in 
accordance with the theory of limits, write 

ta.iig PMR r=r^. 
Jr 

The limit to the angle PME is QPT or ^. Hence, pass- 
ing to the limit, 

do 
tang fi = r J-. 
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dr 
Also, QN= QP cot f( ; , ' . subnormal = -,- ■ 

PT = VXiF^TWi 



PN=VQP'+QS-. .-. normal = -^r' + (^ J. 



„ _(iPXQT. 
. • . perpendicular ^= — r- 



>i'+-(ll Mi) 



96. Examples. 

1. The spiral of Archimedes, r ^^aB. 

We have 

, ,„ dr de 1 

dr~ad8; -^ = a; -^ = --• 

. • , subtang ^r^ -j- = — - subnormal ^-^ = a=^ const, 

perp =1 ■ ■ -^ ..--^ . tang = ? normal ^^ ? 

2, Tfie logarithmic spir<d, r ^= a*. 
A¥e have 

rfr - aMog «dP : J = «» log « = ^, 

representing the modulus of the system by m. 
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• . subtang ^ rm. subnorm = 



\/'"+i' 



- ? normal ^^ ? 



. • . the timgeDt always makes tlie same angle with the 
radiiis-vector. 



3. The hyperbolic spiral, rO = a. 
We have 



, do , dr 

r -J- ^ — «■ subnorm ^^ -j- 

tang ^ ? normal ^ ? perp = ? 



" 1+ ecos tf 
We have r -\- re cos ^^ p ; whence 



rq + ^CQstf) 



. . ouuiiu.ma. ^^ 1 + e COS (1 + B COS (J)' 

_____ r' 

V "^ (1 + e cos fi)' 

l/l + 26 cos + e' 

5. Tkelituw, rVo^a. 

6. TAe hmmseata, r' = 2a' cos 26. 

7. ThecardiM, r ^ a(l — eos S). 
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CHAPTER XIV. 

THEORY OF ASYMPTOTES. 

97. When two or more lines pass within finite distances 
of the origin of coordinates, and continually approach each 
other without ever having contact or intersection, they are 
said to be asymptotes of each other, 

98. Let y=^F(x), y,^S(x), be the equations of two lines 
referred to the same system of coordinates. Then, if, as a; 
increases, the difference y, — y converges continually toward 
zero, the two lines are necessarily asymptotes. 

Let y=D-\- A^-^- B^-\- .... Isc* be the expanded 
form of y = F(x). Then, in order that the difference y,~y 
may converge toward zero as x increases, the expanded form 
of y, ^/(p') must be 

y, = D + AjI' + Bx" + .... Lsf + V, 

in which F is a quantity which reduces to zero when x is 
made equal to infinity. For, we have 

1/, — y ^^= V=: when x^^tx. 

Therefore, in order ihat two lines may be asymptotea of eOfCh 
offier, the fird m Wbih of ike devdopment of y in their rquationn 
mud be vieiiiical; and ihe remaining term'' must reduce to zero 
wAew X = 00. 

99. Bectilinear Asymptotes. — It is obvious that the 
straight line whose equation is y:=ax-^b is an asymptote 
to any curve whose equation can be put under the form 
y =^ OfC -}- b -^V; and we proceed to show how the values 
of a and b may be found from the equation of the curve 
itself. 
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MYMPTOTES. 
From tlie eqaatioa y = ax -\- h -{-V, we \ 



The value of a in the equation of the asymptote is there-" 
fore equal to the limiting value of the ratio ^ found by 
making a; = c5o in the equation of the cnrye. 

Designating this value by Ic, substituting and transposing, 
we have 

b =^y — kx — V; 

and making x= cc, this becomes, since V is then equal 
to zero, 

6 = lim (y — ke). 

We therefore have the following Rnle for finding the 
equation of the rectilinear asymptote to a curve. 

Find from the e^aUon of the curve ihe litnit to the ratio -^ , 
and ofeo the limit to the difference y — Ijmj ^ j. viheii x^oo; 
the former cf Steee limite wHL he the value of & in the equation <^ 
the asymjrfote, and the Mter wiU he the valiie of b. 

In a manner similar to the above we may determine the 
equation to the asymptote under the form x = a'y-\~ b'. 

100, In general the ratio ^ will take the indeterminate 
form -^ when k is made equal to infinity, and its real value 
will be found by differentiating the numerator and denomi- 
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nator, according to the methods already established for inde- 
terminate expressions. We then have, when x = cc, 



and the value of a is therefore tlie value which -1- assumes 

ax 
when X ^ cfi. 



serving tliat the equation of a tangent line at the point afy' i 






it follows at once that the equation of jui asymptote is the 
same as that of a tangent line when the point of tangency 
is at an infinite distance from the origin ; or, in other words, 
Ihe position of the asipnptote is the limiting poitUitm which thai 
of tJie tangent upproadies as the point of tangency recedes from 
the origin. 



101. Examples. 

1. Find the asymptote to the logarithmic curve y=^. 

Here a ^= lim ( i j ^ lim — := when x^= — <x>; 

b = lim (y — ax) ^ lim y ^ 0, when x = — cc, 
. ■ . the equation to the asymptote is 

y ^= 0, the equation of the axis of x. 
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2. The asymptotes to the hyperbola, 

when :i; = w 
b ^= lim (y — ax) = lim ( !/ ^~ "t ^ | ^^ 0, when a: = a 
. ■ . the e<|uation to the asymptote is 



, The curve whose equation is y' ^ ck° + ^■ 

, we have 



= lim ^• 



2ca; + 3j;M _ 20 + 6 



'if S 6,j 



, ,. / dy\ ,. / 2c:c'+a 
S = hm(j->,J|=l,m^!, 3-,- 



ftc' __ SGI ___ 2c _ 

'3/-%-" 

■ ■ the equation to the asymptote i* 
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We have 

- 1, when x= CK, 






... . = .i,n(|)=±l, 

b = lim (^ - 

= '" { 5?!^ } = 2^1^ = ± '"''•™ « = "■ 

. ■ . the equation of the asymptote is 
y = ± (I + e). 

In this solution we have found a by taking the limit to J^ 
directly, and 6 by uwng -^ . We have the right io combine 
the two methods whenever it is (sonvenient to do so. 

6. The curve xy' -\- 3?y -^^t^. 

We find 

limjlj^ — 1, and \imiy^x^\ = (i. 

. ■ . the equation of the asymptote is 

y = — x. 

Corollary. — Since y = !» renders iB = 0, and si!=^cc ren- 
ders 3/^0, it is ciear that the two axes are also asymptotes. 
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Extracting the square root of each member of this equa- 
tion, we have 



It is evident from the definition of au asymptote that 

»=±(. + |) 

is the equation of a rectilinear asymptote to the curve, and 
also that the equation formed by taking any number of terms 
of the development will be the equation to a curvilinear 
asymptote. 

This method of deffirmining asymptotes is frequently 
resorted to when iJie method illustrated in the preceding 
examples fails or becomes too cumbrous. The development 
may be made by any of the usual rules for that purpose. 



7, The curve 



c'— 1 



Expanding by division, and extracting the square root, we 
ind jf ^= + »; to be the equation to the a 



2a- 



It is often possible to discover the existence of an asymp- 
tote by a simple inspection of the equation of the purve. 
Thus, in the present instance, x^rx- renders y ima^nary ; 
hence, the curve does not extend indefinitely in the direc- 
tion of X positive. But x=^2a renders ;/ =- », and, there- 
fore, a; ^= 2ra is the equation of a line which touches the 
curve at infinity. This line is tberefiire an a.sympt<>te to 
the curve. 



;d by Google 



166 THE DIFFERENTIAL CALCULUS. 

9. The curve x'(a' — f~) = ay. 
Here x ^ oo renders y ^= ± a ; 

y ^ 00 renders x imaginary. 

y ,^ ± (a + '0 renders x imaginary. 

Hence, the curve doea not extend in the direction of y 
beyond the two lines whose equations are j/ ^ ± «, and it 
touches these lines at infinity. The latter are therefore 
asymptotes to the curve. 

10. The curve (x + a)f^ (y + b)x\ 

It is evident that a; + a := will give )/ = oc, and y-\-h 
= will give a; =^ a=. These are therefore the equations 
of asymptotes. 

By tlie first method we shall find 



as the equation of another asymptote. 

In this example we can not put y or x equal to tero; 
this supposition would render x -{• a ^ <x, y -\- b ^^ (», 
either of which equations would render the two members 
of the given equation inconsistent with each other. 

108. There is no gmeral method by which the values of 
a and b in the equation of the asymptote can be found in 
all cases ; but whenever the equation of the curve can be 
decomposed into several parts, each of which is a hojnogene- 
oils function of the variables, the values of a and 6 may be 
determined by the following simple process : 

Let m, n, etc., be the degrees of the different homogene- 
ous functions, so that we shall have for the equation of 
the curve 

'^H~]+1'j{l]+ =0, m>«. 
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-^ by 3 and dividing by x", we have 

-F» + ^/»+ =0; 

whence, making x^ ai, 

F{s) = Q, or f/1Wo, 

and the value of a is evidently to be found among tlie real 
roots of this equation. 

To find the value of b corresponding to any real value of 
a, put y^=<a:-{-t, whence -^ ^= a -] — ) and the equation 
of the curve l 



«--f(« + ^)+«^/(« + ~)+ =0. 

But since F(«) =fI^\~0, we have [Art. 46] 

a?-'(i!"|i.+ |\ + :(■//„+ ij+ .... =0, or 

If, DOW, in this equation we suppose x^co, which ren- 
ders t:=b, and if F'(a), /(a), have finite values, then we 
shall Iiave 



ls(, for » < m — 1, lim(0 = 6 = 0; 
2d, for 11 = m — 1, lira(t) ^b = — 



F'iay 
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M, for ti > m — 1, lim(() = 6 — oc, and th«re is no 
asymptote. 

. ■ . ill the first case the equation of the asymptote is 



in the second case the equation of the asymptote is 

In the first case, in which ji < m — 1, the equations 
y = ax, F(a) ^^ 0, give ■?"( — ) = ", and consequently 
r^ply_\—-(^^ which is also the equation of asymptotes: 
so that whenever ji <^m — 1, or sii > w + 1, the function 
of the degree m placed equaJ to zero gives us the equation 
of the asymptotes. 

Examples, 
1. The curve Af -\- Bxy -Jr Cx^ + Dy -{- jGc + i^=0. 
We have 

.-. Wl-\ = ir(a)=^a' + Ba + C=0, and 

_ —B±\/~B'—iAG 

"■— 2A 

J\^}-fW~-l>^+-^' F'(a) -"^ 2Aa+B' 
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and the equation of the asymptote is 

Da + E 
y ^^ ax — ii-j — i — ij- ■ 
^ 2Aa -{- B 

The values of a are imaginary if B' — 4AC <i 0, and 
the value of 6 becomes infinite if B^ — 4AC ^^ 0. 

The asymptote is real only wheii B^ — iACy- 0, 

This example is the solution of the problem of asymi)- 
totes as apphed to the c(mic secthm. 

2. The folium of Descartes, if + :^ — Sexy = 0. 
We have 

^{J + l}-.-{3.f} = 0. 

Hence, F(a) = (r' + l = 0, anda = — 1 r 

F'ia)~ Sa' ~ a ~ 
. ■ , the equation of the asymptote is 

3. The curve i/^ — ^ — a;' = 0. 
Wo have 

Hence, F(a) ^ «'— 1 = 0, and « = 1 ; 

_ _>- - _^ - ^ 
F'(a)~3a'~ S 

. ' . the equation of the asymptote is 

I>. C— 15. 
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4. The curve y\Ay + Bx) ^ A'y' + B?3?. 
Placing this under tlie form 

we find for the equation of the asymptote 
y = -^. + 2A. 

5. The curve f—y^^ 2a?y — 0. 
Placing this under the form 

■we have for the equation of the asymptote 

6. Thecurve Af — Bxi' + (^ = 0. 
The equation of the asymptote is 

_ ./TT C 

103, If the equation of a curve be given in te 
polar coordinates, it is evident that the curve will 
rectilinear asymptote whenever for an infinite value 
radius-vector the perpendicular on the tangent is fin 

In order, then, to determine whether there is an ! 
tote to a polar curve, we must find from the equa 
the curve all those values of 6 which render r infini 
by substitution in the expression for the perpendicuL 
whether the length of this line is finite. 
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Examples. 
1, The hyperbolic spiral, rO ^ a. 
We have 

r =^ 00 wlien 0^0; also ^-- = — 



v-+(ir 



l/r* y + a 



Hence, this curve Las an asymptote parallel to the axis, 
and at a distance a fi-om it. 

2. The lituus »■"(? ^ ^^ 

We have 

r = 00 when = ii; also ^ = %= . 






Hence, the axis m an asymptote to this curve. 

104 Circular Asymptotes. — When the polar equation of 
a curve is of such a form that when 6 ^ ca the value of 
r is finite and equal to a, the eurve will make an infinite 
number of convolutions about the pole before reaching the 
circumference of a circle whose center is the pole, and whose 
radius is a. This circle is then an asymptote to the curve; 
it will be exterior to the curve if every finite value of r is 
less than a, and if r > o the curve will be exterior to the 
circle. 
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As an example, let us take the curve 



This may be put under the form 



Every finite value of will render r >■ a, and therefore 
the curve is exterior to the circle. 



We shall also find two rectilinear asymptotes to this 



CHAPTER XV. 

OF THE AHC, AREA, AND INCLINATION C 
CURVE. CONVEXITY A 



105. Before discussing the subjects of this chapter it i-* 
necessary to demonstrate that tlie limit to the ratio of an arc 
and ffs chord is unitij. 

Let y^F{x) be the equation 
of the curve abf, and let x, y, be 
the coordinates of the point h. 
Tate another point, e, so near 
the former that the chord he, and 
all chords drawn from h to points 

between 6 and e, shall lie on the 

same bide of their corresponding 

arcs. Then we may assume that the arc he is contained be- 
tween the chord be and the tangent hd, and the proposition 
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above stated will be proved if we can show that the limit to 
the ratio of the chord and iangait is iiiuty. Now, we have 

M' — b^z^d^- — ce'; 

and the limit to the ratio of (fe and ce being evidently unity, 
the limit to their difference is [Art. 14] zero. 

.-. Iim(6(P— 6c^ = 0; 



lim -J- = 1, and lim j ri I — 1- 



The limit to the ratio of the chord and tangent being 
unity, and the arc being always between these two, it fol- 
lows that the limit to the ratio of the chord and arc is unity, 
and, therefore, the chord may be substituted for the arc in 
any ratio or series whose limit is to be found. 

106. Problem. — To find an ex'premon for the differmtlal of 

an arc of a plane curve. 

Designating the chord be (Fig. 9) by Jch, be by dx, ce 
by dy, we have 



Passing to the limits, and observing that the limit to 

-i— IS the same as that to — , — , we nave 
Ax dx 

d arc = V^^+W (!)■ 
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Corollary. — If the curve 
we have 



( referred to 2- 



dy = sin ffdr + r cos OdO. 
Substituting these values in (1), and reducing, we have 



= ]/rMff' + dr' 



(2). 



107. Problem, — lb Jind an, acpre^sion for ike differentuil of 
the area of a phne curve, referred ta rectangular us^k 

Let abg be an area included Fig.io 

between the arc ab, the ordinate 
bg, and the abscissa ag. It is 
required to find the limit* to the 
area hgfc corresponding to the 
increment gf of the abscissa. 
Completing the rectangles bf and 
eg, the area bgfc is comprised be- 
tween these two rectangles, and " ' ' 
the limit to their ratio is evidently equal to the limit to the 
ratio of either of them to the area bgfc 

Now, since theso two rectangles have the same base, the 
limit to their ratio is equal to the limit to the ratio of 
their altitudes, and this limit is evidently unitij. 

Hence, the limit to the ratio of either of the rectangles 
to bgfc is unity. 

Now, gfeb ^ yJx. 

*Iq this, and in several succeeding propositinn*", we mean by tbe 
t«rm limit tho quantity which can replace a ■variable in a ratio or 
series whose limit wo wish to find. As the nord will also lie used 
frequently in its ordinary aense, the student must carefully dis- 
tinguish hetweeu tbe two aeftnings, when they occur in the same 
dcmouatration. 
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AREAS OF PLANE CURVES. 
- lim — 



— . ; and lim -^-^ :z 

y^x cjjeb 



_ d area 



d area = ydx 



(3). 



108. Problem, — 1h find an expression for tlie differential o 
an area when referred to polar coordinates. 

The problem to be solved is to 
find the limit to the area Oab in- 
cluded between the two radii Oa, 
Ob, and the arc «&. Let be 
the origin, OX the fixed axis, 
let X, y, be the rectangular coor- 
dinates of a, and x-j- ^x, y -\- Ay, 
those of b. 




Then we shali have 




Oa& == J area = deba + aOd 


— Oh: 


■ lim ^ ^''^ — l"m '''*" 4- I'm ' 


Oi Obe 


N„„li»«-=«„Si? = ,;«.?« 


-■=»ai = - 


„„*^„„i|(,±«|±^|^i,^^^ 


dx ax 




Ik, Im xd, 1 


=M-4} 


and 
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d area == -^ (ydx — xdy). 

Finally, substituting for x and y thctr values, r cos 0, 
r sin 0, aiid differentiating, we have 

d area = i r=<?S (4). 

109. Problem. — To find an expression Jar the differenUal 
of Oie angle whidi a tangerd line to a curve makes vnUi Oie axie 
of ahgiMsm. 

Designating this angle by f, we have 



Hence, by differentiation, 



-i4,dx -j^de -3^.dx 

_ da dx ax 

~ sec' * ~ 1 + tang' '}~ i 4, / ^ V 



(5). 



This value of d^ is called the angle of contact of the 
curve and tangent. It may be considered as the limit of 
Af}, which is the angle made by two lines which are tan- 
gent to the curve at points whose abscissas differ from each 
other by Ax\ and in all cases where t is the independent 
variable, dt may be taken as equal to J*- 

110. Problem.— 2b /jkI tfic ari^le of contact wlien Hm earve 
is referred to polar eoiirdinales. 
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This angle is the limit to the angle fig or ecd made by 
two tangents /e and gd. 

Now, we have 

ecd, = cdx — eex ; 

cdx=(M + hOx; 

cex ^^Oae + aOx. 

.-. c{b:—cex^Obd—Oae+bOx'-a(h=Obd~Oae + hOa. 

Again, Obd — Oae := dOae, and bOa = AO. 

. ■ , ecd = d<p ^A Oae + ^0, 




lim -;- ^= lim - 



-+lim— , or 



do do 

dt = dOae + do 

Now, Oae^ji [Art. 95], and tang ft 



(•)■ 



s«c* /trfft =^ — 7",;~\2 — '^"j ^^^ 



dy. ;= (JOae - 



(^if{>+'ii)T ^^m 



;db, Google 



178 THE DIFFERENTIAL CALCULUS. 

Substituting this value of dOae in (a), we have 

' + \3i} 

111. Concavity and Convexity.— A curve is said to be 
concave to a given straight line, at any of its points, when 
the two parts of the curve immediately adjacent to sueh 
point are contained between the straight line and the tan- 
gent at that point. It is convex to the straight line when 
the tangent lies between tlie curve and the straight line. 

Let cabk be a curve concave to the axis of x, and let 
gad, hbe, be two tangents drawn at 
points a and b, infinitesimally near 
each other. 

It IS evident that the angle h'x 
is less then gdx, and that m pas'- 
ing from a to 6 $ is a detreasuig 

function If then, x be the abscissa of a the sign of -p- 
mnst bf negaliw [Art 18] and therefore 

■-J- ^ j-T — ^ ^^ a negative quantity. 



The denominator of this fraction being essentially posi- 
tive, the sign of the fraction will be the same as that of 
its numerator. 

Hence, for a point where the curve is eoneave to the axU of x 
d-y , 
d? 




-p^ miist be vegative; and in the same way we may show 

d;v 
' dx' 



that for a point v^iere the curve is convex to the axis of : 
must be p<mtive. 
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It is obvious that these conditions will be reversed when 
the point under consideration is below the axis of x; and 
combining the two cases, we see that the general condition 
for concavity is that y and -j-^ shall have opposite signs, 

and for convexity the condition is that they shall have the 
same sign. 

If the curve be referred to polar coordinates, it is easy 
to see that if a perpendicular p be drawn from the pole 

to the tangent, then, in any portion of the curve which is 
concave to the axis, p will increase as r increases ; while 
for a convex portion, p will decrease as r increases. 

Hence, for emeavity, ^ must be a positive quantity ; and 
for eonven^y, ■£- must be a tiegative quantity. 

The analytical expression for -^ may bo readily deduced 



am the eqiiati 


ion already given in Art. 95 ; 




" V-+(l)- 


We have 






fr 1 ■f'-l 




,.,..,i(*f A'+'i'S 


if 


^ 'M V.+(S-)' 


*- 


"+(iy 


^1 


+MSHS '1 
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It follows from this result, that if r and J^^^ | * \" be 

podtive, the sign of -^ will be the same as that of ^ , and 
this will evidently depend upon the sign of the numerator 
of df in formula (6) of this chapter. 

In applying this formula, it is necessary to consider as 
always positive. 



CHAPTER XVI. 



CURVATURE AND CONTACT OF CURVES; EVOLUTES AND 
INVOLUTES. 

112 Cnrratnre — The turvature of any a>c of a ji^aiw eune 
tg tfte exleinai atiqk contained between Oie Umgenh diaun tiirougk 
ifi e^remities 

If in eveiy cur\e this ingle \aned directly as the length 
of the aic an is the case in the circle we might obtain the 
cur\atuie of a unit of are by diMding that of the whole 
arc by the length of the arc But in e\ery case e'^cept 
the circle becauie of the \ariation of curvature the quo- 
tient so obtained will be onh the mean or iverage cur\atnre 
of a unit If now beginning at an> point of a curve, we 
take on are of irbitraij but infinitesimal length ita mean 
curvature will OMdentlj \ary as the arc tends toward zerc 
and it will t«nd toward a certain limit, which ii m generil 
determinable ind ii ciUcd fSte curvaluit of Hie arc at the 
given fount 

Let M and J* be the arc and the angle between the 



the mean curvature of the unit of the arc, and 



tangents drawn through its extremities. Then ~ will 1 



lim = = ■;? 
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will be the expression for the curvature at the point at 
which the arc begins. 

113. The cnrvature of a circle being uuifurm, we shall 
have for the curvature of any point. 



lim^^ = ^l 



! ^s = -fiJl", a being the radius. 



" ~Rd^ 



R 



; curvature of a circle at any point. 




Now, whatever be the curva- 
ture at any point of a plane 
curve, there is obviously a circle 
which has the same curvature, 
and this circle can be placed tan- 
gent to the curve at that point, 
with its radius coinciding in di- 
rection with the normal to the 
curve at that point. This circle is called the circle of 
cnrvatare of that point of the curve; its center is the 
center of curvature, and its radius is the radius of 
curvature of the given point. 

114. Problem. — To find an expresmn for iJte radius of 
ewrvaiure of any pwrd of a p^awe curve. 



We have 

OuTvaiure of cwrwe = 



eurwiiure of circle, or 



Substituting in this thevalues of ih and d^, ■ 



;d by Google 



THE niFFERENTIAL CALCULUS. 

ds = i/th;' + dy', and df = — j — -j 

es 



<Py 



and substituting the values of ds and H^ in terms of ( 
coordinates, viz ; x =^ r cos 0, y ^^ r sin 0, we have 



^ \<u) 'm- 



115. Problem. — To ddenniiw tJie radius of curvature in 
tenns of a nmo variabk, t. 

Applying the formulas for changing the independent 
variable [Art. 85], we have, at onc«, 



mm)}* 

dx d'y dy (Px 
di di' ^diW 



^ = dxd'y — dyd'x f^^- 

Corollary 1. — If the new variable be s, we have 

^ _l_ ^ 1 . dx drx dy d\ „ 

di^ ' di' ' ds d# ' ds d^ 
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d'x dy d^ ds 

di' dis di' dx' 



and substituting in the above value of R, we have 
d'y d'y 



w- ^"'^- 



Corollary 2. — If the curve be referred to polar coordi- 
nates, and we make p tho independent variable, we have 
at once, by comparing formula (8) with the value of -S. 
in Art. Ill, 

^^r-^ (11). 

116. Contact of Carves. — Let Y=^Fix), y==f(x) be 
the equations of two curves referred to tbe same axes. 
Giving to a: an infinitesimal increment, li, and expanding 
by Taylor's formula, we have 

».=»+(l)l+(g)n + - «• 

If, now, in the equations of these two curves we have 
for any given value of x, Y=y, the two curves will evi- 
dently have a c 



If, also, ^ z^^, they will have a 
da: ax 

if, at the same time, -j-j- =; J , they will, afler passing the 

common point, diverge from each other less than if 

^r > dv 

dx' < die ' 
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Two curves, whose first derivatives only are the same, for 
the &aine values of y and x, are '^aid ti) have conta<'t of the 
first order; and, generally, if the first n derivatives are the 
same, the curves have contact of the n"' order. 

117. The order of contact which one curve, which is 
given by means of its general equation, may have with 
another entirely given, depen<l9 on the number of arbitrary 
constants in the equation of the firt-t curve. 

Contact of the fird order requires tvm conditions, viz : 



hence, the equation of the first curve must contain two 
arbitrary constants by moans of which these conditions may 
be determined, 

Contai-t of the second order requires three, conditions, viz : 

•'' dr (ic ' dr (ir* ' 

hence, the equation of the first curve must contain tliree 
constants, and so on. The general equation of the straight 
line contains but two arbitrary constants ; hence, in general, 
the straight line can not have contact of a higher order 
than tho first with any plane curve. 

The general equation of the circle has hut three arbi- 
trary constants ; hence, in general, the highest order of 
contact possible between a circle and another curve is the 
second. We say in general, because for certain particular 
points in a curve the order of contact between it and the 
circle may be of a higher degree than the second. 

The circle which has contact of the second order with 
another eun'e at a given point is called the oscillatory 
circle of that point. 
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OSOVLATOBY CIRCLE. 

118. Problem. — 2!) determine Oie radivs of Vie < 
cirde of any point of a •plane curve. 

The formula for the radius of curvature beiug 



we shall have the required radius by substituting in this 

formula the values of -^ , -^,, taken from the equation of 
dx dst' ' 

the circle. But since the circle has contact of the second 
order with the given curve, the values of -^ > -^ , are the 

same for the circle and for the curve. Hence, the radius 

of the required circle may also be found by taking the 

values of -^ , J > from the equation of the curve. The 
da; ax 

two results being identical, it follows that tiie roMits of the 

oseulaiffij drde at any given point of a euroe is equal to tfw 

radius of curvature of tiie curve at tliat point; and, consequently, 

ike oaculatory eirck is the drek of curvature, and iU center is 

/Ae center of curvature. 

Corollary.— If we differentiate the value of R with respect 

to X, and place the first derivative equal to zero, we shall 
have one of the conditions for a maximum or minimum 
value of R. Performing this operation we have 

If, now, we take as the equation of the osculatory circle 
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and differentiate this three times, we obtain, after reduction, 

'l(S)'-S{>+(l)>» (^). 

an equation of the same form with (1). 

Now, since -^ < -^, taken from the equation of the circle, 
ax 03? ^ 

are equal to the same quantities taken from the equation of 
the curve, it follows that -^2 must be the same in both equa- 
tions. But this, in connection with the foregoing, is the con- 
dition that the two curves shall have contact of the fidrd 
order. Hence it follows that at those points far ivhicJi the 
value of the -radius of eurvalure is eHher a maximwn or mini- 
mum, the drck and curve have amiad of the third order. 

119. Erolntea. — The curve which is the locus of the 
centers of all the osculatory circles of a given curve, is 
called the evolute of that curve, and the given curve is 
called the involute of its evolute. 

120. Problem. — 2b find the equalim of tlie evolvie of a 
plane curve. 

Let y — F(x) be the equation of the curve, and let 

be the equation of the osculatory circle. 
Differentiating this equation, wc obtain 

in which the derivatives are the same as those taken from 
the equation of the curve. 
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If we combine these equations with that of the cur\'e so 
as to eliminate x and y, the resulting equation will be a 
relation between a and b, the coordinates of the center of 
the oseulatory circle, and it will therefore be the required 
equation of the evolute. 

121. If we differentiate the equation 

(«-.) + (!,-6} J- = 



with reference to x, considering all the quantities as vari- 
able, we shall have 



mF-l+('-')g-l2=»^ 



IB/T^J-"),!?' 



'+ X +(»-') B = »; 



da dh dy ji ^y _ (^^ 

dx ^ dx dx' dx db 

Now -J- is the tangent of the angle which the tangent 

line to the e\ olute m'vkes with the a\is of :r ind ,^ i^ the 
dt 

tangent of the an^le \ihich the tangent line to the curve 

makes, with the axii of i: The abo\e equation indicate^ that 

these two lines are perpendicular to e'vch 

other and since a line pasimg through *" ' 

the pcint of tingencj perpendicular tD y^ 

the tingent ib the normii it follows 

thit thb tangent to ihe emlute i the mrmcd 

to ike involjde 

182. Resuming' the equation 

(.-<,)•+(!(-')■ = ■«■■ 
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and diiferentiatmg with respect tn a, we have 

But 

(-°)£+(,-»)|=|{o.-.)+(.-»)|}=«. 



, » 



No,v *=-*(Art.m)=tZ^. 

rfa di( ^ ■' x — a 

. ■ . by substitution in the last equation, 

<-°){'+(IF}— ^S »■ 

Again, 



^c«-«)t+( S F}^ 



■■■ ("^-«)ii+(£)r=-« ®- 

From (I) and (2) we have 



MilV-'S: ■■■ ^^-vw+, 



= d (arc of evolut«). 

Now we have seen (Art. 47, Cor. 2) that when two 
variables liave the same derivative with respect to auotiier 
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variable, tliey differ from each other by a constant. There- 
fore, tlesignatmg the arc of the evolut* by ^, we have 



If K, B", S', S", be two radii of curvature and the 
corresponding ares of the evolute, we shall have 

H-^S' + c, and S" = S"+ c. 

.-. Ii'—B" = S'^S"; 

or (Ae different between two radii of curvature h eqrial to the 
are of Sie evolute intereepted between Siem. 

123. From the foregoing properties of the evolute it is 
easy to see that if a string be wound round the evolute of 
a curve, and then be unwound, keeping the part unwound 
always tangent to the curve, the end of the string will 
describe the involute, and every point in the string will 
describe a curve simUar to the involute. 

124. Problem. — Tofiiidihe eqtwtian of the invdufe to a eurve. 
If we eliminate a and b between the following equations: 

F(a, 6) ^= 0, the equation of the evolute ; 

there will result a relation between x and y, which will be 
the equation of the involute. This will generally be a 
diff^entvd equation. 



135. Examples. 

1. Find the radius of curvature of all the conic 

The equation of these curves is 
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* 2ta+n:rf}t' '•' 4rM» + «x'l* *!f' 



2 (iiwt +««?)♦ "* 4(m» + .u"): 



How siuee 



{i + (l)"}*=^==7^'[A'^9^]. 



„ ^ (nor mal)' ^ (normal)' __ (normal)' 

,(1)/ 1 J (semi-parameter)' 



2. The radius of curvature of each of the conic 

3. The logarithmic curve y^^a'. 
We have 

-^ = aMog a = ^ ; ^\ = — & :^y-. 

d'y my 

4. The cycloid. 

We have already found [Art. 94, Ex. 3] 

is. — / 2'- — ic . (^ _ _ r 

R =-L- ^ i := —2\/2r"(2r — x) 

xV'2rx — x' = twice the iwrmaL 
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EXAMPLES. 
5. The logarithmic spiral r = a". 
We have 

*=«.log. = i; \ 



{-+(§)? 





• '■ + H*)'- 














= 


>■" + 




-{• 


■'+ : 


til, 


6. 


The hyperbolic spiral rO =^ 


». 








We have 














dr a. 
do 1? 


r' . 




2a 


2t^ 






.-. n 


__r(i 


'+ ■■■) 


1 






7. 


The catenary, 














»-|{/+^^ 


^}- 


Ans. 


B = - 


-t. 




8. 


The evolute of the parabola f = 


2p^. 






We have 


















= - 
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These values, substituted in the differential equations of 
the circle, give 

X — a = — — n=^ — 2a: — p; whence a:= „-- : 

p ^ ^' 3 

y — 6 = — j + y; whence j/^;= — bp^; y^^b^p^. 



These values, substituted in the equation 
of the parabola, give 






the equation of tlie evolute, which is the sejni-eu6ica( 




9. The evolute of the ellipse A'y'-\- B'x'^A'BK 
We have 

dx A'y ' di' Ay' 

Substituting these values in the differential equations of 
the circle, we obtain 

_ _ x(A'f + B'x') _ xCA'B'— A'B 'x' + SW) . 
"" "~ A''B' ~ A'B' 



^—^ (A' — B')'^ 
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> — '- AT' - A'B' 



■■■ f' 






iA'^B-)t 



These values of a;' and y', substituted in the equation of 
the ellipse, give, for that of the evolute, 

10. The evolute of the cycloid. 
The equation of the cycloid is 

y ^ r versin^' — ■ -f- V2rx — a^. 



dx~'\ X ' dx' xV'2n 

ing these vnliies in the 
equations of the circle. 



Substituting these vnlues in the 
differential equations of the circle, 
we obttun 







a! — a '+ 2 (2r — k) ^ 0, x^rr-ie — a. 



These values of x and y, substituted in the equation t 
the cycloid, give, for the equation of its evolute, 



6 ^= r vermin"' 
D. c— 17. 



- l/ 2r (4r — o) — (4r — a)T 
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This is the equation of a cycloid equal to the given 
curve, as will appear by transferring the origin from C to 
the point A, whose coordinates are 

a^2r, b^=r versin"' 2. 



r versin"' 2 + 6 ^ r versin"' < 2 J- — i/ 2ra — a'^ or 

6 ^^ — r versin"' — — i/2ra — ^, 

which is the equation of the cycloidal arc AE. 

11. The evolute of the logarithmic spiral. 

In finding the evolute of a curve whose equation is re- 
ferred to polar coordinates, it is generally best to transform 
the equation to r and p as coordinates. 
For this purpose, let S be the pole, P '^ 

a point on the given curve, FO the 
radius of curvature of the point P, PY 
the tangent at P, SP the radius-vector 
of P, SY the perpendicular on the tan- 
gent PY. Then will be a point on the 
evolute, PO the tangent to the evolute 
at 0, SO the radius-vector of 0, and SN 
the perpendicular on PO. 

Let SF^T, SY^p, SO^r^, SN=p^, PO = R. 

Then we shall have 

SO'- = SP' +P0^ — 2P0 X P^, or 

r;= r'+E' — 2Rp (1), since PN=SY=p; also 
P, = Vr'—p" (2), [curve, 

p ^/(J") C3), the equation of the given 




dp 



(4) [Art. 115, Cor. 2]. 
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From the equation of the logarithmic spiral r ^ a', we 
find p = nr, n being a function of the modulus ; 



. • . the equation of the evolute is 

which is the equation of a logarithmic spiral similar to the 
given curve. 



CHAPTER XVII. 



eiNGULAE POINTS OP CURVES. 



126. A singular point of a curve is one which possesses 
some peculiarity which distinguishes it from other points 
of the curve. 

Such points are the points of greatest and least curva^ 
ture ; the points where the tangent is parallel or perpen- 
dicular to either of the axes; multiple points, or points 
through which several branches of tlie curve pass; points 
of infiection, or points where the curvature changes from 
convexity to concavity; cusps, or points where two branches 
of the curve, which are tangent to each other, terminate ; 
conjugate points, or points whose coordinates satisfy the 
equation of the curve, whiic the points themselves are 
entirely detached from the curve ; stop points, or points at 
which a branch of the curve suddenly terminates ; salient 
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jioints, or points at which two branches tprmmite iiithDiit 
being tangent. The Calculus lifords a verj simple meins 
of detecting and determining the positions of inch points, 
and when they are found, the curie may be readilj traced 
through them. 

127. Problem. — To find the points at wlddi a given curve 
M parallel or per^tendicidar to the axh of x. 

Let u^F(x,p)=^0 be the equation of the curve. 



du 



du 



dx dy 

If the curve is parallel to the axis of x at the point 
', y', then ^ ^ 0; and if it is perpendicular to the axia 
;^ ^^ oo. The values of x and 
= 00, are 



of X at the point af, /, thai 

y, which satisfy the two equations -^ = 0, 

the coordinates of the required points. 

128. Problem.— To find the miiUipk points of a enirve. 

Let % = F(x, 1/) =: be the equation of the curve. 



Then 



dx 



*( %^^ 



+ S£ = » W- 



Now, since a multiple point is 
a point through which several 
branches of the curve pass, each 
branch will have a tangent line 
at that point, and, consequently, 

-r- must have several values. 



not be satisfied for more than one value of - 
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We must tiierefore have, for a multiple point, the three 
equations 



and the coordinates of multiple points are to be found 
among those real values of x and y which satisfy these 
three equations. 

Again, since -j— = 0, and -t— = 0, the expression for 
-/- will assume the indeterminate form -j- , and its values 
may be found by the rules established for such cases; or 
they may be found by differentiating equation (1) several 
times, and placing equal to zero the fivii differential equa- 
tion so found in which the values of -# are (feferminote. 



Examples. 

1. Find the multiple points of tlie curve 

u = x' — 2af — Say — 2aV + a' = 0. 

Wo have 

^^ = 4x' — ia'x = 0, .-. x=^fi,x^±a; 

ox 

~ = ~6af — ea?y = 0, .-. y^O, y = — a. 

The values of a; and y which satisfy the equation of the 
curve are 

x^^Q, y=^ — a; x^a, y^Q; x^ — «, i/:==0; 

and these are the coordinates of the only points to be 
examined. 
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Now, by ditferentiatiDg the equation of the curve twice, 
we have 

dx' dxdy ih dy'\dx } ' 

and, forming the partial second derivatives from the equa- 
tion of the curve, and substituting them in this last equa- 
tion, we obtain 

lac'— 4a'— (12at/ + 6a')/^J = 0; whence 

I J I — r- r-o-i — w when x= ±a, W — 0, 

\ dx f bay + *[' 3 ' y < 



^= ± a/o- when x = — a, y^^O, 

= ± -yf-o- when a; = 0, y^^= — a. 

The three points are therefore all multiple points, and 
through ea«li pass tivo branches of the curve. 

2. The curve u = a^ + 2a7^y — mf ^0 . . (1). 

We have 

^r=43?-\-4axy = 0, .-. k — 0, i/^O; 
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and these are the only values «f x and y Vihich. satisfy all 
three equations. 

Differentiating the equation of the curve u = F(x, y) ^ 
three times, we have 

and from the equation of the curve, 
^__ 

Substituting in (2), and making a; ^^ 0, we have 
dx \ax I 



The origin, a; = 0, ;; = 0, is therefore a tripk 



Note. — In this example we have differentiated three 

times, because the values of -^ obtained from both the 
' dx 

first and second differential equations are indeterminate for 
the particular values of x and y. 

3. The curve m = a^ -|- x^f — &w?y -\- a'y' ^= 0. 

We have 

^ = 43? + 2xy'—12axy^0, .-. x = 0, y = 0; 

du 
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Forming the second derivatives, and substituting in the 
equation 

we have 



_L2~^ + — /^V=0 
"'' dxdy dx dy' \dx I ' 



(tr dx 

The origin is therefore a double point, and tlie two 
branches at that point have a conimon tangent, the axis 

4. The lemniscata, ?(^(a;=+i/')'— aV+oY^O. 



We find the origin to be a doiMe point, and 



% . 



S. The fohum of Descartes, u:^-f-\-^ — 3ftra/ = 0. 
We find 



Therefore the origin is a double point, and the two axes 
are tangent to the curve at that point. 

189. Problem. — To find the conjugate points of a curve. 

It follows from the definition of a conjugate point that 
if X, y be the coordinates of such a point, the increment -Jy, 
corresponding to an increment jix, will be imagivary; and 
this being the case, the limit to the ratio of ^y and Ax 
will usually be imaginary, and, consequently, will admit of 



We may therefore, in general, determine tlie coordinates 
>f a conjugate point in the same manner as those of a 
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multiple point; and if the values of -^ prove to be imag- 
inary for any real values of x and y, tho corresponding 
points are certainly conjugate. 

But even though Ay should be imaginary, -^ may be 
real, and in such cases we may determine whether a point 
is conjugate by substituting x ±k for * in the equation of 
the curve. If the value of y, corresponding to x ± /i, be 
imaginary, the point is conjugate. 





Examples. 




1. The curve 


af-^'+bx'^O. 


We liave 




dy _&i 


2";;'^-§"-«"»^»"» 






Fig. 


61 — 26 
2«* 


--— J-- Therefore, 
1^ 






The origin is therefore a conjugate 

2. The curve (c'y—x'y^Cx — ay(x — bf. 

The value of -^- in this equation is real for the values 

of X and y, whicli evidently satisfy the equation, viz : 

x = a, y ^ -^ and x ^ o, y = -^ ■ 
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If, liowever, we substitute b ±z h for x in the given 
equation, the resulting values of y are imaginary. The 
point a; = 6, y^^ '^ therefore a conjugate point. 

130. Problem.— 2b ji^id the points of inftedion of a curve. 

The direction of curvature being ^'^' ^' 

determined by the sign of -j-^, it 
follows that, in passing through a 
point of inflection, -^ must change 
its sign, and, therefore, for a point 
of inflection we must have 







' (1). 



(%_ 



.(2). 



But, as a quantity does not necessarily change its sign 
in passing through zero or infinity, it follows that the 
value of -j-^ may I>e zero or infinity without the corre- 
sponding point' being a point of inflection. We must, 
therefore, after flnding the values of x and y which satisfy 
(1) or (2), substitute a; ± A for i 



the value of -^4- 



If these substitutions cause -,-^ to change sign, the point 
under consideration is a point of inflection. 

Examples. 
1. The curve a^y = 3?. 



.^, 






M"' 



= when x = 0. 0-\-h 



renders t-^ positive, and — h renders it negative. There- 
fore the point x ^ 0, y :=0, is a point of inflection. 
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CUSPS. 
2. The curve y = Zx + Ifix' — 2a?. 
We have 



<h 



= 3 4- 36» — 6r 



. 4!?^ 



- lac ^ 0, when x = S 



i + h, 



Aj, 



and if x^-i — li, -J- is positive. 

Hence, the point, a; ;= 3, 7/ ^^ 117, is a point of inflection, 

131. Fioblem. — Tu determine the cusps of a curve. 

Since a cusp is a point at which two branches of a curve 
terminate, it follows that it is a multiple point But since 
the two branches are tangent to each other, they possess at 
that point a common tangent line; and, therefore, at that 
point -X must have two real and equal values. 




Again, dnce the branches terminate at the cusp, the 
ordinatea to the curve will be real on one ade of the cusp, 
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and imaginary on the other side. Therefore, if a; is the 
abaciissa of a cusp point, and x ~\- h renders y real, x — h 
will render y imaginary. 

Again, if the two branches of the curve He on tlie same 
side of their common tangent, their curvatures will be of 
the same character ; and, therefore, the values of -Pi for the 
two branches will have the same sign. Such a cusp is called 
a ramjUioid cusp. 

If the two branches lie on opposite sides of the tangent, 
their curvatures will have opposite characters, and the two 
values of ^^ will have contrary signs. Cusps of this char- 
acter are called teratoid cusps. 

Note. — In the particular case In which we find the 
common tangent to the two branches to be perpendicular 
to the axis of ar, it is generally best to consider y as tlie 

independent variable, and find the values of -^-^ • 
df 











ExAMrLES. 




1. 






.= 


= s'- 


-31- = 


.0. 


We have 














du 


= - 


9i' = 


= 0, 


.-. « = 


= 0; 






= 2, 


= 0, 




■ ■- y^ 


^0. 



dxdy ' df 



;d by Google 



a; = — h renders y iniaginary, and -jj clianges sign 

with y. Hence, the origm is a cusp, the axis of abscissas 
is the commoti tangent, and the two branches lie on oppo- 
site sides of tliis tangent. 



2. y = b + ac'+(x — ay. 
A\'e have 

4^2. + |(«-.)ig=.o+!^(.-#. 

The values x = a, y ^ b -\- ea', satisfy the equation of 
the curve; and, in consequence of the fractional exponent 
in the second term of -j^ , this derivative has two equal 
values, 2ca, for x = a. 

If a; > a, y is real ; and if a; < a, j is imaginary. 

If X = a + ft, ^ ^2c + =^ ft^, which has two values, 

both positive when ft is an infinitesimal. Therefore the 
point x = a, y =^b ■{- ea', is a cusp; the two branches are 
both convex to the axis of x, and they are situated on the 
saine side of their common tangent. 

3. The curve y* — axf + k* ^ 0. 

We shall find a ceratoid cusp at the origin, 

133. The remaining singular points, such as stop points 
and salient points are but seldom met with. According to 
the definition of a stop point, its test will be similar to 
that for a cusp, except that -f and ^ will each have but a 
dn^k value. The test for a salient point is the same as that 
for a cusp, except that -J'- has two wieqiud values. 
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133. TraoLng of Curves — If we have given the equation 
of a curve, the form of the curve may be traced by deter- 
mining the character and position of all of its singular 
points, the number and directions of its asymptotes, and as 
many of its ordinary points as may be convenient. Having 
located these points, the curve may be drawn through them 
by hand with a considerable degree of accuracy. 

It will frequently occur that, by a simple inspection 
of the equation of the curve, we can determine many 
of tlie properties of the curve itself, and it is advisable 
to do this whenever it is practicable. We append a few 
examples. 

Kg. 23 

1. Trace the curve whose 
equation is 



f=-. 



1st. When a; = 0, y = 



. ■ . the curve passes through 
the origin. 




2d. When x ^ -^, y^±co; when x^±<», i/^:±<» 
. ■ . the curve extends to infinity in four directions. 
M. When x=±a, y = 0. 
. ■ , the curve cuts the axis of x at two points, 
■Uk. Since y ^= ck- when a; ^ — , the line whose cquatiot 
s X = ^ is an asymptote to the curve. 
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5tli. If we expand the value of ^, and extract the cube 
root of the result, we shall have 

""Ffi' + i}* 

terms involving negative powers of x. 
. ■ . the line whose equation is 

is a second asymptote. 

6iA, Forming the first derivative, we have 



dc 



^ G:>i' — 4aa? — 2« V + 2a'x _ 
3(a« — a)^{a^— aV)^ 



= 00 when a; ;:^ 0, ^ , + 
= when a: < and > - 



Hence at the pi mt>- cirre ponding to these values of x 
the tangents are le pectnely perpendicular and pinllel to 
the axis of a ^ 

7(A We shall find points of 
inflection it the poinis who=!e 
abscissas are ar ^ a x ^ — a 
a; > and < ^, and a cusp at 
the origin, 

2. The curve 

We shaU find ^ = and ± 1, when x^O, y = 0. 
dx 

. ■ . the origin is a triple point. 

AVe shall find no asymptotes and no other singular points. 
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3. The folium of Descartes, y* — 3cm/ -\- n?^^ 0. 

4. The curve «'^ ^^-^^ — -• 

5. The curve y ^ 2a-J^.^Zl. 

6. The curve y^=-^+^. 

" of — 1 

7. The curve (f + xy = aXx'-y'0. 

8. The curve r = o(l — cos flj. 

This curve can be traced by assigning different values to 
0, and determining the resulting values of r. In the siime 
manner may be traced all curves given by their polar 
equations. 



CHAPTER XVIII. 

ENVELOPES OF CURVES. 

134. If in the equation of any plane curve u^F(x,y,a), 
we assign to the arbitrary constant a a series of different 
values, the resulting equations will be the equations of a 
series of curves different from eacb other in form and posi- 
tion, but all belonging to the same class. 

If we suppose a to chajige by infinitesimal amounts, tlie 
curves of the series will differ in position by infinitesimal 
amounts; and, as a general rule, any two adjacent curves 
of the series will intersect. Let us suppose that the points 
of intersection of every two adjacent curves are connected 
by straight lines. There will thus be formed a polygon, 
the lengths of whose sides will depend upon the actual 
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value of the increment assigned to a. Now, since this 
increment is an infinitesimal, it is obvious tliat the smaller 
it becomes, the more will the polygon tend toward coinci- 
dence with a certain determinate curve; and as the limit 
to the increment is zero, the limit to the polygon is this 
curve. 

This curve is called the envelope of the series, and it 
may be defined to be (te focus oj the limUmg poiiife of inter- 
section of (/ie eonsecutive curves of tite series. 

135. It is clear that when aU the consecutive curves of 
the series intersect each otiier two and two, the sides of 
their polygon of intersection will approach toward coinci- 
dence with their common tangents as the points of inter- 
section approach each other, and that tlie limiting curve, or 
envelope, wUl be tangent to all the curves of t}ie series. But, as 
the consecutive curves do not necessarily intersect, the en- 
velope is not necessarily tangent to all of the curves. 

136. Problem.— To determine the equatmi of the enwfope of 
a given series of curves. 

Let F(x, y, a) ^^ 0, and F(x, y,a + h) = 0, bo the equa- 
tions of two adjacent curves of the series. 

The values of x and y which satisfy these two equations 
are evidently the coordinates of the point of intersection of 
the two curves, and they will converge toward the values 
of the coordinates of the limiting point of intersection as 
h tends toward zero. 

If, therefore, we combine the equations so as to eliminate 
«, and then pass to the limit by malting h equal to zero, 
the resulting equation will be the equation of the locus of 
the limiting points of intersection, or of the envelope. 

Now, if we subtract the first equation from the second, 
we shall have a new equation, which may be employed 
instead of the second without affecting the result. 
D. c— 18. 
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We have, therefore, 

or, dividing by h and passing to the limit, 

Hence, to find the equation of the envelope it is sufficient 
to eliminate a between the two equations 

F(x. y, a) = 0, and ->—yLJ^^ = 0. 



1, The envelope of a series of 
and axes are the same. 

We have 

f^2px, or u = f—2px^0. 

... f.^-2,^0. 
dp 

These two equations give us for the equation of the 
envelope x =^ 0. 

Tlie envelope is therefore the axis of y, as might have 
been inferred. 

2. The envelope of a series of circles whose centers are 
all on the same straight lino, the axis of x, and whose 
ra<lu are proportional to the distances of their centers 
from the origin. 

Let u = (.v — «/ + 2/'' — r'^^O be the equation of one 
of the circles. 
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EXAMPLES. 
Then, u=(,-af+f^cV=0; 



ind, by substitution in the equation of tlie circle, we have, 
IS the equation of the envelope, 



This 13 the equation of two straight hues parsing through 
the origin and malting equal angles with the axis of x 

These two lines couftitute the envelope ol the series of 
circles as mij bo readilj seen 

3 The envelope of a series of concentric ellipses the 
bum of whase axes is constant the axes of ill the curves 
of the series being coincident in lirectiDii 

The equation of one of the curves is 

1 + ^ = 1. 

and we liaye the condition a -{- h =^ c. 
Differentiating these equations with respect to a, we have 

da + M — 0. 
•■• jr^ — 1, "■■'J -..1= tj- 
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whence, 
a? 



b 



tJie equation of the envelope. 

4. A given straight lino slides between two rectangular 
axes; find the equation of the curve to which it is always 
tai^ent. 

Let e be tho length of the line, a and h its intercepts 
on the axes. 

Then the equation of the line will be 

f + l-i. 

and we shall also have the condition 

Differentiating with respect \m a, we have 

T + -&f=o; « + sf = 0, f = -?-■ 

n^ ' h^ All ' ' itfv ' An h 



1 = 0, l = .^l: .■+6-=fca-|'-'+-!'j. 
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and by substitution in the equation of the given line, and 
reduction, we liave, as the equation of the envelope, 



5. The envelope of a aeries of equal circles whose centers 
all lie on the cireumierence of a fixed circle. 

Let x'-\-y,^ — r/^0 (1), be the equation of the fixed 
circle; and (x — x^ + (y — y,)'' — r' = (2), be the equa- 
tion of one of the naovable circles. 

Differentiating with respect to x,, wc obtain 

-2(_x^--x,)-2(y-y,)^ = (4). 



Combining (1), (2), (3). and (4), so as to eliminate i, 
and y,, we have 

x'+f= (r, ± rf. 

This is the equation of two concentric circles which con- 
stitute the envelope. 

6. The envelope of the consecutive normals to an ellipse. 

Let x', / be a point on the ellipse. 

Then 5 -!/=»-i («-«•) (1) 

is the equation of the normal line; and the given point 
being on the curve, we have 

o-j'"-|.SV = o'6' (2). 
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Differentiating (1) and (2) with respect to /, and elimi- 
nating if between tlie resulting equation and (2), we find 



(«'-f)« 



Differentiating (1) and (Si) with respect to «/, and elimi- 
nating af, we obtain 

/.I i 
y'= ^—-. 

Substituting these values of x" and y"' in (2), we have, 
for the equation of the envelope, 



which we have previously found to be the equation to the 
ewhde of the eUipae. 

The result established in this example for the ellipse is 
true for all curves whatever, as might be readily proved. 



CHAPTER XIX. 



TANGENTS AND NORMALS TO CURVES OF DOTJBLE CDEVATUBE 

AND SUEPACES. DIFFERENTIAL EQUATIONS 

OF SURFACES. 

137. A curve of double cuivatnre is one all of whose 
points are not in the same plane. It may be determined 
by the equations of its projections on any two of three 
coordinate planes, or by the equations of the surfaces ttt 
which it is the intersection. 
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Tft* iimgent line- to such a curve, at a given point, is 
the limit to the secant line drawn tlirough that point and 
another at an inflniteaimal distance from it. 

The lengSi of Ihe curve, or of any portion of it, is the limit 
to the length of the broken line or polygon inscribed in it. 

Let X, x-\- M; y,y-\-^y; z,z-\-dz; be the coordinates 
of two points on the curve, and let Js be the length of 
the chord joining them, Ax, etc., being infinitesimals. 
Then, supposing the coordinate planes to be rectangular, 
we sliall have 

Js ^V Ax^ -\- Ay' 4" Az^ ; 

and passing to the limit, observing that the limit to the 
ratio of the chord and aic is unity, we have 



rf arc = Vd^ + df + <h' (!)■ 

138. Problem. — To find fhe eqvailon of a tangent line to a 
curve of dovMe curmliere. 

The equations of the secant line passing through the points 
whose coordinates are a/, aZ-l-Ax', y', ^-\-At/, af, z'-\-A^, are 



and since the tangent is the limit to the secant, we have, 
by passing to the limit, 



&-/) (2). 



the equations of the tangent line. 

Corollary 1. — If the curve be given by tlie equations o 
two intersecting surfaces, 

F(x,y,z-)=.0, f(x,y,z')-^0, 
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we shall have 



dF iU , dF dl dF 
ii! a '^ d^ di ^ id ' 



id H ^ d)l d>! ^ dd 



(3)i 



Findii^ the values of j-* . -^ > and substituting in (2). 

(«-«■)# + (»-»■) |- + (W)f=o) 

another form for the equations of the tangent. 



Corollary 2. — The secant passing through the two points 
will make, with the three axes, angles whose cosines are, 
respectively. 

Ax Ay dz 
As ' As ' As 

Hence the tangent will make with the same axes angles 
whose cosines are 

ds ' <k ' ds 
Representing these angles by a, [i, y, we have 



_ (4c __ dx ^ 1 

" ds ~ i/dt'+dif+dd' ~" UjJ^X_^ 
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NORMAL PLANE. 

§1 
^/ dx 






,■+!)/" 



\RfHlF 

139. A normal plime is a plane perpendicular to the 
tangent line at the point of tangeney. 

The equation of a plane passing through a point a;', ^, s", 
being of the form 

or :^(»-x') + I (s-j') + (J-0 = 0; 
if the plane is perpendicular to the tangent, we must have 

is the equation of tlie normal plane passing through the 
point /, y, /, 



;d by Google 



218 THE DIFFERENTIAL CALCULUS. 

Every line in the normal plane, which, passes through 
the point of intersection of the plane and curve, is called 
a mirmal line. 

Every plane which psissGs through the taagent line is 
called a tangent plane. It is evident that tangent planes 
will, in general, intersect the curve. 

140. Tangents and Honnals to Snxfooes. — A tangent plane 
to a surface at any given point is the locus of all the tan- 
gent lines to the surfhce which can he drawn through that 
point. We shall determine the equation of this locus, and 
at the same time show that it is a plane. 

Let u = F(x, y, s)=: 0, or z=^f(x,y), be the equation 
of a surface. 

If a curve be traced through any point /, j/", of this sur- 
fac«, it will, in general, he a curve of double curvature; 
and a tangent line to the curve, at the point x', ■/, will also 
be tangent to the surface. 

The differential equations of this tangent line will be 

Differentiating the second form of the equation of the 
sur&ce, we have 






in which the ( )s denote the partial derivatives of s, with 
respect to x' and y". 

If wc eliminate -t—,,-M-,, from the last three eouations, 
d/ di 

we have, as the equation of the required locus, 
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and since this equation is of the fivst degree between the 
variables x, y, z, it follows that it is the equation of a 
plaue. 

Corollary. — If we take the first form of the equation of 
the surface u^=F(x,y,z), we have 



dF dF d^ 

d^ "^ dd d^ ' 



and substituting in (5), we obtain 



another form for the equation of the tangent plane 

Comparing this with equations (3), we learn that tft^i fafw- 
gent line to a curve of dovbU eurvakire, at a given pomt of 
that curve, i» the intersedioti of (Ac two planes wiftjc/t are tanr 
gent at that point to iJie surfaeei of wAmA (/w cune is ffie 



141. A normal line to a curved surface is a line per- 
pendicular to a tangent plane at tlie point of tangency. 

Its equations are, therefore, 



/ J^ di^ . ,. 



(J- 


-rt = - 


-dj' 


(„-/) 


Q'- 


-•"^^ 


= {'- 


-):s^ 


<3- 


-/'f^ 


= (?- 


-< 



OT; 
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Corollary. — If we designate by C, 0", 6"', the angles 
wliicli a normal line msikes with the axes, or those which 
the toDgcnt plane malies with the three coordinate planes, 
we shall have [Art. 138, Cor.] 



'aHIFIII' 



cos e"' = , . 

142. A normal plane is a plane perpendicular to a tan- 
gent line at the point of tangency. 

The equations of the tangent line being 



it follows, at once, that the equation of the normal plane 
wili be 



143. Differential Equations of Surfaces.— If we resolve 
the two equations of any curved line with reference to 
any one of the constants which enter into them, we shaJl 
have two new equations of the form m ^= c, u^^^e^, iu 
which u and m, are functions of if, y, z, and c and c^ are 
constants. 
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! last equations, we attribute to c and c, a 
/ values in succession, tho line represented 
by theae equations will change its position, and perhaps its 
form, without describing any determinate surface. But if 
wo impose some fixed relation upon o and c,, as e^^ ^(e), 
the two equations will represent a line whose form and 
position will be determinate for each particular value of c; 
and if we eliminate c between these equations, the result- 
ing equation, 

will obviously be the equation of the locus of the entire 
series of lines, which will necessarily be a surface generated 
by the motion of the line m ^ e, m, = c^ , according to the 
laws prescribed by the relation c^^: $ (e). 

The function ^ may be eliminated by the methods already 
established for the elimination of functions, and tho result- 
ing equation wilJ usually be a differential equation. 

Applications. — Id. To determine the general differential 
equation of oil eyUndrieal surfaeeg. 

A cylindrical sur&ce is one which may be generated by 
the motion of a right line whose consecutive positions are 
parallel to each other, and which rests constantly upon a 
given curve. 

Let x^^tz -\- (t, y = sz -\- b, be 
the equations of the moving straight 
line. Then u = x—~tz^a, w,;^ 
y — si = h. 

. ■ . the equation of the surface 
described by the line is 

y — sz = isi(x~tz), 

in which s and ( are constant by the conditions of tho 
problem. 

To eliminate f, diiferentiate with respect to x and y. 
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We thus obtain 

dz (Sf rf(aT — W) 

'dx d(x — te) dx 

1 (fe __ dif d(x — iz) _ 

dy d(x — tz) dy ' 

whence, by division and reduction. 






dy 



the required equation. 



In applying this equation the values o 
be taken from the equation of the fixed ( 
the straight line rests. 



dy dx 
rve upon which 



2d. The general differentml equation of alt conical surfaces. 

A conical surtace is one which may be generated by the 
motion of a right line which passes through a fixed point 
and rests upon a given curve. 

Let a, h, e, be the coordinates of the 
fixed point. Then 

will be the equations of the moving line, 
in which ( and i are variable. 

We shall have 
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Differeiitiating with respect to s; and y, wc have 



y — b ih _ 



3_c (3-cy a./ 






pheneo, by division and reduction. 



he required equation, in which the valuea of -j-, t-, are 
o he taken from the e<iuatiops of the given curve. 
?]d. The general differerdial equation of aS surfaces of revo- 

The cliaracteriatic property of this da'.* of surfe'-es is 
hat every &ectioQ made by a plane perpendicular to the 
xis is a circle whose center is in the axis; and we may 
uppose the surface to be generated by the motion of a 
■ariable circle wiiosp consecutive positions are parallel to 
ach other, and whose center remains constantly upon 
he axis. 
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J^ow, since every section of a sphere made by a plane 
is a circle, we may take the equations of a sphere and a 
plane as the two equations of the circle which generates 
the given surfece. 

Let z^=U -\- a, y =^sz -\- b, be the ec|uations of the 
axis; then the equation of a plane perpendicular to that 
line will be 

2 + te + 8jr = e. 

If we take the center of the sphere at the point where 
the axis of the surface cute the plane of XY, its equation 
wiU be 

and we shall }iave, for the equation of the surface, 

(^ _ 0)'+ (y-rbf-^ ^^ *(J + te + sy). 

In order to eliminate the unknown function fl-, we might 
proceed as in the last two cases ; but, for the sake of sim- 
plicity as well as of variety, we shall adopt another method. 

It is obvious, from the nature of a surface of revolution, 
that the normal line to any point of the surface intersects 
the axis. 

The equations of the normal to a curved surface are 

and in order that this line may intersect the axis, whose 
equations are 

x = U + a, y = sz + h, 

we must have the relation 

^ , ' ^^ / 1 I ''^^ 
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each member of which equation is the value of 2 for the 
poiot of intersection. 

Reducing this equation, and omitting the accents, we have, 
for the required equation of all surfaces of revolution, 

+ (x — a)s~(y~b)i = (12), 



equation of the curve which generates the surface, 

144. If the algebraic or finite equation of a surface be 
given, its difierential may be obtained under a more sym- 
metrical form tlian those given in the preceding article. 

het u = F(x, 2/, 2) = be the equation of the surface. 



Substituting these values in the preceding equations, we 
have, for the equation of eylindrical surfaces, 

for the equation of conical mrfdces, 

, . du , . ,, du , , ^ du „ ,1 J^ 

(.-«);t + (!/-»)aj; + &-c)5=0 (14); 

for the equation of surfojcei of revolution, 

-i("~«>-(j-»)l|J = (15). 
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145, Problem,— To find the equation, of Ike eijUnder or cone 
wliit^i iivhses a giiim curved aurfaee. 

If we form the derivatives^, ^, or *', *', ^ , fiom 
dx an ax dy ilz 

the equation of the given aiirfat'C, and substitute them in 
the differential equation of the cylinder or cone, the re- 
sulting equation will evidently be that of a surface which 
contains the curve of contact of the given surfe^^e with 
the cylinder or cone: and if this equation be combined 
with tliat of the given surface, the resulting equation will 
be tlie equation of the curve of contact itself. Then, 
having this equation and the axif of the cylinder or the 
vertex of the cone, as the caf« may be, the equation of 
the cylindrical or c<mit-al surface way be found a* in the 
last articles. 

146, Envelopes of Surfaces, — If in the equation of a 
surface, F(x, y, z, a) ^0, the constant a be made to vary, we 
shall have the equations of a series of surfeces, aU belong- 
ing to the same class, but differing in form and position. 
Any two adjaeent surfaces will usually intersect ; and a 
polyhedron may be constructed through the points of inter- 
section. As the increment assigned to a tends toward zero, 
this polyhedron will tend toward a certain determinate sur- 
fece, which is called the envelope of the series. Precisely 
as was done in the case of envelopes of plane curVes may 
we show that the equation of the envelope of a series of 
curved surfaces may be found by eliminating o between the 



Fi.. J, ., «) = 0, and <*L-?:feliii^ = 0. 



1, The equations of the tangent line and normal plani 
to the helix, or screw. 
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EXAMPLES. 
The equations of this curve are 



in which a denotes the radius of the base of the cylinder 
on which the curve is formed, and m is the tangent of the 
inclination of the curve to tho plane of the baae. 

We have, by differentiation, 

dx 1 . z dy 1 3 

■j- ^: — — sin — ; j^^^ — cos 

03 TO rao (fa m ma 

Hence, by substitution in the differential equations of the 
ta,ngent and normal to a curve of double curvature, 

are the equations of the tangent line; 

m(.-/) = (« - a/) sin ^ - (,-rt cos i^ 
is the equation of the normal plane. 

2, The equation of a tangent plane f« the ellipsoid. 

We have 

M -=-5 +"?+!" ~^^**' 

du 2j;_ du __ 2y, du 22 

<&""«"' dy b" dz ~~ e' 

Substituting these expressions in the general ei;[uatiou of 
a tangent plane, we have 
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3. Find the equations of the tangent line and normal 
)lanc to the curved line formed by the intersection of au 
ellipsoid and sphere, referred to the same center and axes. 

The equafiona of the two surfaces are 



f(x, 1/, a) = a^ -i- f + 3' — i-' ^ 0, the sphere. 
We have, from these two equations, 

<b~ c'\ a'— b'l x'' dz^ c'X a'— b'f y' 

Substituting these values in the equations of the tangent 
line and normal plane to a curve of double curvature, we 
have, for the equations of the tangent line, 

and for the equation of the normal plane, 



+ «•(«■- 6-) i-^ = 



4. The equations of the tangent line to the curve formed 
by the intersection of a sphere with a right cylinder, the 
radius of the base of which is one-half that of the sphere, 
and whose surfeoe passes through the center of the sphere. 
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Taking r as the radius of the base of the cylinder, the 
oenter of the sphere as the origin, the axis of s parallel to 
the axis of the cylinder, and the axis of x, the line passing 
through the center of the cylinder, we have, for the equa- 
tions of the curve, 

We shall find, for the equations of the tangent, 

y(y-jf) = (r-x-){x-3f); 2(z-z') = r(x-:^}. 

5. Find the equations of the curve of contact of a sphere 
and cone whose vertex is on the axis of y, and at a dia- 
tance 2r from the origin. 

The equation of the sphere is 



The coordinates of the vertex of the cone are 

a^O; 6 = 2r; c = 0. 

Substitutmg these values in the equation of all conical 
surfaces, we obtain, 

x.2x-\-(^— 2r) 2y + a. 23 ^ 0, or x" + y' + a' — 2n/ ^ 0. 

This is the equation of a surface which contsuns the curve' 
of contact; and combining it with the equation of the given 
sphere, we obtain, for the equations of that curve, 



These are the equations of a circle perpendicular to the 
ixis of y, and at a distance -w- from the origin. 
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6, The envelope of a series of ellipsoids, the sum of 
ivhose axes is constant. 

The equation of the ellipsoid is 

1 + 1 + 1 = '. 

md the given condition is a-\-b-\- e=^ constant = it. 
Differentiating with respect to a and 6, we have 



?+ 


2- dr. 
7S 


= 




1 


+ 


2= ik 


= 


1 + 


de. 


0; 




1 


+ 


dc 
db~ 


0. 


_l! 




. or 


a' 


+ 


f 


+i 




~ ft. 


a 


"+ 


b 


+ '' 








!■ 


t 


= 


h 




I 



and, by substitution in the equation of the 
obtain for that of the envelope, 

(lf+(ff+(if->- 

7. The envelope of a series of planes 

f + l + l=i. 

in which abt = constant =^ m?. 
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CHAPTER XX. 

THE CUEVATXIEIE OF 8UKFACES. 

148. The curvature of a surface at any point is deter- 
mined by finding that of the various plane sections passing 
through that point. Among all these sections, those which 
are made by normal planes, and which are therefore called 
TUyrmal Beetkm^, are especially important. 



Problem. — To determine ihe radivs of airvature of a given 
p<yint (^ a norwal sedaan of a Gurved mrfaee. 

Let z ^f(x,y) be the equation of the surface; and, for 
the sake of simplicity, let the plane of XY be taken aa 
the tangent plane. The normal plane will then contain 
tlie axis of Z. 



Let 20a be the normal 
plane, and designate by m 
the tangent of the angle 
which this plane mates 
with the plane of XZ. A "x^ 

circle, situated in the nor- 
mal plane, and tangent at ^y"^ 

the origin to the normal -"""^ 
section &0c, will have, for its equatiot 





/ 


/ 


L , 




7 



whence x'O- + mO + s^ - 2ife = («)■ 

If this circle be the oscillatory circle of the section, the 

values of ^- must be the same for the circle and the 

dr 
section. 
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Now, equation (a), differentiated twice, gives 

i+»-+&-ii)S+(J)- 

But at the origin we have j ^^ 0, -j- ^^ ; whence 



Differentiating the equation of tlie surface, and 
that -^ =m, we have, 

<h __ di dy , dz (fe . (fg . 

de dy dx ' dx dy di£' 

dh _d?s .,^ dh , ^ J 
d^ '^ dx' dxdy dy' ' 

in which the values of x, y, z must be placed equal to aero, 
after differentiation, in order to refer the derivatives to the 
origin. 

by r, -^ by 8, ^ by i, and substitut- 
iM>r dxdy dy' 

e have, for the radius of curvature. 



1 + "^' 
r + 2sm + tni' 



(2)- 



149. The greatest and least values of the radii of curva- 
ture at any point are called the principal radii of that 
point; and the corresponding sections are called the princi- 
pal sections. 

The positions of these sections may he ascertained by 
determining the values of m which will render B a maxi- 
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For this purpose, differentiating (2) with respect to t 
and placing the result equal to zero, we have 

dR ^ 2mv'+2m(r — {)~ - 
dm (r + Sam -j- tot')' 

. ■ . sm} -{- m(r — () — «=: 

and by solving this equation, 



' ^0. 



23 



These are the two values of m which determine the posi- 
tions of the principal sections; and suiee their product is 
equal to — 1, whence 



it follows that the plajies of (he two pruwipal sections of every 
p<yint of a curved surfaee are of rigid angle* to each other. 

150. If we take the planes of these sections aa the coor- 
dinate phines of XZ and YZ, the expression for E may be 
much sim 



For, since in that case the two values of m become or 
tang 0°, and oo or tang 90°, we must have s ^ 0, and 
therefore the value of R Y 



1 + m' 

T -j- i^' 



(4). 



If we designate by p and p' the maximum and minimum 
radii, we shall have 



p = -- and p'= — . 
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For, putting (4) under the form 

_R ^^ — — , we have for jjt ^^ oo 

-^ + t 

R^ ~; aiid from (4), when rn^O, E=—- 

Designating by ^ the angle whose tangent is m, substi- 
tuting the values of p and p' in (4), and reducing, we have 

1 1 . , 1 . , 

w =^ — - COS- * -j — J sm <f. 
Ji fi p 

Now, designating by v the curvature of any section, and 
by i/, i/', the curvatures of the principal sections, we haye 



and, therefore, v = if cos' 4> + 1"" *<"" t .... (">), 

a relation between the curvatures of the principal sections 
of a point and that of any other normal section through 
the same point. 

161. We deduce from (5) the following iraportant conse- 
quences : 

1st. If we pass through the normal two planes which are 
equally inclined to tliat of one of the principal sections, 
the curvatures of the two plane sections will be equal to 
each other.. 

For the angles which they make witli the plane of the 
principal section, being designated by -t>' and — ^', we shall 
have, by substituting these two values for p in (5), equal 
values for v. 
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2d. The sum of the furvatures of anj- two normal sec- 
tions which are equally inclined to the principal sections, is 
constant and equal to the sum of the curvatures of the 
principal sections. 



For, designating the curvatures by v,, t',, 
v,r= 1/ cos' ^ -j- v" sin^ 4-, 
11, = t/ sin' f -\- v" cos= f, 
. ■ . If, -[- Vj ^ 1/ -|- 1/' ^ a constant, 

Sd. If ^ := 45° we have cos $ =^ sin ^ = 

Hence, in this case, 



A'o liave 



Therefore, the curvature of each of the sections whose 
planes bisect the angles between the planes of the principal 
sections is the arithmetical mean of the curvatures of those 
sections; and, therefore, any two planes which are equally 
inclined to one of these medial planes, give sections the sum 
of whose curvatures is v'-^v", since these planes mate equal 
angles with those of the principal sections. 

152. Problem. — Tofiiid i}ie radim of curvature of an oblique 



Let XZ be the normal 
plane, AOB the normal 
section, aOb the oblique 
section made by the plane 
Z'O^. 

Let OD = x'; I>C=^; 
a = angle between XZ and 
X'Z'; CE = z; FE-.y; 
OF'-^x. 
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Then, at the pomt 0, we shall have t-= ;= 0, -, — ;- =^ 0, 



and therefore the value of B may be written 



If we designate the radius of curvature of the 
seetioii by S, and its arc by s', we shall have 



, and T-, ^ T-i f 



Also at the point 0, 



da* ^ da 

(fo' da; ^' 



fi'=fi cos a. 



Therefore the roAivs of an obbque section ^^ radius of 
normal feei-tion ^ osine of their included angle ^ i/rnjfvtwn 
of the ladiui oj ffie iwrtrud beetwti upon tlie plane of the obltqm 
section 
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CHAPTER I. 

FIRST PRTNCIPLES AND DEFINITIONS. 

1. The fundamental conception upon which the Integral 
Calculus is based, is that any magnitude may be considered 
ae the limit to the sum of an infinite series of infinitesimals; 
and the grand problem of which this Calculus afibrds the 
solution may be tlius stated: "Given an infinito series of 
infinitesimals, to find the limit to its sum." 

2. Let y = F(x) be any function of x, continuous from 
y„ to Y, corresponding to the values x^ and X of x. 

Let the interval X — a^ be divided into a number of 
parts, ea«h equal t« Ax, so that we shall have 

X= a^+ Ax^ dx-\' dx-\- . . . . +Ax. 

Then, for every increment assumed by x, y will acquire a 
corresponding increment, which may be represented by Jy, 
and we shall have 

Y=y,+ dy + dy + ^y+ ■ • ■ ■ +'^11' 

in which the different values of Ay will, in general, be un- 
equal to each other. 

Now it has been sliown in the Differential Calculus 
[Art. 31], that 

Ay = F'(x)Ax + aAx, 

in which aAx is an infinitesimal of the second order. 

(237) 
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Hence, F=y„+ \F'(x)dx + o.Ax\ + \F'{x)Ax + aAx\ 

+ SJ'»J;c + oJn;}+etc.; 

or, FiX) =F(x,) + {F'(x)Jx + adxl 

+ J-F'(a;) Ja; + adKJ + etc. (1). 

Observing that lim i^(X)=F(X), lira F(x„)^F{x„), 
and that in any series, the limit to whose sum is to bo 
taken, wc can replace F'(x)Ax-\- aAx by F'ixydx, we shall 
have, by taking the limit of (1), 

F{X) ^ F(x,') + lim xF'(x)dx (a) ; 

designating by X the sum of the terms jF'(^)^* + ''^^i ^tc. 

This equation may be abbreviated into 



F(X)^F(x,) + i F'(x)dx, 
^x, 

^X 

FiX-)-Fix^ = \ F'(x)d^ 



in which the second member denotes (^ Imii to the sum of 
ffie series F'ix)dx + F'{x~)dx + etc., and i" read the definite 
integral of F'(x)dx between the limits iCo and X; and in 
finding the successive terms of the series, F'(x) is to be 
taken for every possible value of jr, from Xa to X inclusive. 

Kow F'(x)dx is the differential of F(x~), and it follows 
from the form of equation (2) that (Ae defimte integral of 
P'(x)dx, between Hie bmUn x^ and X, is to be found by deter- 
mining the fanetitm Ffv) whose differential is F'(x)dx, mid 
taking the difference bebtveen its trm values F(xo) and F(X). 

3. If, instead of determining the definite integral, we 
find simply the quantity F(^), of whicli F'(x)dx is the 
differential, we shall have the general, or indefinite, inte- 
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gral of F'(x)dx, whiclj includes the definite integral as a 
particular case. This integral is denoted thus: 

fF'(x)dx ^ Fix), 

and the first member is read, t/ie integral of F'(x)dx. 

When an indefinite integral has been thus found, another 
more general will be determined by adding- to the former 
an arbitrary constant C, since F'(x)dz is the differential not 
only of F(x) but also of F(_x) + C: 

We thus have, for the most general integral of F'(x')dx. 

fF'(x)dx = Fix)+G (3). 

Note. — In the foregoing expressions the symbol | is 
merely an elongated S, and it is used only to represent 
the limit to a sum. It will be seen that it bears exactly 
the same relation to the symbol 2 that d in the Differen- 
tial Calculus bears to J. 

4. Having found the expression for the general or in- 
definite integral, the value of C may be found, provided 
we can ascertain the value of the integral for any particu- 
lar value of X. 

By the very nature of an integral, the value x^ at x 
reduces tF'(x)dx to zero, since the integral may be sup- 
posed to originate at that particular value of x. 

Hence, we have 

=J!f"(iCo)(& = F(x,) + C; 
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and by substitution in (3), 

fF'(x-)dx = Fix) — F(x,^ (4"). 

A comparison of (2) and (4) teacher us that the general 
iniegral is equivaleni (o ihe definite integral taixti between ilie 
liTnits Xo and x, (Ae iMfr of which is vancMe; and the defi- 
nite integral between x^ and A' may be fimnd by substitut- 
ing X for X in the value of the indefinite integral given 
by equation (4j. 

6. If in equation (4) Tve substitute X^ and X^ for x, we 
shall have 

jF\X^dx=FiX,)-F{x„), 

friX,)dx = FiX) ~ Fixo) : 

and by subtraction, 

jF'{X,)dx —fF'iXOdx = F{X) — P(.X,). 

Now F{Xi) — FiXi) being the difference between the 
two definite integrals taken between the limits x^, Xi, and 
Xt), Xi, is evidently oqual to the definite integral taken 
between the limits Xi and X^; and, in accordance with 
the adopted notation for definite integrals, we may write 

j^ r(x)dx=F{X,~i -F(X,} (5). 

We also have, in a<:cur(lance with the same notation, 

jF'(X,)dx=J 'Pif-ib, and 

jF'(X,)i,=C ' FXxjlts. 
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Hence, f ^F'(x)dx=f F'(x)(h—J ' F'(x)<ix (6). 

Wt may, theitfojt, find iiie deJmUe integral between tuu 
ffiien bmiig X., and X^ by oblmnmg tts xalues between Xo, X, 
and xq, X,, and subliacting ihe tomUs Or, since the con- 
stant C will disappear by subtiaction, ut may aiibstttutt X, 
and Xi for X m. the wdne of tiv yctieral tattgial, and take tlie 
difference between the itsidt'' 



INTEGRATION OP PUNOTIONS OF ONE VAEIABLE. 
CHAPTER II. 

DIKECT INTEGKATION, IN GENERAL. 

6. The process of finding the indefinite integral, being 
the same as that of finding the function of which the 
given function, F'(x)dx, is the differential, is obviously 
the reverse of differentiation; and the general problem 
to be solved may be restated thus : " Given any difieren- 
tial function, to determine the function of which it is the 
differential." 

The process by which this operation is effected is called 
integration. 

7. Every proposition in the Differential Calculus will 
evidently have its correlative proposition in the Integral 
Calculus; and it is by reversing the operations of the 
former that the primary methods and rules of the latter 
are established. 

We shall now present these methods in the sliajie of 
formidas, which are to be remembered. 

D. C— 31. 
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Formulas fos Direct ok Simple Integration. 

1. Since d(ax) = adx; 

.-. C(uh=Cd(ax) = (^ + C^aJ'dx. 

Hence, a consfitnt factor can be moved frovi one side (o (Ae 
oSier of the vitegrai sign. 

2. Since du + dv + dz = d(u + v -\- s) ; 

.-. fidu + dv + dzl^fdCu+v + z-j^u + v + z + C, 

= fdu + Cdv + Cdz. 

Hence, fhe iniegr<d of tJie svm of any number of differ&ntuds 
is equal to the sum of tfieir iniegroh. 

3. Since d(uv) = vdv -f vdu ; 

. ■ . J'fwfip + vdul =JdCuv) =m+C. 



4. 



/vdu Vdv CjI '"'\ W 1 /^ 



5, Since (/(a;"^') — (m +l)a?'(ii;, whence 



fck: 



d(£^. 



» + l • 
From this formula we obtain the following useful 
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Knle — To wi^aU afundum uhdi f equal to Ihf product 
oj a pouer of the vanabk by tit, diffeientxal of the tunable m 
create the exponent vf (fit vai table by unUy and dimde the re 
^idt by tJie erponmt tJiui xiisttased 

NoTK. ■ — It mil be obser\ed that the rule fiiilb when 



6. Since d log x = — ; 

From this formula we derive the following 

Itnle. — The irdegml of a fraetwrud fuveticm vSwse numerator 
w the differential of Hie denftmirwior, is egital to the hgarithm 
of the denominator. 

7. Since rf(a*) ^^a' log adx; 

. ■ . j a' log adx = a" -\- C, and 

J loga ' 

If a — c, the Naperian base, we have log a — log e = 1 ; 

.-. fe'dx = e'-{-C. 

8. Since d sin a; = cos a; dc ; 

. ■ , t cos X dx = sin X ■-{- 0. 

9. Since d cos a; = ■ — sin a; dx ; 

.-. — fain xdx = cos x-irC. 
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10. Since d tang x ^= sec' x dx ; 

. ■ . I sec' xdx^ tang x-{-C. 

11. Since d cot X = — cosec' xdx; 

.'. — j cosec' X dx ^ cot X -\- C 

12. Since d sec a: ^ tang x sec xdx; 

. • ■ I tang a; sec a; (in ^= sec a; + 0. 

13. Since d cosec a; =; — cot a; cosec x dx ; 

, ■ . — j cot a: cosec xdx = cosec x -\- C. 

14. Since d versin x^^sia xdx; 

.-. J"sina:(£);=-^versinx + G 

15. Since d coversin x = — cos a; da: ; 

, • . — I cos X da; = coversin x -\- C. 



...J^^^'. + a 

17. Since d cos"' a; = 



dx 



'l/l^'x^ 
18. Since d tang^' x ^: ^ 



l/l— x" 



.-. Jj-|-^ = t»g-.. + C. 
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19. Since d coir' a; = - 



_r_dx___ 



1 + x" 

cot-' x + C. 



dx 



C ^ -11/1 

Jxyx^ — 1 



■ 






a!l/i-~l' 










== ^^ cosec^' X 


+ C 




Smce i 


,™„-..= 


dx 






V'2x~3? ' 










_ = vensm-> 


. + a 


23. 


Since d > 


30versin-' x - 


i 
l/&-i 








/• dx 


= = coversin- 


•i + C. 



These twenty-three cases embrace all the known forms 
which can be directly integrated; and before any given 
function can be integrated, it must be brought, by algebraic 
processes, ix> correspond with some one of these known 
forms. It is in this algebraic reduction that tho chief 
difficulty of the Integral Calculus consists; and it may be 
said, in fact, that the whole body of this Calculus is made 
up of artifices by means of which the simplification of 
complicated or unusual expressions may be effected. 
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Note. — We have seen, that when in ^ — 1, the fifth 
of the above formulas faik. For we then have 

/«-*=/|; = i = «, 

whereas we know, from the sixth formula, that 

This is, however, only an apparent feilure; for if we 
write, as we are at liberty to do, 



j afde ~ 



we shall have, when m = 



/^■* = -5-. 



The value of this -j- may be found, as for indeterminate 
expressions, by differentiating the numerator and denomi- 
nator of ? ~ ^ ■■-- with respect to m, and putting m =: 

— 1 in the result. 

AVe thus obtain 

faf" (tc = ?^ =;^-"--- 4- C == log a; — log a + C" 
»/ m-|- 1 

=^ log X + C", when wi = — 1, 

8. It will be observed that each of the above forma 
comes under the general form j F'(x)dx, and it is evident 
that in this expression x may represent any variable, and 
therefore am/ function of a vanaile. 
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Whereforo, substituting ^(x) for (x), we have 

The expression under the integral sign is composed of 
two parts, viz: 

(a), a function of a function or variable; 

(6), ihe differentiol of fJiat function or varidile; 

and whenever the given expression can be decomposed into 
two srfch parts, its integration may be effected at once by 
referring it to one of the fundamental forms. The follow- 
ing examples will serve for illustration : 

1. C{a + bx + cxy (b 4- 2cx')dx 

= f(a + bx + czy d<a + bx + ca;') 

2 f & + 2cx r dja +bx + ex'-) 

Ja + bx + 'ex' J a + bx + ex' 

= [og(a + bx + af) + a 
Z. fe^'dx =/! e^'d(2x-) - -^/e-d(2x) 

4. j 2 sin a; cos a (Ja; ^=; j 2 sin a; d sin X 

= sin- » + a 
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5. f(a + bx'y xdx ^ C^ (a + h^^ "ihxdx 

9. Integration by Substitution. ^Wien the exprt-,sion 
F'(x)d3> can not be integrated directlj, the opeiation niaj 
sometimes be effected by substituting for a- =ome function 
of a new variable z. 

Thus, \i«^<f(z), then dx^<f\i)d^, and F'{x)=F'\^(z)\. 

The relation between x and z being arbitrary, we may 
often choose it in such a manner m to render the integra- 
tion comparatively easy; the only condition to be obaerved 
being that the definite integral with respect to a, ttdcen le- 
tween any two limits Zg and Z, fJwrf! 6f the same as &at taken 
with respect to x betmeen tlie corresponding limits Jo and X. 
We sliall then have the following equation; 



Put a; -f- a ^ 3 ; then dx ^ liz, and 

^■(i + «)* = ( Flf)d^ = \ F{i)iz 

A, '' ^ *^ lo + a 

■' Si + il 
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10. Integration by Parts. — ^AVhcn the expression to be 
integrated is of tlie form iidv, the integration may often be 
effected in the following manner ; 

Since d(m) ^^ udv -\- -edu, ive have 

Ml) = j iidv -\- I vdu ; 

, ■ . I mlv ^ ity ^ I vdu. 

This is called the Jomiula fur mtc^miion by parts. It 
reduces the integration of udv to that of vdu, which may 
be simpler. 



Put log ie = «, dx = dv; . ■ . du =^ — > v ^= x, and 

Jlog xdx = x\ogx^Jx^=.xhgx~x + C. 

11. Use of Constant Faetore. — In effecting the reduction 
of a complicated expression it may often be advisable to 
introduce a constant factor. This may always be done 
provided that we take care to divide by this factor also; 
and since any constant iactor within the integral sign may 
be placed before it as a coefficient without affecting the 
value of the integral, it follows that we may mttUiphf ihe 
expreamon to be integrated hy any conslant fadw, provided we 
piaee the redproefd of Diai /odor before the mgn of inkgi-atwn 
as a eoeffident. 

There is an example of this operation in Ex. 5, Art. 8. 
As another example let us take the expression 



r(l + ai:')V(&. 
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We have J*(l + ^xj^'dx ^ ^ f(i + Sx'yi2x'dx 



1 (i + 3^y 

' 12 



12. General Examples in Integration. 
1. Integrate (Jx' -\- 6m? + 6)th. 
We have 

C(1i^ +Qax' + 6)(ic = fVa^ dx + f Boa:' (te + C^x 
7 



_a*+-^aii?+6a; + C. 



2. Integrate (aa?'+ &)'"af^'<ti!. 
We have 



j (ax" + 6)" a;""' da; — — | (oaf + 6)" aiw:'^' tfe 



3. Integrate (2ax + a:')' (a + x)ih. 
We have 



= 1/(200, + .■)-<i(2~ + ■'•) = 4 '''°^''''' + ('■ 
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5. Integrate ^■ 

= log(6 + c»)?+C. 

6. Integrate . \ — Vr <™- 

Ans. log(3^ + a;^ + x + l) + C. 



Am. «log.-j-g-.-g, + a 

8. Integrate g.— -gj,- 
We have 

= — !og(8a — 3a^)^+ log e ^ log | ^ y I , 

I (8a- 3:^0^ f 

by making = log c, which is evideutly permissible, since 
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dx 

Multiplying numerator and denominator by (x -\- a)^ ~ 
(x -\- 6)2, we have 

10. Integrate -^ — ^• 

(a + b^^)^ 

We have 

f^f(a + bx'y^<h = — ^ /(n^'-h l>)~^(— 2ax-' dx ) , 

and bj this tran'tformation we h-i\e made the q^uantity in 
the '*coni parenfheai'^ the e\a«t diffeiential of thit in the 
first Integratmg this last form we ha\e 

The method of transformation illustrated in this example 
may often be employed to advantage. 



(1-*=)^ 
We have C=^ ("(l — oF)-^ (h= ("(x-^—iyYx-'' dx. 
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12, Integrate - 

{ax + lxc'f 
We have 



==j'(ax-'+ 6)"^ tur' th = ~j'(car'+ bf^ (— tar' tic) 



13, Integrate ,.. . 

We have 

j'= af(bx + e'x'y^ar'dx = ^f(.bir'+ c')"^ b^-'dx. 

Ana. _^|--:r.^|t+a 

14. Integrate (_Sa^ + #0^ (Soa; + 4bx'') dx. 

In order to integrate a differential function directly, it 
is necessary, as we have seen, that one of its factors shall 
be the differential of the expression of which the other 
fector is a function. It generally happens that this is not 
the case, hut the second factor can often be brought to 
the proper form by introducing an unknown ttm^nt fadm 
into the expression, and determining the value of this con- 
stant by some one of the ordinary algebraic methods. 

In the present example, let us suppose that the multi- 
plication of the second parenthesis by A will make it the 
differential of the first. Then we shall have 
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We must now determine A by the condition 
d(S<w' + 4h}?) = 2Am dx + 4Al>x'' clx. 
But d(S(w' + 4&t=) = (60* + 12bx')djs; 

.■■ Ga3s+12bi;^=2Aax + 4Ahx'; 
and since thia relation is independent of x, we must have 

6a = 2Aa, 126 = 446, 
from each of which equations we have A^:3. 
HeucG we have, finally. 

If the two values of A had not been the same, we would 
have inferred that there was no constant factor which would 
reduce the given expression to the required form, 

15. J(4aa?+ 5W+ fe)' ((«;'+ 2bx + 3)dx. 

Let A be the required factor. Then 

r= ^("(403?+ ax'+ fe)' (Aax^+ 2Ahx + SA')dx. 

We must have 

Aax'+ 2Ahx + 3^ ^ 12(ix'+ IO62 + 6. 

.-. Ja= 12tt, or J = 12; 2^6 = lOi, or J. := 5 ; 

3A = 6, or .d = 2. 

These values of A being inconsistent with each other, we 
infer that the given expression can not be integrated in 
this form. 
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16. Integrate tsmg 2x sec 2xdx. 

We have j = — j tang 2x sec 2x d2x = sec 2x + C. 

17. Integrate sec^V'h^x ^dx. 
We liave 

C=Js6c' V^iV^dV^x) = 1/ Ttang v/2^ + G. 

18. Integrate tang x d%. 

We have I = I •- — dx = — I = — log cos x 

./ »/ cos K J <!»SX ° 

= log — - — ^ log sec x-\-0. 



%(l + cos^) 
We have 

C 1 ( "^Y 1 r ,x , X 1 
ty cos 2 



?" '^ ¥ ^ "77 *^"S -5- + ^■ 

20. Integrate sin' 3»; cos Sa; ftt. 
We have 

J= ~J4 3hi» 3a; cos^dSx = ^ J"4 sin' 3x d(Ein Sx) 

= j2 ^'"^ ^^ "I" ^'■ 

21. Integrate -7=-X=.^ (fo. 
We have 
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22. 


Intogmts j^pjK- 


Ans. tang-V+C. 


23. 


Integrate -^q^-^- 






Dividing tlie numerator by 


ttie denominator, we 


have 




/=Pi-P, 


^+/*-/r|5 








- tang-' x+C. 




24. 












V^-(¥J" 



25. Integrate e°™' sec' w sin xitr. 

Wo have I — je^^'" sec x tang aids: = e'"'-|-(?. 



"l/a'— 6':K 
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in 



Wefave/=i| - 



^-pjT, = j5t"S--+C. 



28. Integrate - 



We have I ■= 



I — TT I T rVi ,2 =^ = — see ' ^ a 



2&. Iiittgmto 



We have 



da 
30. Integrate -^—p — q—^ ■ 

The denominator ia equal to -t- + j a; + -; 

C= C ^ — A C 



m) 
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Vxdc 



We ha- 

-^ \/2xdx 



VVe have 



32- I°"'S""«j7|i§»- 
We have 



r If 12);' (te 1 ■ _,/, 1, r /^ 

J 6 'Z l/ 2(4)^) — (4a^J" 6 ^ ^ t 

33. Integrate -7--==-=^. Ans. — -s-sec \ -- - 
V 2;e"^ — 4 o \ 2 

o- ar' dx 



(r^-\C. 



We have J-J-|-^'(|-^»-l)-^dK 






"-\l 2- • 



Note. — It will be observed that the last four examples 
are really the same under different forma. 
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88. Integrate— -r=-=.- 

39. Integrate j- ■ 

13. The foregoing examples will afford a sufficient illus- 
tration of direct integration. We paiss now to the eon- 
sideration of those cases in which the integration can not 
be directly effected) or in which it may be more readily 
eflected by the methods of substitution, or decomposition 
into parts, or by development into series. We eltall find 
it convenient to classify functions as ratmial or irrational 
algebraic functions, and logariikmie, exponential, and trigo- 
nom^ric functions. 



CHAPTER III. 

IKTBGRATION OF EATIOSAL FBACTIONS. 

14. Every rational differential function of a variable m 
be considered as composed of two parts, one of which 
an entire funcHon, and the other is a ratUmal jraction 
which the degree of x in the numerator is less than 
the denominator. 

The entire function can always be integrated immediately 
by the processes already explained. 

As for the fractional part, the method will be to decom- 
pose it into a series of partial fractions, each of which can 
be integrated separately. 
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The integration of rational fractions presents tliree cases: 

lit. When the factors into which the denmnhnitor ean be 
divided are real aad un&iual. 

'id. When the factors of the denominator are real and 
eqiud. 

Zd. When the factors of the denominator are imaginary. 
15. Case 1. — Fadon of the dmoinhmior real and miequal. 



be determined, and let a, b, c,'. . . . I, be the values of x 
derived from the equation /(a;) = 0; then will x — a, x—b, 
.... x — l,\)% the factors of/(i). Assume 

in which A, B, C, etc., are unknown constants whose values 
may be found by the method of indeterminate coefficients. 



F(x) , _ Adx I Bdx Ldx 

-m ""^ - .:—a + -^ -7i + ■ ■ ■ r- i ' 

each term of which may be easily integrated. 

It is obvious that if F(x) .be rational, the above assump- 
tion is legitimate, since, from equation (1), we have 

F(x) _Ai:>^)( x-c)..{x-D+£(x- a)( x-^)..(x-l)+..<iU: . 

and since this equation is entirely independent of the ^tilue 
of .r, the values of A, B, G, etc., may be found by placing 
the coefficients of the like powers of x in the two numer- 
ators equal to each other. 
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16. From equation (1) we have 

^W = 1:5^ + 1:^ + -' 

If in (2) we make x = a, all the terms in tlie second 
member will reduce to zero, except the first, and we shall 
have 

But when x^a, f{x) =/(«) ^^ 0, and x — a == ; whence 



according to the methods established for finding the values 
of functions which reduce U> the form -t - 

Therefore we have 

F(a)=Af(a), and ^ = j'fjy 

III the same manner is'e have 

F(fi)=Of(<i), and C=^^; and so on. 

This method of finding the vahies of A, B, C, etc., wQI 
usually be preferable to that of indctermuiate coefiicienta. 



Examples. 
1. Integrate ^Tq;-;;^- 

. a A , B 

Assume ^-^,- - r +r.4-ft■ 
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Then g ^ (^ + .6)^+^ . 



. ■ . ^ + i- ^ 0, and B ^ 



Substitnting these values of A and B, ive have 

C-——~— T— — "- r_i?_ 

= l\hgx~\os(x + b)i 

2. Integrate "ftx l^J t'l^ second metliod. 

"We have ii^(a;)=«, /(x) = x^ + bx; whence a; — 0, or 

. ■ . as in the preceding example, 

/= i log X - I lcg(. + 6) + C = log { j^-j- }1 

17. Case TL—The fador» of the denominaior real and egwai. 
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Let —Jfi- ^ be a rational fraction whose denominator 
contains m factors equal t« :e — a, and assume 

— -5i-(i4"+(^^- 



the values o{ A, B, . . . P, may be determined as by the 
first method in the preceding case, and the original fraction 
will be thus decomposed into a series of partial fractions, 
each of which is integrable by the ordinary methods. 

The values of A, B, C, etc., may, however, be determined 
more elegantly in the following manner: 

We have, from (1), 

F(x)=Af(') + -B("!-«)K») + ■ ■ . P(>i-o)- (2). 

Making x ^^ a in this equation, we have 



F(a)^Al>(a), 






Differentiating (2), and making x^a, we have 

F-(a)=Af'(a)-\-Bf{a), 

from which B may be found. 

Differentiating (2) m ■ — 1 times in succession, and after 
each differentiation making x ==^ a in the result, we intro- 
duce at each step a new constant whose value nkay be ob- 
tained at once in terms of known quantities. 
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The general equations from whioh the constants £ 
be found ai'e the following : 

F(«) =^»(<.), 

ii"(«) =^»'(«)+-Bt(«), 

Jf"(a) = A t" (a) + 2BfXai) + 2. 1 CK«), 

i""(a) = ^, '"(.) + 3 £♦"(«) 

+ 3. 2. Cf (a) + 3. 2. 1. Z)$(a), ) (^^■ 

F—(a) = Ar~\a) + (m - 1) J!»--"(o) 

+ 0«-l)(>«^2)C,—(<.)-f 
+(m-l)(m-2)Cn.-3) . . 3.2.1LK-) / 

Tlie constants corresponding to the multiple factor x — a 
having been determuied, we may operate in the same man- 
P 

into all the parts of which 



Note. — The mode of decomposition adopted in this case is 
the only admissible one; for if we had pursued the method 
employed in Case I, the number of independent equations 
obtained would have been less than the number of constants, 
A, B, etc., to be determined. 



F(i) = 



Examples. 








k'— 43^ + 3 . ,„ . 








fa +3; /(,)=ir'-6«'+9i = 


= (« 


- 


3)" 


a?— 43; + 3 A B 
x'—&c'+^ (x^-iy^ x — 3 


+ 
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; to a eommon denominator, and placing the nu- 
merators equal to each other, we have 

x^'-ix-\-Z=Ax-\-Bx'—Wx-\-Gx^—%Ck-\- 9G 
.-. B-{-C=X; A — ZB — W = — A; 9C = 3. 

' J ~ '6Jx — S '^ Sj X 

^ -g- log(^ — 3) + y log a; + log c 

2. The same by the second method. 

We have F(x) =x^-- 4x + 3; f(x) = (x — Syx. 



.■. J 


-fi- 


; B = 




2 
"3 




Substituting these values of J, and £ ii 


a formula 


(2), 


and 


reducing, ' 


ffe have P = 


1 
3' 












■ ■ im 


= Mir- 


^ + 


1 
SS' 






and, as in 


the previous e 


i»e, 










/= 


2 C i 


1 f <fe 


= Iogi« 


vb—S)'\ 







18. Case III. — The factors of the denominator itnaginary. 

When the denominator of the pioposed fiaetion contains 
imag^ary factors, the method of decompo'^ition may be en- 
tirely similar to the foregoing. 
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Since, however, for every factor of the form 

x — a — b v/— 1, 
there must be another factor of the form 

X - a + 6 V^T 

(otherwise the product of tlie factors Tfould not be real), 
it follows that for every partial fraction of the form 

^_a — ii/=T 
there will also bo one of the form 



:t + bi/—l 



If wo add these two fractions together, the imaginary 
terms will disappear, and we shall have their sum, 

2M(x-~a) + 2bN 
Qc-ay + b' ' 

which may be written 

Ax-ifB 

and this will be the form of the partial fraction correspond- 
ing to the two imaginary fiictors X — a+-h j/i^i^ or to the 
single equivalent quadratic factor (a: — a)" + 6". 



(x — af + h^ 
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The integral of thu first term is evidently equal to 

and that of the second term is easily seen to be equal to 

Aa + B , ,x—a 
^ tang-'— J—. 

18'. If the denominator should contain n equal quadratic 
factore, tlien we should have, by Case 11, 



/(it) i(i-o)-+»'C^ !(it-«)'+*" 

'^ (.>-«)'+>' 

and the general term to be integrated in such cases is 

Kx-ay+ST'"- 



To integrate this e 

r c j(,-.)A r_4i+i'_i 

We easily find the integral of the first term to be 



2(»~l)K«-«)'+6-|-" 

and we have now to find that of the second term. 

Let X — a^^bz, and the second term may be written 

Aa + Sf (k 

" i'"-' J (T-i- ^y ' 

so that the operation is reduced to finding t]ic integral of 
this last expression. 
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Now we have 

1 _ ! + ,■_,■ Ij.^ _ _j.__ 



■ • J (1 + ^r J (1 + !-)" J (1 + «•)■ ' 

The last term of this equation may be integrated by the 
formula for integration by parts, viz : 

J iidv ^ ira — I vdu. 

Let a ^ w and 7T-vr~ivi" '^ *'''' 

Then i; ^ — jj-^ p— rj — ■ — jr;— j and dw ^^ <k. 

■■■ P" =/aw = " ac.-iKi-t/^-r- 

, 1 r ^ 

+ 2(»-l)J(l + i')-" 
"«' /(fW = 2C-lKl+^-)- 

+ i'^ 2(»-i) jJoT^O"' 

We have thus reduced the integration of the original 
expression to that of 7^-7-— s^;;^' in which the exponent 
of the deDOminator is one less than the original exponent. 
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The continued applicadoii of, the formula for integratiou 
by parts, reducing the exponent of the denominator by 
unity, at each step, will finally bring us to the form 

and thus the original fraction is completely 



1. Integrate 



Examples of Rational Fractions. 

71 + 1 



ar'— 6a^+ lla; — 6 



Placing the denominator equal to zero, we find the values 
of X to be 1, 2, and 3, and therefore the factors of the de- 
nominator are 

I — 1, « — 2, 1—3. 

Assume 

J— 7j! + 1 _F(£)_ a S , C 

^ — (W^n^— fi fr^^ T. — 1 + T — 9+T — s* 



Thcn.l--^^^^ - 1-7+1 

/'(I) ^ 3 (!)■- 12 (1) + 11 - 

/'(2)- ■ 






11 /• i 



= - |- 1ob(.-1) + 9 log(»-2) - y iog(«-3) +C 

l0S|e(.-2)r 
1/(1-1)' (.-3)"' 
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2x — 5 

We have f (^) = 2;c — 5 ; f(x) = (x + 1)= (x-\-d); 

.-. by Case II, a = ~l; n = 2; <f(x) = x + S. 

Assume 

2x — 5 

Theu F(a)=^Ai{a), .-. A^ — -^; 

If we suppose a ^ — 3, and 41(a) ^ (a; + 1)', we shall 

find A^ J J and this will evidently be the value of 

P in (1). 

f__J^ C li' , 11 r * 11 f i 

• • J^ 2J(I + 1)"+ 4J1 + I tJx + S 

~ 2 i + l" 

- &c'+ 8a; " 
The factors of the deiiomiiiator are 
», 1 + 2, 1 + 4. 
&— 2 _^_ 

HoiBdb, Google 



*• '-"S"*' (. + 2)(. + 3)- - 



-»•/— .4, + >»="{^?} 



5. Integrate ^-^~^x ' 



Ans. I = -^ log — ; ^---- 



Vx'+ 2z 



6. Integrate 



Wo hme -F(i) = i' ; /(i) = (a: + 2)" (i + if; 
a = — 2; » = 2; ,(») = (« + 4)'- 

7. I„tegr.te ^K|_^. 

Tliis will be integrated by Case III, since the real factors 
of the denominator are quadratic. 

, . 2x Ax + B , Cx + D 

Assuming ^^.^^--^ := -^^^ + ^^^-^ , 

we find ^ = 1, B = 0, C=— 1, -D ^ 0. 

r r xdx C ^^ 1 /a:' 4- 1 
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= -3--! 2 tang-'-|- — taQg-'a:| + a 



(x-ll){x + -2)(x-+l) i + l^ 1 + 2^ i'+l ■ 
we nnd I = ^ ( — --,- + -^^ I — -^ 

+ 10 J !■+!+ lOji'+l 
= -^Iog(>! + l) + -|-log(>^+2) 

+ i l»gC«'+ 1) + ^ •"g-" "i + c. 

H. Integrate ^j-^- 

Assume ^— = -i- + -6^ + <^ 
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C— 1 r ^ 1 r x + 2 

J^ SJ x — 1 'Sji^-fx + l'^- 
The Integral of the first term is -|- log(a: — 1). 
To integrate the second term assume 

=^+a; + l-(»'+ic + ^j + |-=ai=+|-; whence, 
x-\- -^ = z, dte = di, and x-\-2 ^^s -{- -^• 

■ ■ Sj x^+x + l 

_ 1 I 2s& 1 (vT^ 



. ■. the whole hitegra] =^-^log(x — 1) 7^1og(a^-^a:-j-l) 



1 , I2X + 1 



• 3 'Vl/S /^ 
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12. Integrate .. ■ ■■■ ^ - • 
The factors of the denominator are 

1 + x, 1 — x, l + 3: + x\ l — x + x'. 



1 _ A , S , Ck+D Ex + F 

1 — 3^ l + x~^ l — x "*" 1 + x + x' "'' l — x-\-x'' 

we find .4=77-; S^-ttI C ^ -^r-; 
6 b 6 

1 f «— 2 , 

1 f &— 1 , 1 f 3 dr 
12J 1— » + !?* + 12 J l-I + l' 



1 f/l^ 
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^i„„ yi + it'+«-)(i + »+»'■) 



'--■(W)+Mw)}+«- 



te 1— i 1 FT i"^- 



14. Integrate ^— ; , — =n — i <^- 

1 + a: + a:'+ ar 



<b 



'"",'+ 4. + 3 
V 6(a; + l) ^ 9 



6(>i + 1) ^ 9 "» \ |/;»=2?+3 



16. Integrate , ■ 



f 1 , /i"— s;v'2 + l\ 
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CHAPTER IV. 

INTEGRATION OP IRRATIONAL FUNCTIONS. 

20. The number of irrational fanctioni whose integrals 
have been determined in finite terms, is comparatively small, 
and in all cases the object has been effected by transform- 
ing the given irrational function into an equivalent rational 
function of another variable. 

The case most frequently presented may be expressed, in 
general terms, as follows: 



F\x:,l/a + bx + x'idic; 
i to rationalize the radical part of this ex- 



Case I. — (a.) If the term containing x' has the positive 
sign, assume 

Va + bx + x'^z + x (1). 

Then, a + bx=:z'+2sx; a: = ^ ~ " ; 



A-r — — ^tsr_^^ -r^ 



l/o + fee + x'^ 



2z — b ■ 



These values, substituted in the original expression, will 
reduce it to a rational function of 2, of the same character 
with F. 

We will then integrate with respect to z, and in tlio result 
substitute for z its value derived from (1), viz: 

3= \/a + bx + x^~x; 
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which operation will evidently give us the integral 
terms of x. 

(if.) If a is not negative, assume 



whence h -\- x ^ 2t\/ a -\~ 




Va^hx-Jr x'^ 



ex/g-h + Va 



The substitution of these values in the original function 
will render it rational in terms of z. 

(c.) If the expression tt + ^ + *' can he decomposed into 
two binomial factors, a; — a, x — /J, a^ume 

Va + bx + x^=(x-a-)z; 
whence a -{• bx -{- x" ^ (x — a)(x — ;5) == (x — ^yz'; 

, 2s09 — o) , / - , I — i— i 05 — a)3 

dx= -TTZZ^i-fi^; Va + bx + x^= i__J --- 

These values, substituted in the original function, will 
render it rational in t«rms of a. 

Case H. — If a;^ be negative, we may make use of the 
second or third of the preceding transformations. The first 
can not be used in this case, since it will not rationalise 
the given radical, nor can tiie second be used if a be 
negative. 
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21. If an irrational function contains two radicals of the 
forms y'a 4- x, \/b -\- x, it may be easily rationalized thus : 

Let l/a -(- a: ^^ 3 ; whence 

x^z'—a, ch^2zcb; V"F+x = v''f+^—a. 

Tliia reduces the two radicals to a single one involving z, 
to which the methods of the last article may be applied. 

22. When the only irrational quantities contained in the 
given expression are of the forms 

{/(*)}", S/Wl^- S/WF. '=te., 

they may be rationalized by assuming f(x) = s"^ ; whence 

5/(^)J^=^-; U(x-)\i=z'^; etc.; 
and the given expression is thus rendered rational in 





lie l/. 


j-hx + x' 


z — x 






Assur 


I + fa + I'= 




Then 


« + k = 


= »■—&,; X 










6 + 2. ' 


,b. _ 


dx 


= 


2(fe 




■, + bx + x' 






M^. 


— 1 h 


-^a 


+■■ 


4 
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If 6 := we have 

J'-,i, = log 1« + v-J+?l + C; 
^ Va-\-x 

and if a^^l, then 

These two last integrals are of very frequent 

dx 
2. InteEwate — — ■ 

^ X/a + hx-x' 

Assume l/ a + bx — x' ^^ Va -\- S3. 

Then b — x = 2z \/a + xz^; 







cb 




2<i. 


V'. 


+ te- 


-xi' 


1 + "" 


f- 


-^iVI, 


= -' 


Itog-'z 






= - 2 tii»g-' { — 


,-M»-a; 


^—Va 




.« .- * 









under the supposition that the denominator contains two 
real binomial factors. 

Assume \/a -\- fee ■ — x' =^ (x — 1)3, and 

^— bx — a=Cx — a)(x-- ;?}. 

Then li — x = (x — a)^-'; (fe(l + 2=) = — 2(3; — a)s(fe; 

dx _ _ 2fb 
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= -2 tang-' -^--^^^ +C; 

and, substituting for (9 — x, x — a, their values found by 
solving tlie equation x^ — hx — a = 0, we liave 



Jl/a + b — i- • »2» — 6 + 1/6"+*.+ 



and if a ^^ I, then 



l/a + bis — ii' j/o + fai — it" "^i/o + te — i" 
Then we shall have 

Tlie integral of the first term is — a y a -\- bx — x\ 
and that ' of the second term Ls given in the previous 
examples. 
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5. Integrate ■■- ■ ,-.- - -- r ^-L - ^ . 

= Then <fo =^ -j- . and 



xV^+J 



^V^-T 



the integral of which can be obtained as in the previous 
examples. 



f— — C '^ ^ — — r ^^^ 

a ^ ^ 2aJ i^az'-l- bz ± 1 

the last term of ivhich is iiitegrablc as in tlie preceding 
examples. 

1). c— 21. 
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Elnomial Differentials, 

84. The remainiDg irrational forms which admit of inte- 
gration in finite terms belong, for the most part, to the 
class of bitimnial differentiala, which may be written 

In this expres^on m and n are cithei whok numbei'^, oi 
they may be made mtegials by the methods of Ait 22, >o 
that the only necessary fractional exponent is p 

[1]. To integrate this expression, 

assume (a + ba^')" = z" (1) ; 



then . = ['--^\-=: 
Multiplying (1), (2), and (3), together, we have 

.-(• + fa-)'* = ^»'{t=:f|=^-i (4). 

If . .. 'J ~ — be a whole number, the only irrational quantity 

in the second member of equation (4) is z'' and this ;j ij be 

rationahzed by Art 22 Thus if p ^= — we ma> tssun e 

z ^^t" which IS the sime thmf, a'* taking a -\- h:x — f 
anl bj pursumf the racthol aVoM, illustrate 1 «c mav 
eisily latiomlize ind mtegiite the gi\en (."i-pre irn m 



[2]. The given expression may be written 

:^(a + h^'^ydx = 3;"+"^ {ax-"-i- hy dx. 
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If we put 03;"" -\- h ^ z, then, according to the preced- 
ing case, the expression can bo integrated whenever 

,W-_..i±l = „|i_ti +,}„„„ ,c .umbe. 

Hence there aie tuo ta es in winch a Ijinomnl diliercn 
tial can be rationalized 

1st When the evponeM of the vaiiable wilkout Hi. panntlwsf 
tncrea&ed by vmty ts exaeUy diitsible by (At aponent of the mm 
able unthm tlie patenHiesis 

M ttlien the fradwn formed m tlie piecedmg ca-^ increased 
bj (A« exponent of U e pau liAtsw ta a uhuh numbei 

These two rules aie calle i the conditions of integrability 
ff a binomial differential and when eithei of them is fill 
filled the integration may be effected according to the ^en 
erol method abo^e indicated 

We give an example under each case by way of illus- 
tration. 

1. Integrate 2?(l+x^pth;. 

m+ 1 4 

Here, ■- — ■ — = -^ = 2, a whole number, and 

this comes under the first case. 

Let 1 + ^■' = z\ 

Then x'=^^—l, 

X'dx^ (f— l)zdi (1); 

also (1 -\- x'Y --^ 2 (2). 

Multiplying (1) and (i) together, we have 

^'(1 H- ^''ydx= (z'— l)z\k r.= zUh -^^dt 
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.-. J3?(l+a?')^dx^ ^■z'^~-^''+C, 



2. Integrate a;-'(l -(- x^)~^ da:. 

Here, — ^ \- p — - — ■ ^2 ~ ~2 ~ ~ ' * 

number, and therefore the second method is applicable. 



Put 1^(1 + itT' = it^(«-'+ 1) '; 


mi 


,'•+ 1 = ,: 




Then x-'^^—tdz 


(1), 


!-=!■— 1 


(2): 


also (i-'+iri = !-' 


(3). 



Multiplying (1), (2), and (3), together, we have 
X-'' {3r''+ If^dx^ — (z'— 1 ) dz. 

FOEMULAS OF REDUCTION. 

25. Whenever a binomial differential can be rationalized, 
it may be integrated as iii the last article ; bnt usually the 
methods tliere set forth give rise to such complicated results 
that it is, as a general rule, more elegant to integrate by 
the process of systematic reduction, the formulas for wbioh 
we propose now to establish. 
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86. ProWem. ^ lb integrals x"(a + bx")='dx by reducing 
the exponent m of tlie vm-iaUe tmthout il\e parenthesis. 

Let ja;™(a-j- fo")''(in = j iidv^uv — j vdu; 

and assume 7£ = 3;"~"+'; dv ^= 3f~\a -\- hx")'' dx. 

Then dw ^ (m — n + 1) x'^" dx ; 

Thia formula diminislies the exponent m to m — », but 
increases p, which is generally objectionable. The last term 
of (1) must therefore be converted into an expression in 
which the exponent p shall not be increased. 

Now we have 

(o+j3f)''+':^(«+6af)(a+6af')''=a(a+fc")''4-&^"(«+ia^)''- 

. ■ . x-"-"(_a + bx'y-'-'^oiir-Xa + te")" + bx^ip + &e")". 

Substituting in (1), we have 

Csf(a + b3f-ydx 

from which we obtain, by transjiosition and reduction, 
I— *■(« -f bx') '*'- «{..-» + l)p--(<. + ».»■)'* 

= i.T»p + " + 1) '-'*■'■ 
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This formula reduces the exponent of of to m — n. It 
may be used whenever m is positive and greater than n, 
and its continued application wil! finally reduce the ex- 
pression to be integrat€d to a form which can be more 
readily manipulated than the original, 

27. Problem.— To obtain a formula fm- increasing ni;^to be 
used when m is negative. 

We have from [^A], by clearing of fractions, transposition 
and reduction, 



/' 



i--t' (« + fa-)'*'- t(nf + m + l) Cx-(a + Sjf )' dx 
= .(„.-„+ 1) <^'>- 

If in this formula we writB — m for m — n, and ^m-\-n 
for m, we shall have 

t ar~ (a + 6^' ydx = )^ ' — 

^ aljrt — 1 J 

28. Formulas [^] and [-B] are to be used whenever the 
value of p is the same as that of the fractional exponent 
in some one of the fundamental fiirms ; but as in a given 
example p may be any fraction whatever, it is necessary to 
estabhsh formulas for changing the value of p also. 

29. Problem. — Jh integrate x'"(a + bx'')''dx by dimiTmldng 
the value of p. 

Let (a + hr") '' ^= k ; f"dx=^ dv. 

Then du^=nbp(a -\- bx"')''~'x"~'dx; v = — "it" 1 
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and substitutiDg in the formaia. for integration by parts, 

Now, applying [^] to the last turm of this ei;Luation, sub- 
stituting m -j- )i for m, ami j> — 1 for p, we have 

fx"*" (a + 6*") ""'<&; 

^ Hwp + m + lJ ' 

and by substitution in (3) we have 

~ jii -1- jjji + 1 

30. Froblem. — To obtain a formula for inarefmng p; — to be 
used when p is negative. 

We have from [0], by transposition am) reduction, 

— af+'(« + hx"y+(m + lip + l}fL'»(,( + &t")''c?j: 
= _^ _^ ^^ __^-^ _ (4). 

If in (4) we write — p for p— -1, or — p + 1 for p, 
we sliall have the required formula, 

^- a»r.-n - f:^]- 



[t?]. 
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Applying formula [A], makiiiff m — m, a — 1, 6 — — 1, 

I ;= 2, p ::^ — ■ -^ . we have 









If m be even, the continued application of this formula 
will reduce the integral to the form 

and if m be odd, the final expression to be integrated will be 

1st. When m is even. Put m=^0, 2, 4, 6, etc., in suc- 
cession. Then, from (a), we shall have 



f dx 

r x'dx 
r t/-dx 



-xVi—x' 1 r dx _ 

2 "^ 2J1/I—X'' 

4 "^ iJVl — x'' 

6 ^ gJi'1—x-' 
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Hence, by reduction, 

f "^^ f -I ' ^ -I ' ^ ' J, l-T^- 

+ TTT"" '+''■ 

r afffa / 1 «_, 1 m— 1 ^ 

, 1 in — 3 m — 1 „ 
"^m- 4 m— 2 m "^ 

,13 5 m — 1 1 /7 5 

+ {2 4 8 i^STr/™ " + ''■ 

If we take tlie value of this integral between the limits 
x^a and a; ^= 1 [Art. 5], then, since for a; ^: 0, \=r: 0, 
and for a; ^= 1, sin-' x:^-^j we shall have 

J'l 3f(h 1 3 _5_ TO— 3 m — 1 s 

l/r=^' ~ T T "6 " ■ S^^ ^T" 2"' 
IJ. c-s. 
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2d. If in be an odd number, we shall have 

r_£ih: _ _ x'VT^^ 2 r xdx 
f_^*_ _ ^ ,- , 4 c ^'dx 

J\/i—x'~ 7 + iJVi-^r 

Hence, by reduction, 

J yl—x' 

/a^*: f 1 , , 1 2 1 /-r 3 , ^ 

f a?<fa — _ / ± 1^ J_ A . 



^4|_|^T=5 + c, 



Jvf=i- = -\T'+s 

1 2 4 
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1 






+ ...+! 2 1... -i^ 

If the integral be taken between the limits i 
; ^^1, we shall liave 



•^0 



\ sTdx _ 1 2 4 _6^ 
l/T=^' ~ T T T T 



Zd. If, finally, m be taken equal to iti^nity, the values of 
the definite integrals in the last two cases will be equal to 
each other, and we shall have 

^ A A A JL _ i_ A i_ _? A 

2 2 4 6 8 ■ ■ ■ " 1 3 5 7" 9 ■ ■ ■ ' 



1. 3. 3. 5. 5. 7. 7. 9 ■" 



which is Wallu's theorem for finding the ratio of the c 
cumference of a circle to its diameter. 

dx -h 

2. Integrate -^ , =ar-"(l —a') ^ dx. 

Tills example will be integrated by formula \B ]. 
We have 



r-"+Vl- 



-1 



=IJ«-*.(1- 



»■) ■ 



Proceeding as in tlie last example, we shall reduce the 
integration to that of (1 ~- a;')"^ d% = sin"' k + U if m be 
even, and to that of iir'(l — x*)" *^> if ™ be odd. 
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To obtain the integral of this expression, asaume 
l/l — x'r=\ -^-xz-f whence »^^ — 23 — xi^; 
dx, dx — ■2(fe dx d2 



Formula [_X\ applied to the last form of tliis expression 
gives 

Making m ^= 1, 2, 3, 4, 5, etc., in succession, we have 
r_ip ,,, — — ^ , Cjtc 
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6 3 . r il^ 

"^ 3 2''Jt/2aa; — a;'' 

I x^ , 7 x' ,75k„,7 5 33\ ,-5 j 

= ^(t+4¥"+4 3 2"+4 3 I» )l^^"-' 

7 6 3 , r <fe 
+ 4 3 2°JV2ax—x" 

J 72S=5 - - -6 ''^ " ^ • + -6 °J yKJ^^' 

/^*,9^ ,97a^,,975x„ 



9 7 5 3, r JL, 
+ 5 4 3 2"Ji/2m- 



•^ 1/2 oa; — X' 

Ix"-' 2m— 1 j;"-' 2m— I 2«i— 3 j:"-' \ 

2" ■ " ¥ r '^"^ ) 

, .... , 3 1, . _,x 
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If we take tlie integral between the limits x =^ and 
: = 2(1, we shall have versiii"' — ^ ^i and therefore, 



r2a _ _ 

Jo V'2ax--y "" i.2.;.rm-2. m-1. m ' 

4. Integrate (l'—2x')^dx. 

Let m^O, a = l, 6 = — 2, n = '2, p =^ -fj • 
Then ive shall have, by applying formula [C], 

Applying formula [0] to the last term, we have 
1/(1-2.,* .. = I { I (l-2^,i+ 1/-^ } . 

.-. f(l~2i^)^dx = ~(1 — 2^)^ 

+ g .(1 2.) + g^jJ^j-_-2-,- 

+ ¥72""'''^'^+«- 

5. Integrate ^ ::z^ x~' (a-i- hx) ^ «fc. 



« = — 1, « = 1, 
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Then we shall have, from formula {J)"], 

f= ?-T + -~rir'(«+ta)-*i. 

To integrate the last term, assume a-\- hx^z'; 
theu dx = —. — ; x~' = - ^ ; (a -\- hx) "^ ^ ^ 









(>. Integrate 5 ■ 

A„s. ^-i^ — i-^ + log f i/r+£ - 1 1 

" (l + 2«)* ll/l + Si + li ^ ■ 

7. Integrate —px — T~ " 






The last two examples may he integrated without the 
use of the reduetion formulas. 
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CHAPTER V. 

LOGAEITHMIC, EXPONENTIAL, AND CIECULAK FUNCTI0K8. 

32. There have been no general methods yet established 
for integrating, in iinite terms, all possible forms in which 
these funotious may be presented ; but there are many 
cases in which the integration can be effected, either by 
reducing the given transcendental expressions to equivalent 
algebraic forms, or by reducing them to other expressions 
of the same kind, but of simpler form. 

33. A latge number of expressions coming under the 
general form Fz"dx, in which s is transcendental, may be 
integrated in the following manner; 

LiitfFdx = q;jQ^dx = It;fli^dx = S; etc. 

Then the formula for integration by parts will give 

/»* = *.-,./*-.£&, 

Hence, by substitution, 
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Applications op Formula [i'j. 
Isf. Let P=l, and s^loga;. 
Then Q=fdx:^x; R^fx^~^x; S=x, ete. 

.'. J log''xdx = x\lag''x — M log""' a; + « (" — l)log"~'a: 

... ±7i(i — 1)... 3.2.1S+C IF}. 
2d. Let P = 1, and 2 = dn"' x. 
Then we shall find 

Q = x; i; = — t/T^r^'7 S-= — 3;;etc. 

. ■ . J(sin-' xT d^ = X (sin-' :c)" +nV i~"^'"(sin-':r)"-^ 

-«(*i-l)(^)(sin-'^)-' 

-nin~lXn-2)Vl=^\sur'x)"~'+... [(?]. 
3(?. Let P ^=^ a:"'"', and 3 = log x. 
Then Q = Ji"-' (fe — — it^ ; 



, laf' -Mog"a:rf3; 



„(,. -l)(„ -2)...3.2.1 



+c [irj 
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4(/i. If in the first formula [i^] we put log a: ^ 2, 
whence x^ ^, dx = e'ds, we shaJl have 

±n(n^l)(n-2) ... 3.2.1f + G [J]. 
5th. Making the same substitution in [IT], we have 

6(A. In formula [G] we have 

2 =^ sin"' X ; whence x := sin 2, 
di;= cosstfe, and 1/I — x'':= cosz. 
Substituting these values in [(?], we have 
1 2" cos2(fe:=sin 212" — ■n(n — l)2"~'-f- ■ ■ ■ | 

+ cos ^ Sto^'_«(^_1)(^_2)2"-^+ . . . t + C [i]. 
7JA. If in formula [jp] we make x ^= a', whence 
dc = a' log a <h, log x =^z log a, 
we shall have, after dividing Uirough by log"+'a. 



J log a 1^ log a log' a 



_ ^,-i)^^3.2.i |^„ m. 



This formula euihraces [/] as a particular case. 
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34. When n is negative, the above method no longer 
gives converging results, and the integral must then be 
determined by other means. 

The following examples will serve for illustration: 
1st. I ,— - - ■ 

J log'x 

Put 9;'"+' — M, -i — — == dv ; then 

X log" X 

du=^ (m-\- 1) x" dx, and v = — r^ ^y^- ■ , - _^ - ■ ■ 



Substituting in the formnk for integration by part* 
have 

J log'x ~ (m— l)log"-'a; "^ n^lJhg^'x' 

/ ' trdx jfl-' m + l / "j^-da 

log^'x ^ (n— 2)log~-'a; "'" n—2Jlog—''x' 

r ^rdx art-' _ w + l r x'-dx 

Jlog'-^;^ ~ (ji— 3)log"-^K + 71— 3Jlog"-'x' 



" Jlog"x 



log" X H — 1 \ log"-' » ~'~ K —2 log"-'x 



^(»-2)(«-3)"... -3.2.1 logi/ 

i,2.i/£?- m- 



(»-i)C»-2)(«-3).:. 
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J or 



If in [-W] we put a; = a", whence dc — a" log adu, 
ogx = u log a, we shall have 



Ju-h 



log™-' a li — 1 \ H"-' log'^' a 

+ (»^+ir_: fj-t'-A 

Making m^O, and writing K for u, tliis formula becomes, 
after multiplying through by log"-' a, 



pa'ife 



(»-l)»- 



(„_2)(,._3)T T(„_2)(„_3)..,3.2.1 I 

I br-^i fo"*. rQ-, 

+ (,.-l)(«-Z)...3.2. iJ )i l-U-l- 

Fmally, making a^= e, whence log a ^ log e ^ 1, we 

J >f (» — 1)1'-' \^ 11 — 2 

+ 



(»-2)(m-3)T T(„_2j(„_3, 3 2.1/ 



+ 



(.-l)(«-2)...3.2 



n/ t'- ["■]■ 



The values of the last terms of the last four formulas 
mil not be found except by approximation. 
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36. Trigonometrio or Circular rorms. — The principal 
form to b(i iiitugrated is 

sill" a; cos" a: (fo, 

and it presents four cases for consideration: 1st, to reduce 
m; 2d, to reduce n; 3rf, to increase m; 4(A, to increase n. 

Case l.—To reduce m. 

Let sin"'"' X = u, cos" x sin x dx ^^ dv; tben 

dw =^ (m — 1) sin"^' x cos x dx, and u =^ -—y ■ 

Substituting these vaiues in the formula for integration 
by parts, we obtain 



+ '^-_^jjsitf-'xcos''-y'xdx (1). 

Now, I sin™-' X 003"+' xdx = i sin'"~"'a; cos" x cos' x dx 
^^ I sin"-' X cos" X (1 — sin' x) dx 
= I sin"-^ X cos" xdx — I sin™ x cos" x dx. 

Therefore, by substitution in (1), and reduction, 

/• . , sin™*"' X cos"*' X 
I sin"* X cos" xax^= ^^ ■ — 

^ m + ^ J'sin™-^ X cos" a^ ft): [P]. 
Case 11.— 2b reduce n. 
If in [P] we write 90° — x for a,-, we shall have 
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JfiiiTi^O"— X) co3"(90°— x) dx 

- s m"-'(90°-a)cos"-H( 9Q°- x) 

VI + n 

+ ^^- fsiu""' (90°— a:) cos" (90°— x) dx : 

i^ing that sin 
ngiug m to n. 



or, observing that sin (90° — x)~&isx, cos (90°— a:) 
and changing m to )i, we have 



— 1 sin" a: cos"~^ X dx [Q]. 



The continued application of these two formulas will reduce 
the exponents m and n as near as possible to seco, and if they 
are both whole numbers, the final term to be integrated will 
be presented under one of the following forma, viz: 

j dx, I cos X dx, I sin a: dx, | sin x cos x dx. 

The only exception is when in -{- n = 0, which will 
receive attention hereafter. 



Case III—To i 
If in formula [P] we put — m for m, we shall have 
I sin"" cos" X dx 

— sin-^' X cos"+' :k — (?« + 1 ) fsin"^^ x cos" x da 
~' — -m + TO 

j sin""™"' X cos" X dx 
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If in this equation we write m — 2 for m, it becomes 
I sin"" X cos" X dx 

a; + (m — n— 2) J^in-"+' 3! cos" a^tfe 



.-"+':■; cos"+'x , , _, _ 



Tliis formula is not applicable when m ^^l, but in that 
case we may, by diminishing n, reduce tlie final integral to 

J sin X J smx 

Case IV. — To increase n. 
K in formula [Q] we write — n for n, we shall have 

I sin" x COS"" a; i 



.-(»+l)/.in-. 



. • . I sin" a; cos~"~^3: (tc 

siii""->' K eos-"-' x—(m — ii) fsin" a; cos"" x dx 
^ m + 1 

If in this equation we write n — 2 for n, it becomes 

I sin" a; cos~"a:(Jr 
sin"+' a; cos— H x — (7n — n-[- 2) fsin" a; cos-^+' x dx 
^ n^l t^^- 

This formula is not applicable when ■n, = 1, but in that 
case we may, by diminishing m, reduce the final term to 
be integrated to 



J cos X «/ cos X 
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36. Problem.— To integrate sin-" a; coa"" »; (fe. 
If in formula [P] we make m and n nogiitive, we have 
j sin-" X cos-" X dx 

sin-""-' X cos-"^' x-\-(m-[-\) I sin-^-^a; cos"" a; rfj: 



dec 



iii-"-'3TCOs-^'a;+(ra + 7() rsin-^^cos-": 

If in this equation we write m — 2 for )?i, it becomes 

I sin-" X cos-" X dx 
— siu-"'+'a;co3-''+'j;+(!Ji + n— 2) j sin"~™^''3:cos-":c(ti; 

= i; ._i ■' [J-]- 



[CJ]. 



In precisely the same maimer we obtain from [Q] 

J sin^^aicos-^a^rfa; 
gin— +1 ^ cos-~+' X 4- {m + » — 2) fsin-" x cos-"+' x dx 



By the continued application of these two formulas we may 
reduce the exponents ni and )* as near to zero as possible, and 
the linal expressions to be integrated will be of the forma 

r dx r dx r dx 

J sin X J cos X J sin x cos x 

I, under 
j sin™ a; cos" a; dx. 
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in which m and n are whole numbers, may be made to de- 
pend, as we have seen, upon the forms 

idx, icosxdx, \m\xdx, j sin a; cos :c lii;, 

fSLii, fr^*, f^*--, f-*L, f-i^, 

J cosx J sin X i/ sm X cos a: ^ Hin a: J cos x 

i/ ';0S~* J sm^iB 

each of which expressions we shall now integrate. 

I cos a; <iE =: sin a: + (7; | sin a; rfa; ^ — cos a; + C; 
I sin a; coaa;d^= 1 sin:i;d(sin3:) ^^-^-sin^a^-l-C; 
/*sin a; , r'rf cos k . ■ , /-, 

r£2i£d. = logBin:.+C; f. "^ 
J sin a; ^ ' ' J sin a: cos k 

= I i2^ ^ fi??!^ = fi^f-l _ log tang X +0; 
I siQK J tanga; J tanga; ^ ^ 

»y cosx 

^2 sin -J cos -|- ^) sin I- cos ~ 

= log tang -^ \ G\ 

C dx _ r cfo _ _ r (?(90° — a;) 

J cos a; ~J sin (90° --a:) " J sin (90° — i) 

, ^ /90° — a;\ I ^ 
.= — li.g tang ( 2 I + C. 

D. C.~2B. 
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To integrate ■ — -^ — dx. If in the formula 



-'aicos-"i+(m-~l)Ji 



sin""' X cos"+" X dx 



we write — m for n, we sliall have 

t sm" X cos~" X dx ^ (-' ■ dx = I tantfxdx 

The application of this formula will rt;yiice the form to 

be integrated to 1 lii; or I tang xdx ^^ I — dx, hotli of 

which are known. 

If in formula [T] we write (90° — x) for x, we have 

/C(m''xdx f ^„ , 
— . „ ;= I Qot xdx 
sin" X J 

tang"-' (90° — x) C^ «-2 rcco ^ j 

= — ■ — - — ^^ '- — 1 tang"-' (90° — a:) dx 

= - -°^r -/cot"-^ X dx [ W]. 

This formula reduces tlie final term to be integrated to 

i (fo or I cot X dx =^ j —. dx, 

both of wliieb are known. 
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Note. — If, in the expression sin'" x cos" x dx, the expo- 
nents m and n be fractional, the integration may l",s bSeoLed. 
by transforming the given expression into an equivalent 
algebraic form, and then applying some one or more of the 
formulas applicable to such cases. 

For example, letw. = -j^. )i;= -; then the expression 
to be integrated is 

sm^xGfJxd^ (1). 

Assume sin a: = w. 
Then cos 3: = (1 — w')^; 

and by substitution in ()) we have 

Jsint X cos^- X d. = ^^^(i _ „=)f (1 ^ ^f\^^, 

Finding the iotej^ral of thi* in ternn of u, and thnn 
replacing u by its value t.in ir, \\e shall have the reiiuiiwl 
integral in terms of sin x. 

38, In all of the preceding formulas the integration has 
been effected in terms of the pnwen of the trigonometrical 
functions, sine, co=ine, etc. 

The reduction of these formulas to numerical results, in 
practical operations, renders necessary an excessive amount 
of arithmetical computation. This labor may be obviated, 
in general, by converting the powers of Bines, etc., into the 
sinci and cosines of midtijile arcs before the integration is 
performed. 

For this purpose ive employ the three well-knonn trigo- 
nometrical formulas [Ray's Surveying, Art. 96] : 
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m « sin 6 = i- cos (a - b) - ^ cos (« + !>} (1), 

sin « cos 6 - -^ sin (« ^ 6) + -^ ^^" ("^ + ^> ^^^' 

cos a cos 6= -g- cos(cs— fc) + y cos (« + 6) (3J. 

If, for example, it be required to int^rate 
sin' X cos' X dx, 
we have sin'arcos'aTd3; = sin3;(sin3; cos:c)^(fo 

= sin x( -=- sin 2a; J (ic [by (2)] 

= -^ sin :c (fe -|- :^ sin 3x dx 

— T^ sin 5a; (fa [by (2) 

= g cos a; jg- cos 3a; + -gy- cos 53; + C. 

39. We shall close this chapter by integrating severa 
expressions of frequent occurrence. 



1st. j e" cos 63; dx ; 
2d, I e"' sin bxdx. 
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Putting t?' dx ^ dv, and u = cos bx, siii bx, respectively, 
we have, from the formula for integration by parts, 

j e" cos 6a: dx ~ -~ e" cos bx^ ( e"' sin bx dx, 

j 6°* sin fee £& = — e" sin te i ef" cos bx dx. 

From these two equations we obtain by elimination. 





/.. 




L^i,. 


[J^], 




J- 


. , , asii 
sinhxdx— 




[y]- 


M./- 


. + 1, 










We hmn 










f-( 


' 


-+i + c tang" I 


r _ 


sec^a^i^K 




^ .) 




'« + t + . 


tang's; 



- C ^ * ""R ^ ~ 1 I 1^ tang a 

-J..H6 + (. + e)U.ng->;-. + 4ji^!L+|ta„g., 



ITTor " Ufe*"^' 



"^''"+"'' + W^' 
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4th. f ^" . when a > 6. 

Ja-^-b cos a; 

Since cos x =^ cos' -^ a; — sin'' ,- x, we liave 
J a-{-b cos'' Tj- X ■ — i sia' -^ a; 



= v^^-r^ ^"g^ 



{V!^ 



T/S^--p-"f^ \\-aTb 



5(ft. f-^'^- whena<6. 
^ a + cos a; 

We have 



j.„ 


4^+- 


»»4"+»"'t'- 


-bsm 


r 




■*¥ 




j«. 


+ 6)cos'-i- 


— ((,-.) >m4» 




( 


secS 


^■^l 




Jc« 


+ i)-(4- 


-a)tang=^i 




2 


.i.+i,r 


' "^{Afe^'^^i 


'} 
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i'»n — -& — i-^+c 



Vb^a -^Vb — a tang -^ 



[|/6 + rt — 1/6 — a tang -^ 

J {a-\-b cos x}"" 

C Asmx , C B + Ccosx , 

Assume u ^^ 1^ -, — tt — ^ — ^^=1 + i ? — n \S^ "^i 

J (a -|- cos A-)"^' ' ^ (re + 6 cos o^)"^' 

in wliicli A, B, and C arc unknown coefficients. 

Differentiating with respect to x, we have 

du^ 1 

(ic (o-]- 6 cos a;)"' 

_ -A cos a:(a + 6 cos ar)'^'' +Ab(m —1) (a + b cos a ;)—' sin' a; 
- C« + ^cos^)— ■' 



■^ (a + 6 cos a;)"-' 

.-. l=iLcosa^(a + 6cosar)+^6(m^l)(l~co9V) 

+ (B+Ocos^)(a-f&cosi.); 

from which we iind, by the method of indeterminate coef- 
ficients, 
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p dx 6 sil l X 

h'-a'J ia-lbcosxr-' 

j_ ( ? » — 2)6 /* c os 3! da; 
+ (m— 1)C6'— aV (a-t-^eosa;)'^' 

This operation reduces the given integral to three terms, 
one of which is similar to the given expression with the 
exponent of the denominator diminished by unity. 



-/, 


cos 

-+ir. 


COS a;)"^' 








By a process entirely 
sample we find 


aimiiar to that employed ; 


ill tie la 


/- 






»m»- 






(m- 


-2)(6'-, 


»•)(<. + 6 cos 


«)— 








+ 


f-«J{o 










- 


(™-3) 


. f cos 


I* 




(m— 2)(6'- 


-<>-y(c. + 6co.«)— 



Tlie continaed application of the formulas of the last two 
examples wiU reduce the integration of the expression 



J(« + 6eosa.r 



fo that of 1 series of similar termi, in each of which the 
expontnt of the denominator if one If-s thin in tlie pre 
ceding the final terms to be integrated being of the loini'- 

I — T ■ . I COS xdx, or I - -— T . 

J a -\- b con X -J i/a + ocos^ 

each of which is easily integrated. 
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For the last of these forms we liave 

r eosxfk _ ra + bcosx-^a . 
Ja-\-bcosx~J b(a-\-bcosx) 

~J b Jb(a + bcos<c) 

^x a r dx 

b bJ a -\-b coBX 

40. Examples. 

r 

-. == 1 - 

I' 

To integrate the second term, put \ -^ x :^z, dx^^tk, 
<f = tf-\ Then 

=,^|{j!-A + :£_/J!:A|, byf„™„u [0], 



;db, Google 



THE INTEGRAL CALCULUS. 



2. Integrate . ^. ■ 



Applying formula [_N'], we have 
J ~ 3 \log"a;+ 2 log^a; 



+ 9 



2. 1 J log X ■ 



2. 1 logx 

To integrate the last term, assume 3f^=z, log3;=^-^ logz, 
af<te = it Then C^ = fJ^^ . 

Now assume z^e'; dz^^^e'dt, (^;log?; then 

f <fo re'dt rf , , , , *' , . 1 <?i 
JiS^^J — ^Ji^ + '+O + ^^^-JT 

^ log i + ( + ^ + etc. 
=^ log (log x') + log a;* + -^ log= a' + et«. 

■ ' Jlog** ~ 3 \!og'a; + 2 log^a; + 2. 1 logx | 
+ g;!^ { log (log x') + log a'+ -i- log' a.' + etc. I . 

3. Integrat* single COS^aific. 

We have, by formula [P], 

/• sin' a; cos' a; 4 /* 

I sin'* cost's; da; ^^ ^ -f* "Tfv M'"' ^ cos'xdx; 

C- , < , sin" a; COS* iB , 2 T. , , 

I sin'.r eos^ar dT, = 3 -| — „- 1 sin x cor x dx ; 
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and jsmxcos'xdx^^ ico^xdeosx = - — tt- cos'» + C, 



We have, from formula [P], 

j sin' K cos' a: tic ;= ^a H "ia") sin" a: cos* a dc ; 

r sin X cos' K 1 r 

I sin' X cos*^ a; (ii; = 5 1 — 5- j cos' x dx. 



• /— 


cos'ct f 

-n-i 


,m; + ^,iu'. 






+ 


8 10""'}+8.10.12/"^» 


i. 


Applying i 


fomuk 


[Q] to the last term, we have 




fcof?xdx = 


sin a; cos' »; , 5 f , , 




Jcos'xiic- 


= J + ^Jcos'«i; 




J cos' 9; lie ~ 


sinsicoss , 1 . , n 
= 2 +2»^ + C. 




.•/" 


0'j!* = 


sin a; f , ,5 








,3.5 1 , 3.6 , 


-C. 
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J sin" a; cos' a; (fe 



Bin'* + „=!„■ I + 



3 5 . 
T ID"" 



■] 



3. 5 sill a: f , , 5 ,,85 1 



% 4. 6. 8. 10. 12 ■ 



; + a 



5. Integrate - -4 -j- - 

This may be integrated by applying the necessary for- 
mulas, but we shall employ another process which is appli- 
cable in similar cases, and is especially advantageous when 
the exponents of sin x and cos a; are even numbers. 

Since sin' a; + cos' x==\, we have 

J sm a: cos X J sin x cos* x 

^ C "^ 4_ C ^ 

J sm^xeafx J sin* a; cos* x 

= r °°' ?+■';■• ' A + r»°!|.+ «^<& 

v* sui X cos X J sin X cos x 

= f ^ I f ^ r tfe r (fa 

J co^x Jsin'xcOB'x Jsin'xeosi*x J»ia*xcoa'x 
J coy's; ^ sin^Kcos^a: ^J sin*xcos"a! 

= f-^ + 2p^ + af-^'J 

J cos* a; ^ cos' x J sin' a: cos" x 
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J COS X ^ cos' it J sm'a^oos'a; 'Jsm'x 

J co^x ^ Jcos'x ' J cos' X ^ J sm' X ^J sm' X 
each term of wliich is iiit«grable by the formulas. 

6. Integrate iaag^xdx. 
Applying formula fF], we have 

j tang' xdx = — ^-^ — J tang' x (& ; 
j tang" xdx=^ — ^— — I tang x dx ; 
and I tang x^ = — log cos x -\- C. 

7. Integrate sin" a; cos' da: in terms of multiple arcs. 
Referring to the formulas of Art. 38, we have 
siu^ X cos' xdr::^smx (sin xcQSxydc; 

(sin * cos i)' = -j^ sin' 2x ; 



sin' 2a;: 



^(sia'2xy=J- 



2 
1 



(1 — 2 cos 4ii! + cos' 4x) ; 



-jTr sin a; ( 1 — 2 cos 4a; -[- -^ -{■ -n cos &c j 
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'128 "^128 



-isi„3.+ |sm5.) 



L,i,i7i+— rinDi 

25t) 256 

■• /=- lis """^ ^3^4"'^"'+ 534 «'"'*» 
8. Integrate co^xdx. 



T — ; 

^3-„- + -H- COS 2a; + 4- cos' 2a; + -k-cos'2x; 
cos'2a; = -^+-^cos4;r; 

/ 1 , 1 . \ 1 ,1 

cos 23; :^ cos a; I -„- + -h- cos 4a; 1^:-^ cosa;+ -s"<"3s^ cos4a;; 

cos X cos 43; ^^ -^ cos 3a; -|- -^- cos 5a;. 

3 

16 "^ 16"' 

+ -=7r- cos a; + -Hg- cos 3a; -f -^ cos 5a; 
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5,1 , 3 „ , 1 „ 

= -j^ -j- -^ cosx-\- -^ cos 2x -j- -ij^ cos Sx 

+ ^cos4^ + -g^cos5a,. 

9. Integrate sin^ x co^ xiic, ss above. 

10, Integrate ein^xdx, as above. 

11. As an additional application of the formula for inte- 
gration by parts, we shall find tlie integral of 

e" sin" X dc. 

Let sin xdx = dv, and e" sin"~' a; = m ; 

then v^ — cos x, and du ^= ae^ sin""' x dx 

-\- (n^V) e'^ sill""' x cos x dx. 

.■ . i = — e" sin"~' a; cos a; + a j e"' sin"^' a; cos a; dr 

-\- (n — 1) j e" sin""" x cos" x dx (1). 

The last term in this equation may be put under the form 

(« — l)J'e'^sin'^'a;<tc-(ji — l)J>sin''a;(fo; (2). 

If in (he second term we put e" =^ u, and siii"~' xcosxdx 
= dv, we shall have. 



a cos a; (tc = - 



- - re'"sin"x<fe (3). 
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Substituting (2) and (3) in (1), we have 
fc" sin" a; (ir = — e" sin"-' x cos x 

-| e'"&ui''x -j e" sia" X dx 

+ (ji — 1) p"" sin"*' X dc — (n — 1) fe" sin" a; (Sb ; 
and, by transposition and reduction, 



xdx [Z]. 



xdx \Z'\ 

The continued application of tliese two formulas will re- 
duce the final term to be integrated to forms which have 
been already considered. 

Scholium. — There are many other general forms which 
admit of integration by the application of the formula 



r«-.m-j 


■.Sx 


e™si 


n"-';t((»sin 


X— net 


»i) 


y,m. 




a-^ + ,; 












+ ^ 




™- 


Similarly 


we 


shall find 






A- cos". 


■.d% 


e^cc 


)s"-'^(«cos 


i + »>i 


ni) 


Je CO.. 




tf+)i 












. '>xin- 


1«C. 


o-is"- 



/«*="-/' 






Those which have been presented in the foregoing chapters 
are, however, among the most important, and of most fre- 
quent occurrence in the practical applications of the Calculus; 
and the careful study of these formulas should enable the 
student to apply the method to any not too complicated 
expression which may present itself for solution. 



;d by Google 



APPBOXIMATE INTEGRATION. 



CHAPTER VI. 

APPEOXIMATE INTEGRATION. DEFINITE INTEGRALS, 

DIFFERENTIATION AND INTEGRATION 

UNDER THE SIGN | . 

41. When a differential expression can not be integrated 
in finite terms by any of the preceding methods, the oper- 
ation may often be effected by developing the given ex- 
pression into a series, each term of which can be integrated 
separately; and this method may frequently be used con- 
jointly with those established in the preceding chapters for 
the purpose of discovering the developed form of a known 
integraL 

Examples. 

1. To develop jF(;r) dx. 

We have from Maclaurin's formula 

F(x)=F(<y) + xF'(0) 



Multiplying each term of this equation by dx, and inte- 
grating, we have 

fF(x) d^ = C+xFCi)-) + j^ J"(0) 

+ m ^"<-'^ +■■■ i.2..'"(l+ Yj ^-f^^' 

which is the required development. 

It is easily seen that this is the development, by 



Maclaiuin's formula, of 
c) (k when x^O. 



Cf(x) dx, C being the value of 
fFi£)^ ■ 
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2. To develop Cf(x) Ae. 

Making F(x) = u, and dx = dx, we have, by substitution 
.n the formula for integration by parts, 

^F(£) dx = x F{x) — fx F'(x) <h ; 

f.F'(^-)d. = ^FX.)-f^^F"i^)d^; 

Hence, by substitution and reduction, 

This formula is known as Bernoulli's series. 

3. To develop /^7~r- 

Expanding by the binomial formula, we obtain 



■■ J7l=?=/(*+I-"''* 



2 4 
I? 
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'/7& = 



If we suppose the int^ral to begin when a; =^ 0, we shall 
have G = G', and therefore 

This development will evidently not be applicable to arcs 
greater than one-fourth of the circumference. 



Corollary.— If a = 1, then sin"'^ — 



i 1 a, IAJl -1- 11 A 1 - 



4. To 



develop | — ; 



' \/'2ox — ar" i/ 1 — 6* 
Expanding by the binomial formula, we obtain 

(fo f d^ 

1 , r ">' ,13,, f "'■'» 

+ 2 ° J 1/2=— 3? + 2 4 ° J |/2aai-i' 

each term of wlucli can be integrated as in Ex. 3, Art. 31. 
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5. To develop j - , ■ • 
Lot *<!, and develop (l-^-x')-'; we thus obtain 

.-. ta.ng~'x-\-C = x—^x'+ ^^x'^yx'+etc-.+C. 

If we suppose the integral to begin when x-=0, we have 
C = C', aud, therefore, 

tang-' a: = a: — -^x'+ -^xT— -=-x' -{- ... etc. 

This formula is not convergent for values of the arc greater 
than 45°, since wc suppose a; to be less than 1111%. 

If x>l, then we may write 

K ^^ Qo renders the first member equal to -^ - and all the 
terms in the second member, except C, equal to zero. 



This formula is applicable only to ; 
and 90°. 
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Definite Integrals. 



42. It has already been shown, in the first chapter, that 
in order to determine the value of a definite integral, when 
taken between two g^ven limits, it is sufiicient to substitute 
in the indefinite or general integral the two limiting values 
of the variable, and take the difference between the results. 

The formula for this operation is 

f^ F'{x) dx - F(xO - Fix,-), or 

f^ F' (x) dx ^J^' F' (x) dx -JJ' F' (x) dx ; 

Xf, being the value of x at which the integral is supposed 
to originate. 

This formula ceases to be applicable when the function 
is not continuous between the limits F{x,) and F(Xi), or 
when any intermediate value of the function is eijual to 
infinity. 

In such cases we may divide the interval a^— i, into such 
parts that the function may be continuous throughout each 
part, then integrate between the new limits, and take the 
sum of the results. Thus, if a be a value of x between x, 
and Xi, such that F(_a) ^oo, we may integrate between the 
limits Xi and a, then between a and x,, and take the sum 
of the integrals; for, by the very nature of integration, we 
must have 

r*' F'{x) dx = f * F'ix) dx + f'''' F'(x) dx. 

Corollary. — It is evident tliat we must also have 

s>-f::- 
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Note. — The student will observe that the terra limit is 
not employed in the preceding remarks in its technical 
sense, as the value toward which a variable may be made 
to converge indefinitely without ever reaching it; but in its 
ordinary sense, as a d^nite value of the variable itself. 






Examples. 



We have \z'"(b: = 

e two valu 
re have 



Substituting the two values of it, 1 and 0, and subtraot- 
ing the results, we have 



1 



2 C^^ 

■Jo C 

We have J-^ = _^+C. 

' 00 — tang-' = -J - 



- tang ' (— cc) = 



■'■Jo ! + »■■ 


Am 


^■f :...%■■ 




Ans. ■ 


1 tang- 


5. r * ^' sin h <k. 




From formula [F], 


Art. 39. 


f<r" Rill hsdi 


^ — ^ 
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Substituting in this formula the two values of z, oo and 
0, aud subtracting the results, we have 

„ g-" sin fe rf; ^ ~ , lm ' 
a'-y-b' 



B./V-COS 


h<lz. 


Applying formula [X], Art. 39, we have 




So a'+H-- 


'•/.'*■ 


All!. logj-log<. = log(.^y 


'■f-!"^- 


Am. log (- 4) - log (- .) = log ( -^ 


»•/-.?• 





In this example the limits are of different signs, and the 
function is not continuous from b to —a, being equal to 
— 00 for a; = 0. 

Taking the integral between the limits, B, 0, 0, — a, we 
have 

= log (6) - log (0) H- log (0) - log (- a) 
^^ an indeterminate expression. 

In this and similar cases ive may proceed as follows : Inte- 
grate first between the limits b and em, and then between 
the limits — era and — a, in which m and n are arbitrary 
constants, aud e is an infinitesimal. 
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We will thus obtain 

S^^ = ^ei'')-t«s(')-i«gi'<'): 



■■■ SL+fir-M^ 



+k 



The aum of these two integrals is independent of e; it is 
dependent on the values of n and m, and is tlierefore inde- 
terminate. But if we pass to the limit by making e equal 
to zero, we shall still have 

Jem^J — a Jo ^J—a ■> —a z 

= log(-') + I«g(,^)- 
If, finally, we suppose n equal to m, whence 
log(i) = logl = 0, 
we shall have, for Hm partwidar rdatwn betmen n aiid m, 

which is called the principal value of this definite integral. 

10, Find, by substitution in the proper formuhis, the 
values of the following definite integrals: 

I x'^e^'dx. Ans, 1. 2. 3. ... n. 

Jo 

r^ . ^3 * 1. 2. 3. ... n 
I a,*"e~'"(to. Aus. ^^^ 
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EXAMPLES. 



1.3.5...(»-1) 
2. 4. 6 ... Ji 



■s- when It is evei 



2.4.e...(ii-]) , . ,, 

, ,, ^ j_ ~ ivheu n is oda. 



J cos"3;(?a;. Ans. the same as in the last example. 

11. J^c. (.„>.)*. 

Developing cos (a: cos 0) into a series, we have 

, .. , a;^cos'C 

cos (»; cos fl) :=^ 1 — "^~;r" 

X* cos* a:"" cos'" ** _, . 

+ 1.2.3.4 ■ ■ ■ + Tr2."3 ... 2m + ®*'^' 

Substituting this series in the given expression, it becomea 

+ TX5:4/o "'""''""+ ■•■■ 

Now we have, by Ex. 10, 

I cos" ic (fo = o— i-2 when n 13 even. 

^0 2. 4. 6 ... ji 2 

/*T ,,„„,„ 1.3. 5... 2m — 1 

. ■ . I cos"" d'l — .. , ,. = ■ a, 

t* 2. 4. ti ... 2m 

J'Tl 1 

k' cos' OdO ^ -H- ^" ~ ; 
2 

l>. C— 2S. 
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/' x° cos* d 




1.3 . 

" 2. 4 "" 

1. 8. 5 



Substituting these values in (1), it becomes 

I OOS (x cos 0) do ^^ t: J 1 — -^ 

Since | cos"Pdtf^^ | sio.''6dd, it foUows thiit the 

Jo Jo 

above result is also the value of j coa (x sin e)dO. 
12. Find the value of 



/;« 



43. SifferentiEitloii and Integration nnder the Sign C- 

The integral of a given differential function being the 
limit to the sum of ail the infinitesimal elements of which 
it is composed, we may differentiate each of these elements 
with respect to a new variable, and take the limit to the 
sum of the new set of differentials so obtained. This will 
evidently be the same as differentiating, with respect to 
the new variable, the quantity under the integral sign ; or, 
since the sum of any number of difierentials is equal to the 
differential of the sum of the functions, and since the limit 
to the sum is equal to the sum of the limits, it follows 
that this operation will be the same as differentiating the 



/" 



All the processes, therefore, for differentiating ordiuaiy 
functions will apply, without change, to integral functions. 
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Problem, — To differentiate with respect to x, 

II which xa and Z are functions of x. 
We have 
1. = CfF(i:,a) da = (f(x, Z) rh — fiXL^Jife; 



d.^rz_dF(^^^ 

fh J ta dx 

Corollary 1. — K a,, and Z are not functions of x, then 
—J- = 0, and -,— = U, 
and we shall have 

an expression which shows that in such cases Ute order of per- 
forming Hie- differentiatwn and integration in immateriai. 

Corollary 2,^We have at once, 

if ti = CF(x,z)dz + C; 

du_rdF(x,s) , dC__ 

dx J dx ' dx 
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44. If, instead of differentiating, we wish to ititegrate witli 
respect to x tlie expression I Ffxt ^) ^^t 'ii whicli z is in- 
dependent of X, it wiil be sufficient to observe that 

ffdzffF(x,e)(}z finij^dsjf F(x,z)dx 

have the same derivative with respect to x, and as they are 
both sen* when x^x^, they are equal to each other. 

[This is, of course, under the supposition that neither of 
the expressions becomes infinite or indeterminate within the 
given limits.] 

45. By means of differentiation and integration under the 
integral sign we may often find the values of definite inte- 
grals with more fecility than by any otlier process. We 
shall give here a few examples by way of illustration. 

1. AVg have already found 

Jo « 

If we differentiate this expression n times with reference 
to a, we shall have 

Making w^l in this equation, wo have 

J^%"-'<r^^ - 1. 2. 3 . . . (n-1) (2). 

Designating tliis integral by '"(w), we iiave 
r(»i)=1.2.;^ ... Oi — 1), and 
r°°«— «— & = -'i r°°e-sf->4t = -"'S'^ (3). 
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If we put C^y, we shall have 

(or x^ 0, y ^1; for .i; ^ oo, i/ ^ 0, 

and X = \os { — | , dx = ^ ■ 

.-. /^-.^-. * = -/«{ log Ip, 

If ive put x" = s, then 

e~^= e~"', x"^' dx^ — ■ , and 

f^ ^ X"-' dx = ^f^e-^'^dz = rOO (5). 

If in (5) we put n^ -^, we shall have 

The second member of this equation having no obvious 
numerical significance, we shall determine the real value 

of this integral by another process. 

Assume JT = 1 „ e~'' dz. 

Then, since the value of the integral is independent of 
the variable, we shall also have 

and by multiplication, 

HoiMb, Google 



334 THE INTEGRAL OALCULUS. 

This may be written (since y and z are independent of 
each other) 



Now, let y:=U, whence dy = zdt. 
Thcu ive shaJ! have 

JoJo JoJo 

r'°jr°° '"'"*'''^'('+'''* 

-Jo .'o 2(l + f) 

If in the last term we make 2^(1+ (') = w, it will become 

Jo 2(1+*') -Jo 2(l+f) 

= 2(ITf) l^**"'=■'■^■'''^*"^• 
• ■ .' 2(1 + C) 2j 1+1" 

^ -o- (tang-' 00 — tang-' 0) 






and therefore r 
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By means of (6) wo can find tJie value of 



«=/o"'-'-'"***- 



Differentiating this expression with respect to a, we have 



, /■* dx 



If ive put X ^ --! we shal! find, since the value of t 
integral is independent of tlie variable. 



. • . _ = — 2 "At ; whence log ~ =3 ^ 2ff, and 
To determine the value of c, put a = ; then 

If we integrate j e~'"dx^ — between the limits a=^b 
and (C^c, we shall have 

/„"— ?^* = >»«(t) <»)■ 

/I 00 

45'. The integral ( r, e"" a;*^' rfa; is called the Eulerian 
int^ral of the second species. It has a remarkable rela- 
tion to the integral j „ a:""" (1 — »)""' dx, which is called 
the Eulerian integral of the first species, the names being 
derived from that of the mathematician who first studied 
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To develop Um relation. K in the expression 

/„i..".(i-«)-*. 

we put X ^ YT — ' '^'^ si^i have 

J (I ' Jo (1 + .)-*' 

since s = 00 when x=^0, and — t ^ + ) „ ■ 

Now, applying formula [^] to tliis Ia.=t integral, we Irave, 
as may be readily seen, 

1 .2. 3 ... (it — 1) 






)(...)(.. + 6-2)(» + 6-l) 

_ 1.2.3 ... (ii— 1) ... 1.2.3 ... (6 — 1) 
^ 1. 2. 3... (6 — 1)6... (« + 6 — 1) ■ 

But 1.2. 3. ..(» — !) = r(«); 1. 2. 3 ... (i — 1) =r(6); 

1.2.3...(» + 6— l) = r(,, + S). 

f» z- '(b r(i,)r(*) 

jr by substitution 
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If in this equation we make 6 = 2, and n::^!, we sliall 

Jo 

But C^xdx = ^, Micir^e-'ctB^l; 

. • , by substitution and reduction, 

Jo 



OEOMETBIOAL APPLICATIONS OP THE INTEGRAL 

OALOTJLTJS. 

CHAPTER VII. 

RECTIFICATION OF CURVES. QUADEATURE OF PLANE AREAS. 

46. Problem. — To determine a formula for the len(0i, of an 
are of a phne curve; i.e., to rectify it. 

Let y = F(x) be the equation to a plane curve, and 
designate by s the length of the arc. 

Thea, since [Diff. Cal., Art. 106] 



(fe — i/dx' -j- df, 
wo shall have 

3 = id^=i V'dx' + dy' 
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The value of this integral, taken between the limits *„ 
Xj, or y,, iji, will evidently he the length of the arc between 
the points whose coordinates are sc, y, and Xi yi. 



,ing this are by S, we have 



Corollary.— If the curve be referred to polar coordinates, 
we shall have [Diff. Cah, Art. 106] 



-^=S:;i'^jl 






47. Problem. — To dekrmiTie aformuhfor Ihe area mdaded 
letween an arc, its Uvo extreme ordinaks, and Hie axk oj ab- 



■ the length of the 
arc by A, and by x, x^ the abscissas 
of its two extreme points, we have 
[Diff. Cal., Art. 107] 

d A^ ydx. 
.-. A=f^^'yd^ (5). 



In applying this formula the value of y must h 
in terms of x from the equation of the curve. 
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Corollary. — If the curve be referred io polar coordinates, 
then we shaU have [Diif. Cal., Art. 108] 



'=ii;:- 




will be the formula for the area included between two 
radii-vectores and their corresponding arc. 

48. !Problem. — To ddermine a formula for fJie kngtJi of an 
are of a curve of dovbU curvature. 

We have [DifF. Cal., Art. 137] 

da ^ Vdx^+dy'^d^ (a) 



=*v>+(f)"+(i)'- 



■• '-f>Mi^Hi] «■ 



Corollary. — The formulas for passing from rectangular 
to polar coordinates are 

3: = r sin C cos f ; 

y =^r sin C sin $ ; 
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in which is the angle between 
the radius-vector and the axis 
of z; and ^ is the angle be- 
tween the projection of the 
radius on the plane XY and 
the axis of x. 

Differentiating these equations 
with respect U> fl, and suhbtitut- 
ing the values of dx, dy, and (b 
in (a), we obtain 




^-^Mij+'-'-'m^ 



«=/;-*V'-+(»)"+'-'i«-»(§)' OT- 



Examples. 
49. 1. The length of the parabok. 
The equation of the parabola is if = 2pe; whence 






S-y/jf^l^j'+P'- 



Integrating according to formula (C), we have, by taking 
the integral between the limits y, and j/,, 



« = -^ iy-^f^ yt) + f log 1?/,+ Vf^ yl \ 



- (Vi Vp' + !//— Vi Vf + yl ) 4- 1 



1 2^1+ Vf+ yf 
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If ^1 = 0, then we shall have for that portion of the 
curve included between the vertex and the point whose 
ordinate is y, 

2. The length of the ellipse. 
The equation of the ellipse is 

a'y' -{- &' a^ = a' h^ ; whence 



o'(l~ 


.1«1 


1' 


a', 




1 


(1- 


-«■)■ 


i^ 



\7BI 



= 1 + ^ 



J K, \ a'—x' f 



To obtain this integral, we have, by expansion, 

1 e'x' 11 e'x' 1 1 3 c*3* 



(a^-e^x^^: 



' 2 4 a' 2 4 e a" 
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Putting X ^ az, we shall have 

each term of which can be obtained by tlie forniiilii for 

To find the length of the elliptic quadmnt, we must 
integrate between the limits a; =; aiid '£^=a,, or 3 =:= 
and 2 ^^ 1. Biit 

J 1/1=? ^246 m' 2 ■ 



•'■ Jo l/T^^~ 2 4 2 = 

/»! 2*^ __ 1 S n 

JqVT=^' 2 4 2 = 

/•l z'lk _ 1 _^ rl ( fa J 

J y I=? ~ 2 2 = Jo Vl^i' ^ "5" ■ 

We have, tJieroforo, 

A Quadraiit ^ -^ J 1^ -^,e'— --- -^^ e' 

_ J. 3= 5 
2= 4^ B"'^" 

and the entire circumference of the ellipse --• 
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3. The length of the cycloid. 

Wc have previously found for tlie cycloid [Diff. Cal., 
Art. 94] 

%. _ / 2)- — X 

dx - \---^ 

J X, \ X 

To determine the length of one-half the cycloid, we must 
integrate between the limits x,^= and Xj = It. 

AVo thus obtain semi-cycloidal arc ^= 4i', and, therefore, 
entire cycloid = 8r = 4(2r) = four times the diameter of 
the generating circle. 

4. The length of the spiral of Archimedes. We have 

This integral may be obtained from that of the length 
of the parabola by changing ij into r and p into a. 

5. The lengtli of the logarithmic spiral. We have 

Ar 
r = a,»; dr = a^ log a dO ; ^ = a? log a. 

••• ' -SI: * \'''+( % hsi: " ^'^^+T^'> 

"Se! '' '" I-' l+to?"^ = jj~„ i/'i+Wi I "'■ ~ »•' 1 
= i/T+^|,.-n!, 
in which m is the modulus of the system of logaoithms. 
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6, The length of the catenary. 
The equation of the cat«nary being 

y = I («^+ e-H 

we shall finii ds — -r=^=- 

If the are begin at the point where y = c, we shall have 

7. The length of the helix. 
Tlie equations of the helix are 

!/ = a sin — ; x:= acos ■ 

dy 1 s_ dx 1. E 

' ' ds ^ m ma,' ds ^^ m rna 

Substituting these values in formula (9), Art. 48, we have 



S = C^' ds Jl+i-sin'— + ijcos'-^ 
J i, \ ' m" ma ' m' irat 

if the arc begin at the point where z = 0. 

8. The length of the loxodrome, or rhumb-lino, described 
by a vessel whose direction makes a constant angle with the 
meridian. 
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The equations of this curve are 

Changing to polar coordinates, as iii Art. 48, Cor., we 
have 

the values of being the co-lutitndea of the two terminal 

9, The area of the parabola. 

"VVe have y'' ^= 2px, whence ^ ^ i/ 2 jw. 

rx, 

. • . ^ = I V 2 ys; (ic 

^ -| l/2^ \x^-xh - f b.^.- Ji^.i 

I diiference of rectangles 
_ ^ J described on the abscissas 
3 j and ordiiiatea of the two 
I extreme points. 

If 3k = 0,y, = 0, tlicn 




the area of the portion Oahd is equal to two-thirds of the 
rectangle whose sides are Od and M. 
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10. The urea of the ellipse. 
We have y^ — \/ a' — x^. 

Integrating by parts, we obtain 

■■■ /(«'-^')^'&;= i.:«i/S^=^+ ia=sin-'-|- + C; 

1 . b i 1 /—, 5- , 1 , . , X, 

and A=: — < -^XiVa' — x^ -\- -;,-«' sin"' ^ 
a ( Z i a 

Integrating between the limits cc ^: and x = a, we have 
for the area of a quadrant, 

, «6 . , , raft 

■A = -ij- si'i 1 = -^— ; 

and for the area of the entire ellipse, 

A:^ 7:ab = V~a' ■ "^'' = mean of circles described on the 
two axes. 

11. The area of a cycloid. 

"We have A ^ \ ydx^xtj — \ xdy. 

Now, dy = \j <tc. 
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Hence, j a: dj ^ j z \j — ^^^— dx ~- l\/ 2rx — x' dx 

= (V "r' — Qc — rf dx 

— — 2~ V 2rx — ^'' + Y sin"' - — ^ \- C, 

[by tJie last example]. 

, ^1 — )" /7i ^ . r' , , Xi — r 

+ -^ V2rx, — 3:,'+Y ^'"~ '^ 

Taking x, ^=0, y,^= 0, x-, = 2r, y-^ = 'H', we find for one- 
half the area of the cycloid 

A = — ^ I and for the whole area, A = Sin^ ;^ three 
times the area of the generating circle. 

12. Tlie area of the catenary, 

"We have A =j ydx=j „■ " J e-f + e-T | (te. 

This is the expression for the area included between the 
axis of a:, the Gur\'e, and the two ordiiiates, j*, ^ c, y^^ y. 

13. The area included between the arc and two focal radii 
of the parabola. 

The polar equation of the parabola is 
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■■■^ =/!•■■* 

= T''') .1 =T'''] n 

^y cos -^ ^ cos -^ 

= T ?' /"C filj + J y'J'tong" 2- sec' |- ti i 

= |/{t»ng|M4t«°s"|-'«'i;f-|i™ff'|'} 

between the limits 0, and Cs- 
If Ci =: 0, then we have for the area VFb, 
J = ip'|tmg| + itong'|-|. 

14. The area of the spiral of Archimedes. 
We have r = aO. 

If Ci ^ 0, then 

15. The length and area of the lemiiiscata, r' = a? cos 20. 

16. The length and area of the ellipse, the pole being at 
the focus. 

17. The length and area of the hyperbolic spiral, rd ^= a. 

18. The length of the semi-cubical parabola, af = x'. 
W. The area of the cissoid, >f {2a — x) ^ n?. 

20. The area of the curve, r ^ a sin SO. 
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CHAPTER VIII. 

QUADRATURE OF CUEVED SURFACES. CUBATURE OF SOLIDS. 

60. Problem. — To dekrmine a general fonnula for the area 
of a surfaee of revohttkm. 

Let abode be the generating curve, 
and let the axis of X be taken as tlie 
axis of revolution. 

If the curve be revolveil about this 
axis, it will describe a surface of revo- 
lution, and each side of the polygon formed by the chorda 
«&, fie, etc., will describe the surface of a conical frustum. 
It is plain that tite surface of revdtitvm wiU be the HmU to Ute 
sum of Ste surfaces described by the eh&rdi', as Hifse are Iwieji- 
nitely increased in number. 

Designating by x and y the coordinates of a point b, 

by X -\- jix, y -\- Jy those of e, 

and by Adi, the chord be, 

we shall have 

Surface described by ic ^= 2^ ■! — -t-- - > Adi. Hence, 

{The whole surface \ „ /% + '^^1ji, j 
described by the polygon / ' \ 2 j ' 

■ ■ , The surface of revolution = limit of surface described 
by polygon 

= lim S 277 ^ 

= 2^Jyds, 
i(» wliich 3 represents the arc of the generating c 



/%+^l 
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Designating the area by A, and substituting for (h its 
value x^'dx^ -{- <kf, we have 

A = 2rj2, i/S?"+rf^ (1), 

the integration to be made between the given limits. 

51. Problem. — To determhie a general formula for Bie vdmiie 
of o sdid of revolution. 

It is evident that the volume iu question is the limit to 
the sum of the conical frustums of which it is coniixisotl. 
Now we have (see last figure) 

Frustum described by bdck 

- ~ ::Jx If +(y+ dyf + y{y + Ay) \ 

= ^^r.Ax\i,f^%yAy^{Ayy\. 
.-. Entire Solid ^ Hm S -^ -Jis )%=+ % Jy + (^i/)'{ 

=J T.y'^dx; 

or designating the solid by V, we have 

y-^T.Jfdx (2). 

Corollary — In anv sdIhI cf re\oliitii>n the settnn piipen 
dicular to the axi* is a cucle li, m mj lolid whuh his 
an axif, the section perpendicular to this ixis be a cur^o 
who^e equation may be written y^f{x), then it is eisih 
seen that if the mea of this section be designated by F( c), 
the \olunie will be given by tlie formuii 

V=fF(_x)>h: (3), 

the integration to be made between given limits. 
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52. Problem. — 2b find Ihe area of any curved suifaee given 
by its eqttation. 

Let F(cc, y,z)^0 be the equation of the surface referred 
to throe rectangular coordinate axes, and let f(x, y) = be 
the equation, of its intersection with the plane of XY. If we 
suppose the surface to be intersected by two series of planes 
pai*aUel to XZ and YZ, respectively, it will be divided up 




into a series of curvUinear qaadrUateroh. Connecting the 
angular points of these quadrilaterals by straight lines, we 
shall have inscribed within the curved surface a polyhedral 
surface, each face of which is a rectilinear quadrilateral; 
and the given surface will evidently be the limit to the sum 
of all these rectilinear quadrilaterals which are inscribed 
within it. If, also, the distances between the intersecting 
planes are Ax and liy, respectively, then the area of the 
projection of each of the quadrilaterals upon the plane XY 
will be the product of Ax and Jy. 



Again, the area of the projectic 
given plane being equal to the an 



I of a surfeee upon a 
I of the surface itself 



;d by Google 



352 THE INTEGRAL GALGUL US. 

multiplied by the cosine of the angle between its pliii 
the plane of projection, it follows that 



in which Aa designates the area of the quadrilateral, and • 
is the angle between its plane and that of XY. 

Now, passing to the limits, we shall have 

lim Ja^da; liiii Jx dy^:dxdi/; 

liiii cos a .■= cos ( := eosine 

of angle between the plane of XY and the tangent plan( 
to the surface at the point x, y, z 

[Diif. Cal., Art. 141]. 



'MiH%] 



.*=*.,vi+(ir+(^i)' 



The area of the surfece will be found by integrating this 
expression (totee, once between the limits a^i, *j, and once 
between the limits j, =/(!ri), and i/a^/(;c,), derived from 
the equation /(a:, y) =^- 0. 

The integration with respect to r, in effecting which we 
may regard y and dy as constant, will give us the Ivmit to 
ffte sum of (Ae quadrSalerals contained bdween two phmes par- 
oUel to XZ, and the second integration will give the entire 
surfiice. 

We therefore iiave 
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S3. Problem.— To tkkrmine ihe vdume of any solid bounded 
by mirved aurfaees. 

If ive auppos« the Iwdy to be intersected by three systems 
of planes, respectively parallel to the coordinate planes, it 
will thus be divided into a scries of rectangular parallele- 
pipeds and of oblique polyhedral figures, one face of each 
of the latter being a curvilinear element of the sur&ce of 




the gi\tn bod\ If thn number of luter^eetmg planer be 
indefinitely increased, the limit to the aum of these oblique 
figures mil evidently be zero, and tke hmit to ihe sum of tkt 
pxtidlfh^ipeda vnU be ihe volume of Uie body lisdf 

Designating the distances between the mtersecting pi me^ 
by Jj, Jy, Js, and by Jw the volume of a parallelepiped, 
we shall have 

Av = Ax Ay Az, 
and, passing to the limit, 

dv = Rx dy dz, or 



V^^ i dv ^\ dxdy dz. 
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If this expression be integrated with respect to x, suppos- 
ing y and s to remain constant, we shall obtain the volume 
of a section of the body bounded by four planes, two of them 
parallel to XZ, and two parallel to YX. Then, integrating 
with respect to y, we shall have the sum of all the sections 
contained between the two last mentioned planes ; and, 
finally, integrating with respect to z, we shall have the 
entire volume. 

We may tlierefore write 

V =^^' fl'' P' dxdytb (5). 

to be performed in the order 



in which the integration 
indicated above. 



54. Problem. — To determine the 
f erred to polar eoiirdinales. 



'ola^ne of a body wJieii r 




Let the body i>e intersected by a series of planes passing 
tlirough OZ, then by conical surfaces described by the revo- 
lution of Oe, Od, etc., "and finally by a system of spheres 
having theii- common center at 0. We shall thus have the 
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body divided up into a series of elementary parts, sucii as 
abcdefgh, and the volume of the body will be the limit to 
the sum of these parts. 

DeBignating the coordinates of g hy r ^^- Off, O^^gOA, 
^^^AOX, we shall have 

gd^Ar; g/^rJO; gh ^ r cm OAf ; and 

volume abc h = r'Ar cos OAOJf ; 

or, passing to the limits, and taking the sum, 
V = fr' dr cos dO (f*- 

It is easily seen, as in the last proposition, that this ex- 
pression must be integratedthree times, and we shall have, 
finally, 

Note — Thi'- foimuK is b^sed on the assumption that 

abe h is ■x piiilJcbpiped This i« not ngidij conect but 

the diffeienee between «6c— — h and the panllelopiped k 
evidently an mfiuitesimal which d[ ippe'irs in taking tlie 
linut to tbe "um 

Note — In doiiWe -wid tiipU integration between limits 
it 11 necess'irj to p^} specnl attention to the oider of mte 
gration if the limita of the different variables be dependent 
upon each other It is ob\iou=i that a change in the order 
of integrataon maj necessitate a change in the linuls be 
t«een which the intej,ral is to be taken 

55 ExiMPiES 

1 Tlie urtace genented bj the rf^rlution ot t emi 
ellip'^; ibcut its mijor axis We have 






\dzl 
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aJ Xi 

Taking the mtegral between the limits — a and + «i "^ 
have, for the entire surface of the ellipsoid, 



If 6:^0, tiie ellipsoid becomes a sphere, - — ^=1, and 

A = 4W. 

2. The Burfiice generated by the revolution of a cycloid 
about its base. 

H.„,veh„, 4 = V^^Vl + (|-F=Vf. 

and since in the formula for tlie surface of revolution y is 
the distance from a point on the curve to the axis, we 
may write y = 2r — x. 

Henee, A = 2r P' (2r - a) ^ ^'' dx 
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Taking twice the integral between the linaits and 2r, 
ve have, for the entire surface, 



3. The surface generated hy the revolution of an ellipse 
about its niinoi' axis. 



; the formula to 2s i * -v/l +1 -i- ) ''j/t since the 
5 now the axis of revolution, we have 



^ = 2™^ 1 1 + -^ 
for the entire surface of tlie clhpsoid. 



1— e) 



4. The surface generated by the revolution of a cycloid 
about its axis. 

We have, as in example 2, 

■■■ ^ = 2^J'y-y|^<fe, 

^ 4!:y f/ara'— 47! V^r Cv^ — x dx. 

Taking the integral between the limits x=^0 and x = 2r, 
we have, for the entire surfiuse, 



5. Find the area of the surface formed by the intersec- 
tion of two equal circular cylinder at right angles to each 
other. 
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Let the origin be at the point 
of intersection of tlie axes, and 
let tlie axes of the two cylinders 
be taken aa the axes of Y and Z. 
Tlieii the equations of the cylin- 
ders will be 

Hence, j- ^ — and -7- = t 




This must be integrated, first between the limits y ^=0 
and y = V d^ — %\ and then between tbe limits a: = and 
X = a, "We thus obtain 



which is the cxpressii 



for one-eighth the entire surface. 



6. The volume generated by the revolution of an ellipse 
about its major axis. 



''==\/Z"'"*="C5(«' 






(between tiie limits x - 
= TT circumscribing cylinder. 
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7. The volume of the paraboloid of revolution. 

Alls, -y circumscribing cylinder. 

8. The volume of the solid 

formed by revolving a cycloid ris.:;;i, 

about its base. 



-4- 



the origin being it the \eitf\ 

It will facilitate the inte^iatnn to tranafti the rigm to 
the middle point of the )»ase ml ie\er>>e the a\e'- For 
this purpose wc hi\e 



Hence ^ = ^(?!:-?^ = J- 'J \ and 
lience, ^ — ^(^2*- — y) \2r — y 

Integrating by formula (A), we obtain 



-#{iyi4 



ry^+-^^''/*l 



n- ^ versin"' -^ + C. 

Taking twice this integral between the limits y = and 
( ^; 2r, we obtain for the entire volume, 



- circumscribing cylinder. 
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9. The volume of the solid described by the revolution 
of a cycloid about it axis. 

Fiff.lO. 

This integral can not be 
conveniently obtained by ^ 

the use of rectangular co- 
ordinates; we shall there- 
fore transform to polar co- 
ordinates, the pole being at j./_ 
C, the center of the gene- 
rating circle, when the latter is in the position indicated 
in the figure. 

Let J. be a point on the curve, VH = x, AH = y, 
DC ^ r, and DCH = 0. Then wo shall have 

VB=x=VC — CII^^r — Tc<^9; 

AH= y=--AD-\- DH^- VD + DIT--^rl> + r sin ». 

.-. Y= ffdx = r' ("(O + smOy d(l — cos d). 

Integrating this expression betiveen the limits O^^O and 
e^Ti, we have for the entire volume, 



10. The volume of the ellipsoid with three unequal axes. 

Every plane section perpendicular to the axis of x being 
an ellipse, we may determine the volume by the application 
of the formula ('F(x)(h: 

The equation of the elli[>si>id is 
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and the semi-axes of aii elliptic section at tlie distance x 

from the origin are — yd' — x", — -l/d'—x^. The area of 

-be 
this section is F(x) = — 5- (a' — x"). Hence, 

V=f^'' F{x) dx = -J fj' (a' — a:') dx = -f^ -bca 

(between the limits x^ — a and 3; = -f «} 
:^ -:t- circumscribing cylinder. 

11. The volume of the paraboloid with elliptic section. 
The equation to this paraboloid is 

1)^+ mf= 2abx. 

Finding the area of the elliptic section, as in the pre- 
ceding case, and integrating between the limits .1; ^ and 
x:=^ X, we have 

V = -f,- circumscribing cylinder. 

12. The surface of the tri-rcetaiigular spherical triangle. 
The equation of the surface is 

X- -I- 5- + >■ = ,■. 



Hence, ^|l+ ( * ) + (|)-= f „a 

~JJ i/^— «•—!,>■ 
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This expression must be int«grated ooce between the 
limits y = and y = y'r'—x', and once between tlie 
limits a; = and x ^= r. We thus obtain, since 

/dy . , y ^ , 

^=l,rJ-J * = !..-. 

13. Tlie volume of tlie tri-rectangular splierical sector. 
We have ¥=(" C CcLxdydz, 

in which the limits of z are and i/r' — x' — if; 
those of y are and 'x/r' — x'; 
those of a; are and r. 

Now j V r'—x' — y'dy ^^-^yVy^—"^ — y' 

^^ -r ~(f— ^^) when )/ = ^/r^ — x\ 

14. The volume of the hemisphere, referred Lo poliii- 
coordinates. 

We have V^fCCr'drmsOdOdf, 

and the limits of r are and r; 

those of II are • and -^ - ; 

thase of ^ are ami 2-. 
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Integrating between t]ie,=e limits, we have 



55 When the tornnili T'- 



';^= I i i 'i^dy^ leada to the 
integration of eotnphcated al^ebmic expressions, we may fre- 
quently simplify the opeiation by integrating with respect 
t) one of the vaiiihles, and then transferring the other two 
to poUi coordinate' For this purpose let the given e^- 
pre-jJiOD be integrated witb re-pect to z Then we shall have 



7 



=JJ.<irrfi 



The fornmliis for transformation boing 

a: ^ r cos C, y = r sin 0, 
we sltall have 

dx = — dr — ydO (1), 

dy=y-dr^ xdO (2). 

Now, in effeetiiig the double integration, when we wish 
to determine r, we Mippose y to be consttnt, and tlierefoi-e 
dy = 0; and if we wish to determine y, we suppose x to 
be constant, and therefore dt = 0. 

Adopting the latter hypothti-is, we have 

— — dr — yde, 

dy ^ ?{- dr + xdO ; 
whence, by cliniiuatiiig dO, 

ydy ^ rdr (a). 
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From this equation we infer tiiat wlien dy ^= 0, dr is 
also equal to zero. We liave then, from (1), 

dx = — ydg (6). 

Multiplying (a) and (h) together, ive have 
dxdy ^^ — ■ rdr dO, 
and, therefore, neglecting the — sign, which merely indi- 
cates the direction in which is reckoned from the axis 
of X, tlie formula for integration becomes 



--SS' 



do r dr. 



Example 1. — A sphere is intersected by a right circular 
cylinder whose axis passes through the center of the sphere: 
find the intercepted volume. 



Taking the origin at the center of the sphere, and the 
axis of the cylinder as the axis of 
z, we have for the equations of the Fig. 4i. 

Euriaces, 




a being the radius of the sphere, 
and h being the radius of the 
cylinder. 

Now it is easily seen from the 
figure that the limits of z are and Va' — r' ; those of C 
are and 2-, and those of r are and b. 

We therefore have F^ C CzdOr dr 

= (" CVd'—r'de r dr 
= 2^Cv'W=^rdr 
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This is the expression for that portion of the volume 
which lies above the plane of XY. 

The entire volume is twice this, or 

xl«'- («"-*■)*!■ 

Example 2. — A sphere is intereected by a cylinder, the 
radius of whose base is half tliat of the sphere, and whose 
axis bisects the radius of the sphere at right angles: find 
the intercepted volume. 

The equations of the surfaces are 

a;' + !/' + 3' = a' ; x'-^f^w. 

The limits of r are and « cos C ; those of are and -g- ^■ 

Ans. -; entire volume ^= .,- < —,■ 5- > ■ 



IHTEGBATIOB OF FTJNOTIOHS OF TWO OE MOEE 
VAEIABLES. 

CHAPTER IX. 

DIFFERENTIAL EXPRESSIONS. 

66. Hitherto our attention has been directed exclusively 
to the inte^ation of functions of a single variable, compre- 
hended under the general form F(x) (£e. 

We propose now to examine those differential expressions 
which involve two or more variables, and to investigate the 
genera! methods of integrating them, i. e., of determining 
tlie functiona of which they are the total differentials. 
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Let us consider tlie expression 

Mdx + My (1), 

in which M= t (x, y), X= 4 (x, y). 

We observe, in the first place, that (1) is not necessirily 
the eiad diflerential of any function of x aud y. For, if it 
J this function by )(, we should have 



If then JWand JVdo not satisft the indeutit\ lepie-cntel 
by (2) there la no functi n t a anl / ot nh h (1) i the 
evact diSerential 

We '.hill see however that if this condiU n i iulhllel 
b\ 3/ and ^ the functun m question dues eviat and il i 
hovt it ma-} be determined 

For this purpose we remirk tliat since Jlf is the paitial 
derivatue of the function with respect to a. the function 
itself mu«t be included in the ^nera] or ii lefimte inte^ril 
of Mdx with respect to i i/ being rocaided i" a con^tiut 
It IS then included m the expressnn 

f" Mdx + V, 

in which v is an unknown function of y. 

It remains to determine the function in such a manner 
that its derivative with respect to y shall be JV. 

Kow this derivative is 



.n 



— ;— dx -\ i— 1 or its equivalent 

x« dy ' dy 
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J Xo a3> ■ dy 

+ (a:, 2/)— 4(a^,y) + 7 



or, in fine, 
dv 



or, by transposing an integrating with respect to y, 



1 =J '+(^n y) ?V + C 



■\\ e have thu'? demon trated that when equation (2) is sat 
ibhed thtr ts t i fiinLti n of t ai d t/ of which (1) is the 
exatt di&eiential and tie foiegoing auiljMs slows that the 
integrati a may 1. e exhibited in the foil wing equation 

("{Mlx-i- Nd,') =f ^(x V)di: +j ^ 'i(i<, y)dy + C (3) 

57. Let us take, in the next place, a function of three 
variables, 

Mds + Mn + Pd^ (4) ; 

in which M^'p(_x,y,z); N^i(x,y,z); P = xix,y,z), 

If (4) is the exact differential of any function of x, y, 
and s, then, as in the preceding case, ive must have 

dM_dN_ dM^dF_ dN^dP^ ,^. 

dy dx ' dz dx ' dz dy 

These conditions l>eing fulfilled, the function in question is 
necessarily included in the indefinite integral of Mdx with re- 
spect to X, and it will therefore be given by the formula 

P jWx + V 

in which v is an unknown function of y and 2. 
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The partial derivatives of the function with refei-ence to 
y and z are, respectively, N and P. Therefore, 



J Xg dy dy J x„ 3«: 



~dy 

d» 



p^c^ —^/] J- ''- — r^ '^^ ti M— 

,f Xg dz dz J Xd da dt 

= P-.(..,5.,.) + ^. 
dv . , dti , , 

and therefore, by the last ease 

The function in question, then, exists necessarily when tlie 
conditions (6) are satisfied, and is given by the formula 

C{Mdx + m-ij + Pdz) =C^ ^ (X, y, s) dx 

+J*,j4(:r„,t/,:)rfj +(7 x(x„.y„,z)J:: + (Q). 

58. AVhen a given differential expression satisfies equations 
(2) or (5), which are called the conditions of intogxabUity, 
it is said to be an exact differential ; and its integral may 
be found by the application of formulas fS) or (,6|. 

It is obvious that in these formulas we may take a^= 0, 
^0 = 0, and 2o ^^ 0, and this observation leads f» the follow- 



Eule for integrating exact differentials, — Integrate Mdx 
witit rexpeii to x; ihfn infegiiiie nil the terms in dy lohi/'h do 
not contain x ; nml lastly, liitet/rute ail ffie terms in dz icAic/i do 
iwf contain x or y. Me sunt of tlte reeuits mU be the reepiired 
integral. 
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59. It is to be understw^d, uf course, that the variables 
are entirely independent of ea/^h other, and when thi.s is the 
case, no etyremmi which does not satisfy the condition (2) 
or (5) can be completely integrated in finite terms. If 
there is a known relation between the variables, it may 
render possible an integration which otherwi-se could not 
be effected. 



1. Integrate . ^ -{- adx -\- 'ihydy. AVe have 

Vl + x^ dy dx 

The expression is therefore an exact dif^rentiai, and its 



2. Integrate (ci'y -f- x'^)dx -\- (6'-|- (^x)dij. 
We have M=a'y + x'\ N=}i'-^a?x; 





-iJ-'~-,b 






/=/(<•■» 


+^')(fe+ ffr^rfy^i 


.■,+4 


»'+6> + ( 


J. Int«gnite 


vr+f + y 


JI/I- + S 


7'' 


iVe have M 


1 . jT- 


^n- 


" I 


V^ + f " 


• «'+!)■ / 




dM iN 
iy ^ di 







;db, Google 



i70 THE INTEGRAL CALCULUS. 

4. Integrate (Sxif — x'')dx-\- 03^y — 6j/^ — l)dy. 



2f~y + a 



5. Integrate (Qx^y + x')dx+ (2a'x — 3b!f)d>j. 
Ans, ISo Integral. 

2xdij 



V^~f W^-f 



We snail tind -.- = -r— - 



//* 2dx 



7. Iiitograte - 



(a-,y 



.^ dM^_l_^dN_ dM ^ y ^<iP . 
dy a — z dx ' dz (a — a)' dx ' 

(Iz ^ (a—sy '^ dy ■ 
Hence the expression is liitegrable, and we have 
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8. Integrate ?AzL^^ + -^^--^-^. d.. 

This expression satisfies the conditions of integrabiiity, 
and we have 

r ax — by _ 



9. Integrate ^^t+M+I± + ^A^~-^^. , ,a. 

Ajis. V'i^ + f +V+ tang-' -J + i e'-^ 0. 



CHAPTER X. 

DIFFERENTIAL EQUATIONS. 

61. The iat^'gration of a difftirentia! equation which in- 
volves two or more variables, consists in the determination 
of a finite equation of which the given equation ii a con- 
Up to the present time this operation has been effected 

in hut a comparatively small number of cases, and we 
shall, after establishing certain general principles relating 
to the subject, confine ourselves to the examination of 
some of the simplest forms in which the integration has 
been aecomjilished. 

62. Integration by Maclanrin's Formula.— Let us take 
the general equation 

which is said to be of the m." order, and of tiie degree in- 
dicated by the highest exponent with which any derivative 
is affected. 
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From this equation we shall obtain, by solution, the value 
of -5-^ in terms ot x.ii, -r- ■ ■• , ■■- , : and, by successive 
diffei-eutiation, the values of the derivatives superior to the 
ftf will be given iii terms of the same quantities. 

The integral of (1) will be a fiuite equation between y 
and X, which may he written y ^^f(x) ; and by expanding 
this function of x by Maclaurln's formula, we shall have 



= W+(^)i' 



If, in this general development, we replace all the de- 
rivatives of superior order to m — 1 by their ^-aUiea 
taken from equation (1) and its derivatives after making 
a; = 0, the resulting value of y will evidently satisfy (1), 
and the general value of y will be embraced m all the 
particular values which can he derived from this develop- 
ment. If, then, all po-sible values of y could be developed 
by this formula, equation (2) would give ua the complete 
solution of the problem of integration; but as Maclaurln's 
formula \\ill not give us the ilevelopment of every function 
of X, uie can ol>tain in this maimer only f/wse values of y for 
ivhkJi. none of the derivatives become infinite or indeterminate 
for the particular value zero of x, 

63. Integration by Taylor's Formnla. — If we Mippo-o 
i/o^/ffo) and y =f(x^-{- k), we 'hall have h^x — j„, 
and therefore Taylor's formula may be written 

+ -- + ofcT^r^-S=^-* ra- 
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Substituting in this equation the values of the derivatives 
superior to the m"", found by placing x^^K) in (1) and its 
derivatives, we shall obtain a value of y which will evi- 
dently satisfy (1), and from which (1) might, reciprocally, 
be obtained by diiferentjation. 

As is the case with the development by Maclaurin's for- 
mula, so, in this development, equation (3) would give us 
the complete solution of the problem of integration provided 
none of the derivatives became infinite or indeterminate for 
the value x^ of x; and this arbitrary value of x might always 
be so selected that all the derivatives would remain iinite 
if they depended only on x^, but as they also depend on the 
eorrespondmg value j/, of y, it may occur that a certain 
function y =f(x), while satisfying (1), will render certain 
derivatives infinite or indeterminate whatever may be the 
value of Xi,. 

It follows from the above that neither (2) nor (3) can 
give all the functions which satisfy (1). Within the limits 
in which they are sufficiently convergent they wOl sen'e to 
give approximate values of the function of which (I) is 
the differential equation. 

Equation (3) is called the general integral of (1), and 
(2) is only a particular integral corresponding to the case 
in which Xq :^ 0, 

64, Equation (3) satisfies the given differential equation, 
whatever may be the values of the m quantities 

dy d'^^y _ 

■'°' dx ' ^"~' ' 

and since these all disappear in performing the jn differ- 
entiations which wOl lead from (3) to (1), it follows that 
they are arbiimiy c<ymtants. 

Therefore, (he general integral of a differential equation of the 
m"' orJer eoiitains m arJntrnry ainstanta, tu/iie/t are no other than 
ilw valves of y and its first m — 1 derivatives for tlie particular 
ixdue So of s. 
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Conversely, everij finite equation between x a)wi y, whidi in- 
dudes m m-bitrary constants ami safiifies (Ij, h' tlie gtnerat inte- 
gral of (1). 

For, if we develop the value of y deduced from 'lut'h an 
equation, the first m coefficients of the development will in- 
clude a^ and the m constants; these coefficients may have any 
value, whatever be the value of x^; they may then be re- 
garded as entirely arbitrary; and as the succeeding coeffi- 
cients depend on them according to the law indicated by 
equation (1), the entire development can not difier from 
that given by equation (_3). AVheiice the truth of the 
proposition is apparent. 

65, When in the general integral of a differfiitial equa- 
tion we give particular values to one or more of the arbi- 
trary constants, the result is called a particular integral. 

When we can satisfy a differential equation by a finite 
equation which is not included in the general integral, this 
finite equation is called a singular solution, or singular 
integral. We shall devote a subsaiuent chapter to the 
consideration of singular solutions. 

66. We have said that every differential equation is a 
consequence of its finite, or primitive, equation; but it is 
easy to see that it is not always a necessary, or direct, con- 
sequence of this equation. For, since the primitive contains 
m arbitrary constants, if we differentiate it n times, we shall 
have ji -[- 1 equations from which n of the constants may be 
eliminated, and the resulting equation may be very different 
from the given one; and by varying the number and methofl 
of eliminations, we may obtain as many new differential 
equations as we please, each of which will necessarily satisfy 
the primitive, while none of them can be deduced directly 
from it. 

If, however, we dimumie by any number of different proce^'^es 
ihe mine con^nts, Hie residts of all Hie elhninatioiis mil Im iden- 
tical wi(A eadt oSter. 
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For, let us suppose that by varying the method we arrive 
at the two foliowing equations of the order m: 

These functions, F and /, being the m"' derivatives of p, 
are necessarily equal to each other, whatever may bo the 
value of s. Let3/„,(^|, ■ • • I , „_^ \, be the values of y, 
^ ■ ■ ■ - ^^r for the value at(, of x. Then, whatever be the 
value of Xfl, the two expressions 



l}'^{ 



arc neeo=saril_v €([ual to each other for all values of ^oi 

I -T^ I • etc., and the uneliminated con'.tantb; conseij^iiLntly, 

all of the'se exprei^ions must entei- in the same manner 
into the two functionB F aud /, thereby rendering them 
identical. Whence it foUowa that in whatever ivaii loe elimi- 
nate the same constants vie iMl in (M cases arrive at identical 
residts. 

67. The last proposition leads to the following important 
consequences, viz: 

That, every differential eqnatiffn of tfie order m can be deduced 
from, m equatims of tiie order m — 1, each ofwhidt contains one 
arbHrary eo7idant; from ■ , -n ■ equations of ^le order m — 2, 
each of idtidi contains two arbitrary constajifs; and so on. 

For let y = F(x) be a finite equation, and let us elimi- 
nate one coiiatant between itself and ita first derivative; 
then eliminate one constant between the new equation so 
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obtained and its first derivative; and so on until n 
have disappeared. The final equation thus obtained will be 
the differential equation of the ni'* order, and, from ivhat 
precedes, this and each of the other equations will be iden- 
tical with those which we would have obtained by any other 
process of eliminating the same constants. But the m-der of 
elimination determines the forms of the resulting differential 
equations, and the number of these equations of any par- 
ticular order, as ji, will evidently be equal to the number 
of conibinationa of ra quantities taken h in a set. Whence 
the proposition as above stated, 

68. It follows from the foregoing analysis that we may 
integrate an equation of the hi** order by determining, if 
possible, its vijird integrals — the first integral of a differential 
equation of the oi-der to being a differential of the order 
m — 1, We shall thns obtain m equations containing x, y 

■ ■ ■ -j-^ ' ea^h of which contains one arbitrary constant, 

and hy eliminating the derivatives we shall have a finite 
equation involving x, y, and m constants, which will therefore 
be the general integral of the given differential equation. 



CHAPTER XI. 

INTEGEATIOS OF DIFFERESTIAL EQUATIONS OP THE FIRST 
ORDER AND DEGREE. 

69. The most general form of these equations is 
qdy^Pdx = (i, or Q.J^ +P--0, 
ill which P and Q are functions of .i; atid y. 

It may always he solved by the general method of de- 
velopment by" Taylor's or Macburin's formula. In some 
cases the resulting development can be summed in finite 
terms, but usually the summation is not possible. 



;d by Google 



EQUATIONS OF FIRST OBDEE AND DEGREE. 377 
Example. 



f + .s + s>? = o. 

By differentiation ive obtain 



^-J -X- a ^- - 









Making a = 0, we have 






Hence, by substitution in Maelaurin's formula, 
!/ = j./l- = +-°-i--j^, etc.} 



\1. 2.3.4 1.2.3.4.5 
-'■^ , _ete I- 
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or, by substitution [Diff. Cal., Art. 53] of the value of iT", 

and, observing that y^ ;- is constant, 

70. If Q be a function of y only, anil P a function of x 
only, or if by any trajisformation the given equation can be 
converted into an equivalent one, each of whose terms is a 
function of but one of the variables, the integral may 
be found by integrating, by known processes, each of the 
terms separately, and taking the sum of the results. This 
method, which is much resorted to, is called f}w B^aratwn 
of (/i6 variables, and we shall devote the next chapter to its 
consideration. 

71. Of factors by which the first member of an equation 
may be rendered an exact differential. — If the firat mem- 
ber of the equation Qdy -\- File = 0, were an eA.act differ- 
ential, it would he necel^sa^y and sufficient that the integral 
should be a constant in order to satisfy the equation. 

The condition of integraliility of Q>dy + Pdr is, as we 

have seen, -^ ^ -^ ■ If this condition be not fulfilled, the 

expression is not an e\aet differential; nevertheless, there 
always exists, as we shall now demonstrate, a /actor by the 
introduction of which into the given expression, the latter 
will be transformed into an exact differential. 

For this purpose, let us observe that the integral of the 
given equation contains an arbitrary constant c; that the 
given equation results from the elimination of this constant 
lietween the integral and its first derivative; and that, 
however the elimination be effected, the result obtained 
will ^ve the value of -^ identical with that derived from 
the solution of the given equation Q^y -f- Pd« ^= 0. 
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This grouted, let the primitive be represented 1 
^(x,y)=c) whence -^dx + -^dy = Ci. 

' dx 
ticM with that derived from Qdy + Pdc = 0, ive must have 

dx _ F 
^ ~ ^' 

Substituting the value of P derived from this equation 
in Qdy -f Pdx = 0, we obtain 

dy 



^-QdTy'' 



and therefore, if we tmdtiply tlie given 
reduce to 

each term of which is integrable. 

72. Haviug demonstrated the existence of a factor which 
will render the given equation integrable, we shall in the 
next place show how this fector may be determined. 

Designating it by u, we must have, necessarily, 

*£ — il!^ O — — P—— /^_'?^\ 

dx ~ dy ' " dx dy~\dy dx y 

from which equation v may be obtained by integration. 

If V should be a function of both the variables, this equa- 
tion would be more difficult to integrate than the original 
one, and we should gain nothing by attempting to discover 
the factor. 
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If V i>e a function of but one of the variables, say a 
value may be easily found. In this case, smco -3— - 
we must have 



1 (1« 



Q \ dy dx j 



and it is obvious that if tJte gecond merr^>er of (Ars equation be 
independent of y, v may be found by direct integration. 

Designating ^|-^--^|by? (x), we have 

— dv ^^ (x) dx ; whence 

log J! ^ 1 ^{x)dx, and v =^ e-^^^ 

Substituting this value of v in the given equation 
Qdy -\-Fdx~0, 
and integrating according to the methods in Chapter, IX, 
we have, for the complete integral of the given equation. 

We do not multiply the term %!y '•y '"t because w e make 
use of only those terms of Qdi/ which do not contain .r. 

73. After one factor has been discovered, it vi easy to ob- 
tain others. For since v renders the expression v{<c/dy -\-Pd3:') 
an e^act differential of some function, as u, of x and \j, it is 
evident that wc shall obtain by multiplying by ^{)i), 

v^(u)(Qdy + Pdx) = f{u)dur 
and, the second member of this equation being integrabie, 
the first member is also integrabie. 
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74, If the form to he int«grat«d be 

dy + Pdx =^ 0, 

which is called the linear eqitation of the fird order, the factor 
of integration is readily obtained. 

In this case, since Q ^= 1 and dQ^^O, we slial! have 
-,— independent of y, and therefore 

in which X and X, are functions of x. The equation will 
then be of the form 

dy + (Xy + X,)dx = 0. 

Tho factor v becomes v ^^ e-^ , and we shall have 

/ardi ixdx \xdx 

dy + Xye-^ dx + Xie^ dx = 0; 

whence wc obtain by integration with reference to ^ as the 
iirst variable, 

y: +1 X,e-' dx= C, or 

y = e'f""[c-fxj''^d.]. 

75. Examples. 

1. Integrate ydx — xdy^O. 

„r , dP dy , dO dx , 

We have -j— = -fi- ^ 1 ; -^ ^ _ __ = _ 1. 
dy dy dx ax 
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Multiplying the given equation by this value of v and 
integrating, we have 



(• ydx — xd'j _ 



2. Integrate dx + (adx-\-2bydy)Vl+ x'—O. 
Here P = l + al/I+^ Q=^2%i/r+^ 



d, 


§- 


2bty 


1 1 dP 


-f}^ 


l + R," 


* -„ 




'> = (1 + X')' 



= <«; + log (^ + l/T+^) + %' = c ; 
and X + i/T+?= e^<"+'''=>= (^-(-"l-tv'i. 

3. Integrate a:rf^ — y<h^=xdx -\-ydy. 

Atis. teng~' -- := log"l/3;'-[-5^-j-C. 
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4. Integrate dy-\-3?ydx-{-a^dx^0. 
This is a linear equation, and we Imve 

J, = »"/"■'" I C^Jx'.J'"'"<lx} 
The last term in this result may he found by development. 



CHAPTEK XII. 

INTEGRATION BY SEPARATION OF THE VAHIABLES. 

76. This method consi'st'!, as has already been stated, in 
the transformation of the given equation into an equivalent 
equation, ea«h of whose termi is a funution of a single 
variable. 

When this transformation is possible, the integral of the 
given equation can be found by integrating each term of 
the new equation, and faking the snm of the lesulta. 

We shall give several casei to which this method is 
applicable. 

77. Case I.- — Let the form be 

Xd>j +Ydx = 0. 
Dividing by XY, we have 

Y ^ X ~ ' 

in which the variables are separated. 
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Example. x^ dy -\- y' d£ =^ 0. 

Wchave ^ + ^^0; 

. ■ . — + ^ — = c, and 

y ^ 

a; -1- )/ — cxy. 

78. Case II. — Let the form be 

XYdy + X,Y,dx^O. 
Dividing by XY,, we have 

y-dy + ^ax^ 0, 
n which the variables are separated. 

Example. Smfdy -|- (x^y' -\- ^) dx ^ 0, o 

ifix^+l^dx-^ 3xy'dy = Q. 
Dividing by y''x, we have 

^-+1 dx + 3/ dy = 0. 

. ■ . by integration, 

1 2 , 1 
-^ a;' + log ic + y' =^ c, or 

79. Case III.— Let the form be 

Mdx + My ^ 0, 
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in which M and N are homogeneous functions of x and y, of 
the m'" order; i. e., functions such that if we multiply ea«h 
of the yariables by any quantity k, the result will be iden- 
tical with that obtained by multiplying the functions them- 
selves by if. 

Let y = nx; whence dy ^ udx -\- xdu. 

The functions M and JV will be equal to x" multiplied 
by functions of w, and the equation, when divided by of, 
may be written 

F{u) dx +f(u)ludx + xdul = 0, or 

{F(u) + uf(u)l dx + xf(u) du = 0, or 

dx __ /(u) du 

'J'-^Fiu) + uf(u)' 

in which the variables are separated. 

Designating the integral of the second member by *(«), 
we have 

log a; ~ e^w ; whence x ^ e^C) =^ 0*(«), 
in which $ is a known function. 







Examples. 










1. 


( 


n + h,)*. 


= (« + »!/)*. 








We have y - 


= «; % = 


„i + ; 


r*ii whence, 


by 


sub- 


stitution, 
















. + « 


du 


. + 6.. 


A. 


.+ (4- 


-m), 
i + n. 


P 


•St. 


y.c. 


-33. 
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(m + nu)du 



-J «+((>- 



(»t+w^)rf^ 



2)a + 9i9 ^- H ^^ ; we have a 



The integration of the second member may be readily 
effected by the methods for the integration of rational 
fractions. 

2. (ax + hy + m) dx = Cpx + qy + ii) dy. 

ing a; = a/ + a, jr = t/'-|-;5; oa + ii^ + Ml — 0; 

)i& — mq ^ mp — na 

ati-^bp' aq — bp ' 

dx = dsf; dy ^= di/; 

and therefore, by su!>stitution and reduction, 

ia^^h^)d^ = {p^-\-qi)')di/ 

which is homogeneous and is integrable as in the last 
examj)le. 

If aq — hp^Q, the foregoing transformation can not be 
effected. Wo then have, however, 5 =^ - - and the given 
equation becomes 

{ox-\-by)(adx—pdy) — a{ndy — m,dx). 

— adx ... 



Taking ax -\- by :=^ z, whence dy 
have, by eliminating y, 

m. + vA + lh+p)^ 
in which the variables are separated. 
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80. Case IV. — L«t the form be the linear equation 

dy + Xydx + Xi &: = 0. 

Putting y — wi!, in which u and v are arhitrary functions 
of X, we have 

udu -\-vda-\- Xuv dx -\-X,dx^O. 

Since u and v are arbitrary, we may assume 

du -\~ Xudx =0; whence —^ = — Xdx, and w = e -^ : 

udv-\-X,dx^=0; whence e •' dv -\- X,dx = 0, and 

v = —jX,e-' dx + C. 
.• . by substitution, 

81. Case V. — Let the form be 

dy+Xydx^X,f^-'dx, 
which is known as Bemonlli'a equation. 

Assuming w^— ;;< whence y=u ", and 
dy ^= «~ "^~ du, we have 

du — nXu (fe + nXi dx^O, 
a linear equation, whose integral is, by Case IV, 
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82. Examples, and Geometeicai, Applications. 
1. Integrate a^ + ydy = mydx. 
Assuming y ^as, wo have 



2T-,n,+ 



. ■ . by integration and reduction, 
log. ^1-^ + 1 






This solution is real when m > 2. It is indeterminat 
when wi ^ 2, but in that case (1) is readily integrable. I 
m ■< 2, the fectors of 1 ^ ms -f- j' are imaginary, and th 
integration must be effected by the method established fo 
such cases. 

2. Integrate a^ydx + i/'dx = Zxij'dy. 
I y =^vx, we find 

dx Zvdv 
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j = \ ^.l*, or (^-2f)'=W. 

" 4 — 2-^J 



3. Integrate xdx -{- ydy ^^ xdy — ydx. 
Assuming y = vx, we have 

xdx -\- vx^dv + v'xdx ^= »?dv. 
(k 1 — I- . 

and by integration and reduction, 

log \/x' ■i-f= tang^'^ + G- 

4, Integrate a' ydx — fdy^ y? dy. 

Let y ^vx; then we shall have, by substitution and 
reduction, 

dv dx dv 

J, + ^ — ^i 



.-. , = «>•'. 

x'dy — x'ydx -\- ifdx- — m/'dy ^^ 0. 

= OT, we find 

xil-v^dv^O («). 

. ■ . dv=^ and u = c ; whence y = ex. 

The reduced equation (a) may also be solved by malting 
a: — and 1 — v^=Q, or u = ± 1 ; whence j = c X 0, 
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or y = ±x. These values of y are evidently parfieular 
integrals corresponding to tlie values c = co and c ^ ± 1. 

6. Integrat« a^rfy — y" dx ^ Qc -{- y)' e~ ~^ dx. ^ 

7. Integrate rfy -]- J'j/'iic = a'x"dx. 

The integral of this, which is known as Eiccati's equa- 
tion, has been found only for certain special values of m. 



(.). 


If m 


= 0, 


we have at once 






dy '\- b' y' i^x ^= a^ dx ; 








i * 




* .■-i>5- 




■'■ "'- 


-f. 


dy 1 , 


W- 


Km 


= 


2, let y = r'. T 



Substituting vx for v, and reducing, we have 
dx du 

an equation which is immediately iutegrable by the rules 
for rational fractions. 

(c). Assuming y = r^— + -,,- 1 we obtain, by differentia- 
tion and reduction, 
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- 4, this equation becomes 

ai> + o' r — ^ — a' -T 1 oi 



from which we easily find, by integration, 

ab — X -f- l>'x'y 
(d). If in tlie equation 

' x' 

we assume v= — > we shall have 

dx 
du + a' u'' af-'-' dx ~b- -j- 

if in this equation we make 3f^''d3;-^= - 

du + lPu'dt = a'e'dt. 

This equation, being of the same form as the original, ig 

necessarily integrable when ra = — 4 orm:= g ■ 

(e). If n is not equal to — 4, we may, by means of the 
processes employed in cases (c) and (d), reduce this last 
equation to a similar equation, 

du' -\- f^'vl'^dt' = a'H'^dt', 

which can bo integrated when n'= — 4, whence n^^ g- 
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Similarly, if n' be not equal to — 4, we may convert 
■his last equation into an equivalent one 

du" + ;J"' m"= df = a'" i" "" df, 



which is integrable when n" = — 4, whence n' = — 
n^ ^ > and m ^ =- ; and so on. 



3 ' 



The given equation is int^rable, thetefote, whenever the 
value of m is a term of the following series : 

u, 4, jj , ^ . ^ > etc., 

all of which are included in the general form 
_ 4r 

in which r may be any positive whole number. 

(/), If in the original equation we make y ^= — ■ it 
becomes 

du -\- a^u^x^dx =^b^dx; 

and if we make a;" & = — ^ ; a' = ^^ (m -f- 1) ; 



wo shall have du -{- 0'u'dv ^= a' v" dv, 

an equation entirely similar to the original, and therefore 
integrable when n = — - ^ __ ; whence 



and m = -; 
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Combining the last two cases we say, then, that Riccati's 
equation is integrable wfienever m = ,. ■ .. - > and by pur- 
suing the methods indicated in the foregoing discussion, we 
may reduce any particular equation to an equivalent one 
in which the exponent m:= — 4, or — 2, or 0, which will 
be directly integrable by one of the first three cases. 

8. dy + i/Vj: ^ x'^dx (1). 

-4(1) . 



S 2(1) + 1 
aceording to (/), y=^ — ; whence 



Hence we must put, 



du -\- u''x~^dx ^= dx 
Now, making x ^■^dx ^ j ; 

du — 3m' dv := — Sw"* dv. 

Since in this equation the exponent of v is — 4, we 

must, according to (fl), put w = 5 — 1- --^; whence, by 

substitution, 

Zdv _ dz 
if ^> — 1' 

and by integration, 
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Substituting in this last equation the values of z and v, 
ve have 






or, finally, C*)^ = ■■ ■■ ^ ■■ ^ ■■ ^ — ! ^^ , 

3 + j/a;*(l— 3a:3) 

which is the complete integral of the given equation. 

9. dy — fdx^ 1x ^ dx {V 

Let J/ = — -- -I- — . 

Then (1) becomes 






Let v ^ — ■ Then (2) 



i^^^. 



du + 2u'x"^-^'dx = ~ 





' 


-S"i = 


= - 


dl 


whence ( = 


4 




4+s' 




Thou 


(3) 


becomes 












Let 




i 


+ 




-3i- 


*dt 
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Then (4) becomes W "^^ ' ^ -l-W ^^■^' 

by integrating which we obtaiii 

g ^ _- ~—r= tang"' s 1/2 ; whence 

.v/2 = tang{('^)+0} = «.s{(^^'5) + 0} (6,. 

But, from the above substitutions, we have 

_ GPu — i _ r>t' — to _ QP — t(x^y + x) 



sVH 



10, Find the curve in which tlie subtangent at any 
point is equal to the sum of its coordinates. 

We have, without regard to the sign of the subtangent, 

.-. ydx — xdy = ydij. 
Making x =^ yv, we have, by differentiation and reduction. 



. ■ . log ( — ] ^ u ^ — > and -^ -^ e'J; whence tlie equa- 
tion of tlie required curve is 

y=ce«. 



6 fc 


6(A?J + «) 








= teng{Sl^T+C 
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11. The curve whose subtangent is constant. 
Here y -j- ^=<'', oi" yAx = O'dy- 

y " ^\c I a 

. ■ . y ^ ee" , tlie equation of the logarithmic curve. 

12. The curve whose subnormal is constant. 

Here y -r- = a, or ydy^a dx, 

from which we have at once 

y'' = 2ax + C — the parabola. 

13. The curve which cuts at a constant angle all lines 
whose equation is 

Fix,y,a)=0, .(1) 

in which a may have all possible values. 

If we designate by m the tangent of tlie given angle, by 
3^ i/ the coordinates of a point on 
the required curve, and by a the Kg. 4a 

angle which the tangent line to 
the given curve maiies with the 
axis of abscissas, we shall have 



^. 



tang a 



1+gta.g. 







Now the tangent of a is the value of -^ derived from 
the equation (1) for the particular point of intersection x' y'. 
dF 

Hence, tang a = ^-^-. 

'd/ 
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and by substitution in (2), 

( (7/ dx' cbf f dy' dx' dx' 

If we eliminate a between this equation ami Fij^, ^, a) 
^ 0, the re&ulting equation will be a relation between x' 
and j/, and will therefore be the equation of the required 
curve. This curve is called a Trajectory. 

14. The curve which cut'f at an angle of 45° all .straight 
lines drawn through a given point. 

Let the given point be the origin. Then we shall have 

F(x, ^,a)=y~-ax = 0. 

dF , dF ^ .-o . 

■■■ d^-^' -c^^^"' m^tang45 =.1. 

Therefore, by substitution in (3), 

X dx -{- y dy — X dy -{- ydx = 0, 

a homogeneous equation, from which we obtain, by integration, 

, v'x'4-y'' , , V 
log — —^ t= tang~' -^ . 

which is the equation of the required curve. 

Transferring to polar coordinates by means of the equa- 
tions y — 5- sin fl, a; = r cos 0, whence 



1 and v'x^-fy'' = r, we have 



TL ee^ — the logarithmic spiral. 
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15. The curve which cuts at right angles all 
with coincidect vertices and axes. 

Here F (x, y, a) = f — Spx = ; 



The value of m being infinite, the coefficient of w 
must bu zero. 



from which we obtain, by integration, 

3? -\- -K- y^ ^= ^ an ellipse, 



CHAPTER XIII. 



83> The number of general forma of these equations 
which have been integrated is comparatively limited, and 
we shall confine ourselves to the examination of a few of 
the more important cases. 

84. Case L — When an equation can be solved with 
reference to —p- ) each resulting value of — p- will give us 
a new equation of the form Pdx -\- Qdi/ = 0, which can 
be integrated by the methods already established. 

Let f (x, y, c) = 0, ^ (x, y, c') ^0, $ (x, y,c"}^0..., 
be tlie various integrals obtained in this manner. Then 
the equation 

h(',S.')H*(':.S,'')ilt(=',iJ,''')l .-.=0 
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will evidently contain eacli of these particular integrals, 
and will therefore be the complete integral of the given 
equation ; and since each of the factors is separately equal 
to zero, we may take the same value for the constant in 
all of them. 







EXAMPLES. 








1. 




{4F 


= .■. 








We have 


%-~ 


= ± .. whence 












y = > 


w: + c and y = 


= -« 


t + o; 


or 






(y- 


»-o)(S + ' 


ax — . 


3) = 






which is the complete integral of the 


given 


equat 


ion. 


2. 1 


m- 


-Hl)'+" 


ii) 


_C. 


0. 




We have 


Hi- 


= 1, 2, and 3 ; 


whence. 






mtegral is 


= 2. + c-, >,= 


3i + , 


= ; and 


, the 


complete 



(S-i.-c)(j,-2si-c)(!,-3.-«) = 0: 

Putting this under the form 

we easily obtain the integrals. The complete mtegral is 
, ^, fa" / . _, s \' 
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a root of the similar finite equation F(z) ^0, we may 
evidently satisfy the given equation by taking a ^^ -^ '> 

whence y = ia-\-c, and a = ^ We may then writ« 

as the complete integral of the given equation 



Example. 
To find the curve which has the property s = (u; + 6 

We have j— =^ a + '■ -p ; whence 



the required equation is 



This equation may be resolved into two fectors of the 
first degree, each of which, placed equal to zero, is the 
equation of a straight line. 

86. Case IL — Let the form be the homogeneous equation 

(sr+^(f)(^r+-+/(i)=». 

If we put ^=^u, whence y^w:, and ^ = u + x'^, 
the equation becomes 
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Solving this equation, if possible, we shall liave m valuea 
){ u-{- X —j- ' ea«h of which may be put under the form 

du , . dx du 

.n which the variables are separated. 
Example. 

^ = u, we have 



4={i+(^) 



-(«+4:H{i+(«+«l)'}*^ 

' ' dx ' 

dx 2udu 



;-=.-logCl + «0-=logT^ 



' ^+f' 



87. Case IIL^Wf^en the given equation can not be re- 
solved with respect to -i! it may be integrated provided we 
can solve it with respect to one of the variables. 

D. V.-TA. 
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Let the resolved eijuatloti !)e of the form 

»->^(t)+/(4)- 



intiog -^ by p, and differentiating, we obtain 
pdx = Fif) ^ + xF\p) dp -\- /'( J>) dp, or 



''' + w^;w-^^'W* 



Jlll§r- 



F{f)-r "'""'■- F(,)- 

This is a linear equation [Art. 80], and wi!l give, by 
integration, a relation between x and p. Eliminating p 
between this and the given equation, we shall have a finite 
relation between x and y. 



Examples, 

1. 3, = (l+J,)^+p^ 

We have Fip) ^1+p; f{p) =p'; F(p) —p ^^ 1 ; 

F'( p} dp= dp; f'ip) dp = 2pdp. 

. ■ . dx -\- xdp ^ — 2pdp, 

the integral of which ia 

X = P'" \g~ 2je^'"pdp\ = Cfe-^4- 2(1 —p). 

Substituting in this the value of p derived from the given 
equation, we have 



1/ = 22u; + ]/ 1 + 2)'. 
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We have F(p} = 2p; /(p) = i/l + /; F(p)—p = p; 

F'(p)dp = idp; /(j>)* = (l + pT*Ji*. 

... i+2'_*+_A_^0 
J> v'l + J>" ' 

the integral of which is 

.-. p'x ^C - ^ (I + f)^^p + l'^og^,p + (1 + pYl 

The elimination of p between this and the given equation 
will give us a finite relation between x and »/. 

88. Case IV. — Let the resolved equation be 
y=px+f(p), 
which is known as Clairawlt's form. 

Differentiating with respect to j), we have 

0^l=^+np}ldp (a). 

This equation gives dp = 0; whence p ~ c, and therefore 

The given equation may therefore be integrated by re- 
placing p by an arbitrary constant. 
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Equation (a) also gives us x -\-f'(p) ^= 0. If we elimi- 
nate p between this result and the given equation, we shall 
obtain an integral without an arbitrary constant, and there- 
fore not included in the general integral ; i, e., it will be 
what wo have called a singular solution. 



Examples. 

1. y =px + nVl + p'- 
Here f(p) = VT+'p'-, 

. ■ . the general integral is 

2. y ^px — ap(l -\- p^)~^- 
The general integml is 

B. ,(*)■+ (2.-5) I -, = 0. 

Assuming / = u, whence iydij = du, we have 

<■(£)■+ (^-^')s-^" = »- 

dii h du ^ a 1 du V 

■'■ ^ ~ " "£ " i H ^ T \S )' 

which is of Clairault's form. 

The general integral is 

he , no' 

■' = !' ="--r + T' 
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— V, and ^ = u, thia equation reduces 



which b of Clairault's form. 
Therefore the general integral is 



CHAPTER XIV. 

SINGULAR SOLUTIONS OP EQUATIONS OF THE FIRST ORDER. 

89. Let F(x, y, «) ^ (1) 

be the general integral of a differential equation of the first 
order ; a being the constant which by elimination between 
(1) and its first derivative 

f: + .■!?: A =0 (2) 

dx ' dy dx 

has led to the given differentia] equation. 

We remark that in every equation of the form (1), wc 
may replace a by f , a function of x and y. 

For, assuming F(x, y, (f) ^= F(x, y, a), 

we may determine f in such a manner as to render this 
an identical equation ; and consequently 

F(x, ;/,*) = (.^), 

may be considered as an integral of the given equation. 
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This integral, not being included in (1), is what we have 
called a singular integral, and it remains now to determine ^. 

Tlie given equation is, aa we have seen, the result of the 
elinaination of « between (1) and its first derivative, and 
since a may be replaced by $, it follows that the given 
equation is also the result of the elimination of * between 
t'(x, y,^) ^0 and its first derivative. 



Now, the first derivative of (3) is 

fff '^ tin rJv. '^ i-tih liv. 



and in order that the elimination of ^i msiy produce the 
same result as that of a between (1) and (2), we must 
evidently have 

dF di 

4^ = (5). 

dy 
This equation nnj be sitisfaed m two wi^-^ 

obtain f ^ e and the lesult 
of substitutmg this ^alue uf t m (3) wdl Ik the ri'iieial 
integraJ 

2(? If we put -!- — 0, and substitute the re-u!ting \alue 
of f in (3), the equation thus obtained will be a singular 
solution it it IS not included m (1) This result wdl be 
indentical with that obtained by eliminating a, between the 

equations J^(x,i/,a)— and -=- = 0; and we have there- 
fore the following 

Bale for obtainii^ Singular Solutions. — Fiiid the general 
wter/rcd of Uw given equation, whldi. wiR neteisarUy involve one 
arbitrary constant. Differeiiiiaie tlte integral witft respect to tJtis 
constant, and dimhiate tite eonatani bdwe&n tiie integral and its 
dertvative. 
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TJw equatiort thus obtained wUl be a singular solution, pro- 
vided it is not itself irmlvded in Ihe general iidegral. 

90. It is evident that (5) may be satisfied by placing 
-r- = Qo, and hence we may also find a singular solution 
by eliminating the constant between the equations 

J'(.,,,.) = 0, a»d^ = ». 

But in all caaes it is necessary to observe whether either 
or both of these methods will not reduce (5) to the form 

— . If this should be the case, there would be no singular 


solution unless the real value of — ■ should be zero. 


91. It will be observed that the rule above given is iden- 
tical with that for finding the envelope of a series of curves 
[Diff. Cal., Art 136]. Whence it follows that f/wt carve, of 
whidi ihe mi^ular solution is tlie equation, i» the emiefope of ffte 
senee of eurves given by causing tlie constant in the general hde- 
gral to vary contimumdg. 

92. The foregoing consideration will lead to the following 
simple method of determining, in many cases, the singular 
solution without first obtaining the general integral. 

Let the differential equation be written 



1 which ) 



f(x,y,p) = (6), 

doi 



Now, since (6) is the dififerential equation of both the gen- 
eral and the singular solutions, and since the envelope is, in 
general, tangent to each of the curves of which the general 
integral is the equation, it follows that for any values of x 
and y which satisfy both the general and the singular solu- 



tjons, (6) ought to give two equal vaktes of j) or -^ , one of 
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whicli is the tangent of tlie angle which the tangent line to 
the envelope makes with the axis of a;, and the other is the 
tangent of the angle which the tangent line to the given 
curve makes with the same axis. 

If, therefore, ^ (x, y,p) = (7) 

be an equation which expresses the condition that (6) shall 
give two equal values of p for the same values of x and 
y, the singular solution ought to satisfy both {&} and (7), 
and therefore the equation resulting from the elimination 
of p between them. If, then, we effect this elimination, 
and the resulting equation satisfies (6), it will be the singuhir 
solution. 

93. If in (6) the function / be of such a form that it 
can have but one value for a given value of p, we may 
readily find equation (7). 

In fact, it is shown in algebra that when an equation has 
two equal roots, there is a fector common to itself and its 
iirst derived polynomial (which is just what we have called 
in the Calculus the fi,rst derivative); consequently, in the 
case under consideration, there must exist a value of p 

Hence, in all cases where p is not involved in radical 
terms, we may find the singular solution by eliminating p 
between the two equations /(^, y,p) ^d and -^ ^= 0, the 
latter being the form assumed by (7) in this case. 

94. Examples. 

1. y^xp-\-a Vl + f- 

This being of Clairault's form, the general integral is 
2, = «c + a l/T+^ 



common to the two equations (6) and -J- = 
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Eliminating c between these two equations, we I: 
whicli is the singular solution. 






The general integral is 

y ^cx — ac (1 4" cO 

Eliminating c, we have for the singular solution, 
a:^ -j- y^ ^: a». 

We have ^ = y^x -^ 2{a-x)p = Q. 

Eluuinating y, we have for the singular solution, 
(» + j)'-4aj = 0. 

.-, -;| = 2.jp + (2.-6)=0, 
and the singular solution is 



Aus. y' — Amx = 0. 

f^f-^^ + 0- + '^^f-i = (}. 

Ans. j' := 1 -f- *'- 
Ans, ^ — 4r' = 0. 
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96, Miscellaneous Examples in Equations of the 
FiKST Okdee. 

1. xdy — ydx = dx v'x' -\- y'. 

Let x^vy. Then dx = vdy -\- ydv, and 

Hence vydy — vydy — y' dv ^ (vdy -{- ydv) y \/l -\- v', and 
dy dv dv 



logi = 



1 , l/l + e- — 1 



log V 



K = l/ c' + 2ey. 
ydy = (3^1/ + yd£) Vl + 'f. 



■\/\'\-f^yx -\- e; I 
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8. y dy :^ Sxydx — x' dy. 
Let a: — w/. Then, by substitution and reductbii, we have 
dy 3inI« 



-^2^4 



(1 — 2))')^ 0/'— 2»')' 
. • , ■f = c^ y^ -\- 2a;". 



■y— yi^a' 



d^ 



- d tang ' 



^+2^ l + ^^l 

adO = d (a0). 
,'. d tang-' -^ — d (ae), and 

tang"' ^ = aO -\- e; or 
-^ = tang (aO + c), aud 
y = x tang (afl + c). 



5. xdx + «dj/ = b Vdx^ + dy*. 
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Solving this equation with reference to -3^ , we have 



^ = ^ + ^ 



H— 2(1}-' — a') 
The integral of the last term is 



dx 1/ x' -\- a" — b', and 



6 



!_ v-^_^ a'-6' + "-^-^ log(^ + x/a? + a'^b'). 

+ -^ log (^ + i/^+a^-&'} + a 
'y — y^ 



xdy — ydx - 



V x'^f 



Substituting vy for x, we have by differentiation and 
reduction, 

■■■ y=/*v'T+? 

= ^•l/Tq^+ J log(, + t/TT7)+C; or 

HoiBdb, Google 
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dv d u 

Assume B ^= 2aA ; C = Ab; v = x — a; u = 
Then we have by substitution and reduction, 



I + .- Zi-rf.— r. = 0- 



Vi'+b — d- ^ Vf+b- 
g |i + l/?+T-^i + log]} + l/y+T^TJ-j^ 



and !i+l/i«"+6-<''!l9 + v' >■+»-»'! 



+^^^T¥^] 



8. dx + x'dx = du -{■ udx 

Assume u^yv. Then we shall have 

(l + x')dx — ydv + vdy + yvdx. 

The quantities y and v being arbitrary, we may assume 

vdy -\- yvdx = 0; whence dy -^ ydx^^, aiid 

— ^ ^^ —dx, or log " ^ — X, and y ^= ce~". 

Also (1 -|-^)'i»^ ^= ^('v; whence 

. _ (1 + e) dm _ {\-\- ^')dx 



— €■ dx -\ ^i^dx. 
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u = yv = ce-'i~e'(3? — S^-i-ex — 6)\+ e'r 
= »r' — 3x= + ftc — 5 + -^ ■ 



\dx 



-(.-'+ ^ + f)ri] 



' dx 
This may bo rasoived into the three equations 

^ '=0; 

the integrals of which are 

y=\- + c; y^e'' + t'; ^ = — -1 ^- c". 
The general integral Is 



dx ' dx ■' ' dx 
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CHAPTER XV. 

EQUATIONS OF THE SECOND A 

96. There is no general method of integrating equations 
of an order superior to tlio first. The usual mode of pro- 
cedure 18 to nialie such transformations upon the given 
equation as will reduce the order of the derivatives con- 
tained therein. We shall present a few instances in which 
this method may be successftilly adopted, beginning with 
equations of the second order, the general form of which is 



' ■" dx dx' 



97. Case I. — Let the form be 



= 0. 



Eesolving this equation with reference to -j^ , we ha 

g = ««)=X,. 
Multiplying by dx, and integrating, we have 

Multiplying again by dx, and integrating, wo have 
y=Cx,dx 4- rc,(fe = X, + G,x 4- C- 

Example. -;-? = ax . 

dx' 

"HTo iiaiTi^ . - '' /It. = n.r} /^Tr 
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. ■ . ■ ,— ^ — oar' -f Ci ; dy ^ -^ aafidx -\- Cidx; 
y = -^Q >:k^ + C,x + a. 
98. Case H— Lot the form be 

If in this equation we put -J^ = p, whence -rt- = ^- • 
^ ' (fa -^ dx' dx 

ive shall have 

^(„.*) = o, 

an etiiiation of the firt.t order with respect to p. 

Solving this equation, if jiossible, we shall obtain the 
value of J) or ~-jL , which may then be integrated by the 
methods heretofore established. 

Example. 



Mm 


_ a- if, 
^ 2i S? 




^■"^ rfi^^' '"'^ ^"'^^ 






(1+/)*=^ 


t.,w 




dp 


. 2zdt! 




(! + ?•)* 




p ^ 


^,,l!+ 


?* 



V'i+f 
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THE SECOND 


ORDER. 


this 


e<iuatioii we 


obtain 






d,j 


x^ + oh 






* |i 


'-(I'+i*)'!^ 






* = - 




, and 




„ -, r 


(i' + a4)<k 





which is the equation of the e&wiic curve. 
99. Case m.— Let the form be 



'(I- §) = <•■ 



We have at once 



1 eqimtion of the first order. 



We have -^ = a -\-h 



'^ ^ V^ W"^ p + c, or 

^ — -J-^ taug(a;i/(i6 — cl/ot). 
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■■■ J' = -g^logS« + VI + "'; and 

^ = ■55' ^"^ ^'* '^' " ^^S" C* — c) )/a^S + c'. 
100. Case IV.— Let the form te 

In this caie we may, if we choose, change tlie independ- 
ent variable, which process will convert the equation into 
one of the form 

the integral of which may be found as in Case II; or we 
may proceed as follows ; 

Assuming -/ ^jp, we have 

d'ji dp , ^P ^y _ dp 

da? dx dy dx dy 

Hence, by substitution in the given equation, 

which is of the first order. 

Example. 

Assuming --.^ —- p, this equation becomes 

p -J— -\- d'y ^0; whence, hy integration. 
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^4 ^ 2c — a'lA and dc' =^ ■»-—■-,-,- ' "Ji" 



J 1/20 — o 



101. Case v.— If the form be 



' dx dx' I 



the methods of the last case will still be applicable. 



m-'^^-m+'-mf- 



which is of Clairault'a form. The intogral is therefore 



p ^ cij + nV 1 + d'c'. 

I = i log 1 oj + » v/1^"!??! + »■. 
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102. Case VI. — Let the given equation 

be a hoinogeneoua function of each of the variables. 
Assuming -^ = yt, we sliall have 
d'y dt , _,, 

and dividing by y", the equation will become one of the first 
order between x and t. It will however be difficult, in most 
cases, to integrate the resulting equation, and therefore the 
following method is generally to be preferred. 

Let v = uz- ^ = w- ^__^^±. 
' ' dx '^' dx^ etc X 

Then we shall have 

dy ^^ pdx = itde A- xdu, and — =^ — ■ 

But, since -^ ^r — , we have vdx := mdp; or — =^ -^ ■ 



Substituting in tbis last equation the value of v, taken 
from the given equation, we shall have an equation of the 
first order, from which we can fipd p in terras of ?i. Then, 
by means of the equatioj 
terms of m or — ■ 

Example. 

,,ii _/, . 
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Making the substitutions indicated above, we Imve 
V = {u — pY, and therefore from the eijuation 
vdu ^ dp (p — u) we have 
dp= (p — u)du. 
This being a linear equation, its integral is 

p = u + l+ce': 

Substituting in the ec^uation — =; — — — . we have 

dx du ^^du 

. • , log -7- = — log (e -[- e"") ; whence 

g-^^= , or by substituting the value of u, 

J, = _ a; log I ^^ I ■ 

This case applies not only to those equations which are 
essentially homogeneous, but also to those which can be 
made so by supposing x and y to be of the dimension unity, 

-J to be of the dimension 0, and -j-f to be of the dimen- 
sion — 1. The above example is of the latter character. 

103, E<;[aatioiis of the Higher Orders.— By the methods 
illustrated above, the order of any equation may be dimin- 
ished by unity, and the successive application of these" 
methods will finally reduce the equation to one of the first, 
order. Usually, however, the resulting equation will not be 
iotegrable. We shall present two cases in which the inte- 
gration is successful. 

Oase L — Let the form be 
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If we assume ■ ■ . ■■ , - ^^ p, we stall have -,— „- = -r- < aud 
the given equation becomes 

which is of the first order. 

Example. 



AVe have -y- ^^^ap; whence — =; adx, ; 



Now put 









log J 


p. _ 


«; 








r = 




= <M". 


1 


= 


11. 


Then 




= ^,.„d.l 




* 


^^ 


ce"ilc 


""a 


-«-(!(=). 
«-+«'. 






« 


= "f 


o-<t 


+ c'dx; and 






!/ 


= -£,^ 


«" + 


e' «i + c". 



104. Case n.— Let tLe form be 
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-j~ -^^ ~ii^' Therefore the equation 
which is of the second order. 






Example. 



dx' dx' 



We have -r^ = p. 



Multiplying this equation by -^H dx, we have 
^ ^dx~v^dx or 



t^(^)=* 



[-&) = '' + '■ "ntl*' 



v/p' + c 



... .^^^{l±V^) 0). 

Now we have 

=/*+/».*■ = p + ».« + a (2). 
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If p be eliminated between (1) and (2), we sh£ 
a finite relation between x and y. 

From (1) we have 

P + l//+T= c, e" ; whence p = -^^^ 

gSgi' (, 



2e, ' 



-+Ci;c+c:,. 



105. Integration by Series.— It lias already been shown 
that the general integral of an equation may be found by 
developing according to Taylor's formula. AVe shall now 
give a few examples in which the same result is attained 
by the method of indeterminate coefficients. 

1- »'' + - :^ + ji = 0. 



y ^ a,xf-\- a^3fi-{- a^ca -\- a,^ -\- etc., 
which a, ^, y, etc., are ascending powers of x. 
Then we shall have 

n)/ — Jitti ar' + JiOj a# + jiOa KV + JM, x* + etc. ; 

2ai ftr"-2+ 2a,i39fi-^ + 2a^y^-'^ + 2o. 83^^ + etc.; 



2 dy 
X S 

^ — 



+ iw,«>+<i,J(S+iy-2 + ««,ji«+etc. = 0. 
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This being ati identical equation, the coefficients of the 
various powers of x must be separately equal to zero. 

Tlie lowest power of x being a — 2, we must have 
a (a + 1) =^ 0, whence a ;= 0, or a ^ — 1, 

\sl. Let a = — 1. Now since a, is, by supposition, dif- 
ferent from zero, tlie term nai^f can not be zero, and its 
coefficient n«] must therefore be reduced with the coefficients 
of the next terms. 

We must consequently have a := jJ — 2 or « > (S — 2. 

If a > ;3 — 2, then we must have the coefficient of the 
third term, ;5 (jS -]- 1) ^ 0, which can only be satisfied by 
making ^5 :^ 0, since ^ is greater than a. 

Hence we have a = — 1; (9 = 0; y — 2 = b, ory^l; 

.5 — 2^/?, or 5 = 2; etc.; 

and placing the coefficients of the different powers respec- 
tively equal to zero, we have 

«3 7(y+ 1) + jiMi^O; ffi,i5(^ + l) + m; = 0; etc.; 
whence 



a,=. 



1. 2 ' ' 1. 2. a. 4 ' 



1.2.3 



Therefore, by substitution in the value of y 



= 0,1 ar' — -^-rt + 



iV 



1." 2 ^ 1. 2. 3. 4 



+ '^{'^-riri + -i:ii-i:5''^-) 



we take a = ji — 2, we shall find 

1/ ^ — cos X V )i, which is a particular integral. 
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2d. Let a = 0. In this case we can not have « > (9 — 2, 
for this would render the coefficient of afi—^, or j?(iJ + 1), 
equal to zero, — an impossibie condition, since (9 > a. We 
therefore have ,S — 2 = a, from which we deduce 7 — 2 := ^ ; 
3 — 2 ^ y, etc.; and we shall find 

y = »4«i- 00 + 172X4 "'■ I = TT -~Vir' 
a particular integral. 

dx' ' X rfx ' ^ 
y = a,a^-^a2iifi-}-a,X'-\-a,3^-\-etc., we have 
«! anf-'i -\- Oj ^yfi-'^ + chy^-^ + a, Safi-'^, etc. 



The sums of the second members are identically equal to 
zero, and placing the coefficient of x"""^ equal to zero, we 
have 

a + «(a-l) = 0, or«=.0. 

If we put ;? — 2<;a, we shall have, by equating to zero 
the coefficient of a^~^, ^ = 0, which is im^iossibie since 
(9 > «. Nor can we put ^ — 2 > a, for this would render 
a, = 0. Therefore we must have /9 — 2 := a, and similarly 
T — %^=^; S — 2^y, etc., whence we have 

«z=0; ^ = 2; y = 4; 5 = 6; etc. 

We shall find 

a particular integral, since it involves but one constjint. 
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106. Integration of Linear Eqaations. — Tlie general 
form of these equations is 

in which y and it? derivatives are of the frd detjrea, and 
A, B, . . . T, V, V lu-e fnnctionB of x. 

This equation can not be integrated in its genera] form, 
but it possesses several remarkable properties which we pro- 
ceed to notice. 

1st. If tiie last t«rm be wanting, so tliat 



^y 



+ A^,+ ---+Tq:+n, = (2); 



the eum of Hie m jmi-Ucuktr inUgrak wUl aho he aw integral of 
tite equMimi. 

For if j', y", !/'" ... be the particular integrals, we shall 






■ + j'i + w= 



■ + r¥ + Uf= 0; 



Adding these equation's we shall have the =ame result as 
if we had sultetituted 'j' + y" + f + etc. for y in i^l). 

Therefore, if ij', y", etc. are the m particular integrals, 
their sum y" + ^' + y"' + ste. will also be an integral. 

Moreover, the sum of any number of particular integrals 
will be a particular integral; and since the product of 
any particular integral by a constant factor will evidently 
be a particular integral, it followi^ that 

c'y' ^e"f^ ... <f r. 
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in which c', e" , . . «" are arbitrary constants, will be the 
tjnieral integral ; so that we shall have 

y = c'y'+c"f+c"'f'+. . . + r i/". 

2d. Let the last equation be the general integral of (2). 
Then it is obvious that the general integral of (1) may be 
obtained from this by replacing the arbitrary constants by 
functions of x. 

We shall now show how these functions of x may be de- 
termined, and as the method of demonstration would be the 
same for equation? of every order, we shall, for the sake of 
simplicity, suppose the equation ti> be of the third order. 

Differentiating the equation 

y ^ c' •</ -\- d' y" -{- c"' /", we havo 

dy = c' dy' + c" df + «"' df + i/ dc' + y" dc" + y"' do'". 

Assuming, for the first condition by which &, e", c"' are 
to be determined, the equation 

if de' -\- 1/' did' -\- y de'" = 0, we have 

dy = c'd^ + c" df + d" df (a). 

Differentiating again, we have 
^y = c'<F/+ c"(fj;"+ e"'dY"+ di/dc'+ dy"dc"+ df'dc'". 

Assuming, for the second condition between «', e", if", 
di/de' -{- df de" Jf- d^"dc^"^ 0, we have 
iPj = c' tPy' + t"d'f + rd'f (I.). 

Differentiating again, we have 

(Fj = c' ,?/+£/• <P!^'+e"'<P J- 

+ <P^cM+ (Py (fc" + dy da'" (c). 
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Assuming, for the third condition between &, e", e"', 
<fy'de^+ d'fd^'+ d'f'de'"^ Vdt^, 
we shall have the three equations of condition : 
i/dc' -f- ^'dc" -\- y"'do"' = 0, 
dy' dc' -\- <?y" dc" + di/" do'" = 0, 

dY dc- + dy dc" + dy dc"' = vd^. 

From these tliree equations the values of dc', dc", d/cf", 
and consequently those of c', c", c"', can be determined in 
functions of x by elimination and integration; and if the 
values of dy, d^y, (Fy in equations (a), (6), and (c) be sub- 
stituted in the equation 

dx' '^ ds^ ' 
the resulting equation will be identical. 

Whence it follows, in general, that if we ci 
y = cV+c"!/'+ ... +e"^, 
the general integral of 

£?+■•■ + =% = ». 



th.tof *f + ... + n,_r 

can be found by replacing c', e", etc., by functions of .i 
determined as above. 

107. Linear equations of the particular form 

dry A d"^'i/ B^ d^-'y TJ _ 

dt" "'" tffl + 6 di"-'" + (ax-^bf dsT-' "I" ^ Xax+hY ~ ' 

may be readily integrated by assuming y = (ax ■~\- 6)", 
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For, differentiating this expression and substituting in the 
given equation, we liave 

«(a-l)...(.->„ + l)0- + ^<a^l) 

...(a-m + 2)a— +... + 17=0. 

Let «', «", a" ... a" be the values of a derived from this 
equation. Then the particular integrals will bo 

!/=(= + 6).'; !/' = (m + 6)."; ... f = (,a + l)-; 

and the general integral is 

S = c'(~ + 6r+ «"(«i + J)-"+ ... + e-(mH-4)". 

108, Linear equations in wliich the coefficients are all 
) also readiiy integrable. 



Lfet us take the equation 



- Uy = V (1). 



y ^ y -\- Yf' tlie last term will 



and we may tlierefore suppose the S' 



i member to be zero. 



Let y = e". Then, by differentiation and substitution, 
ve shall have 

a" + Aar-' + ... Ta+ U =^ (2). 

If, now, we can find the in roots of this equation, 



it is evident that we shall have for the m particular inte- 
grals the following values ; 

and the general integral will he 

y = cV^ + c"e^" + . . . c-e^™' (3). 
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109. If the equation (2) has imaginary roots, the corre- 
sponding terms of the general integral will he imaginary 
also, but they may easily bo rendered real. 

Let the imaginary roots be of the form a ± j9 ]/ — 1,' 

Then the corresponding terms of the general integral 
will be of the forms 

^e(-i-3>'^i)^4-Be('^P''^l*; or 

e^(^e^>'=i^4-Be~P''=^^); or 

e«X|cos;!a; + l/^ain (?:(;}+ e-'^Jcos ^a; — |/=T sin^j. 

A and B being arbitrary, we may determine them by 
the conditions 

A + B^M; (^_£)i/=i^if; 
whence we have for the values of the imaginary terms 

3/''"=' cos (9j; + Ae" sin M 
and similar forms may be found for any two conjugate im- 
aginary terras in the general integral. 

110. If (2") has equal roots, the value of y in (3) will not 
he the general integral, since it will not then contain m 
constant*.. We may, however, find the general integral in 
this case as follows: 

Suppose that the equation has two equal roots. If we 
change the coefficients by infinitesimal amounts, (2) will no 
longer have equal roots, and (3) will be the general inte- 
gral. Tiie limit to this general integral will evidently be 
the general integral of the given equation. 

Let a' and a" be the two equal roots. If for a" we write 
a'-f 5, we shall evidently have for the general integral of 
the new equation 

y = cV'^-f c" «("'+*!'+ etc. 
^ c'e^»^+ c'V"'^ / ] + to + -^ + etc. \ -f etc. 
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Making c' + c" = A, and e" .! := B, we have 

y-^^-^lA+Bxl+J-^x'c^'^'^ • ■ ■ l + etc.; 

and, passing to the limits, 

yr=^efl''^\A + Bx] -h e!"(fl"'<'+ . . . etc., 

which is the general integral of the given equation. Simi- 
larly, if there were three equal roota, we should find 

y^^'^lA+Bx + (k^+ e"6«"^+ . . . etc.; 

and so on for any number of equal roots. 

Ill, ExAMrLEs OF Linear Equatious. 

1. S+&'«^o. 

Let M = ^f. Then ^ = a^, and -JJ = a?e!^. 

.-. a' e'^ + b' ef^ = 0, a.nA a? + b' = 0. 
.-. ((= ± 6 V — 1, and 

= (c' + c") cos bo + (fi' — c") i/=l sin bO 
= Mem bo + iVsin bO. 

2. *^ + „.,H-I.-=0. 
Putting 6'~ a'k, and u -J- fc = u, we have 

do' ^ 
whicli is integrable by tlie last example. 

Hosted by Google 



EXAMPLES OF LINEAR EQUATIONS. 433 

Putting y = 6", we have 

a'— 6a'+ Ua — 6 = 0, 

the roots of which equation are 1, 2, 3. Therefore the 
genei'al integral is 

y^e'e'+c"e"+G-"e^. 

£^ + »* + "»=»- 

Putting y = 6°*, we liave 

a' + 8a + 16 ^ 0. 

This equation has two roots equal to — 4. The general 
integral is, therefore, 

Putting 8 = e"', we have 

the roots of which are — fc dr V — iVT--^- 
Therefore the general integral ia 

8 =e-f jc'e°''^=i+ e"e-n»'==ii ^e-^j-l/ cos ai + iV sin ai(, 
in which a = V f — fc'. 

#-»i + »» = - 

The solution of the equation 

|jl_54 + 6, = 0,i. 
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Differeutiating, we have 

# = 3cV-+ 2c" ." + <,'■ 1^: + «- -$^ ; 
dx ' ' dx ' ax ' 






^ = 9c'^+4."e-+3e'^ + 2.'^; 



From these two equations of condition, we have 

dc'=e-^xdx, .'. c'=:C' ,j- xe'^" tr ^^ 

dc"=: — e~^xdx, .-. e"^^0"+ -A- re~'°+ -f- e~''. 



= 0'e"+ C"e»- -,'- »- 4 + -I + T 






CHAPTER XVI. 

INTEGEATION OF SIMtlLTANEOUS DIFFERENTIAL EQUATIONS. 

112. It is a problem of frequent occurrence in the apph- 
cations of the Calculus, to determine a finite equation be- 
tween two or more variables from the data furnished by a 
number of differential equations between the same variables. 
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Wc shall in the present chapter offer a few examples in 
which this operation can be effected. 

113. Let there be the two equations, 

^ + „, = 0;f+fe = 0. 

Differentiating the first equation with reference to t, we 
have 

dt' + *" dt ~^' 

and the elimioatiou of -^ between this and the second 
equation gives 

-p abx = 0. 

The integral of this equation is 

X = c'e"' + c"e-'" (1), 

in which m ^ \/ ab. 

Differentiating (1), and substituting the value of -j- in 
the first equation, we have 



'"^/|-■"•■^/^•" ®- 



The elimination of mt between (1) and (2) will give a 
finite equation between x and y. 



114, Let the two equations t>e 

^ + - + 6!, = 0; *+«'. + y, = 0. 
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If we multiply the second by and add the result to the 
first, we shall have 



Putting a; -f Ci/ = ti; a + a' = — a; b + b' — — aO, 
this equation becomes 

-J- — av^O; whence v = ce^. 
at ' 

Now determining from the two conditions 

a + a' = — a; b-\-b'0 = —aO, 

let its two resulting values be denoted by 0' and S", and let 
the corresponding values of a bo a' and a". 

Then we shall have 

x + y=e'0'", 

from which the relation between x and y can be found by 
the elimination of (. 

115. Let the equations be 



J + a» + 6j=T (1), 



(2). 



which T and T' i 



Multiplying (2) hj' C, and adding the residt to (1), we have 
^^^^+(» + «V)i+(S + 6'»)j = T+r« (3). 
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a-\- a'8 = — a; b -\- b'0 = — aB; x + ey = v, 

This is a linear equation of the first order, and its inte- 
gral ia 

v^e^\e + C(T + re) &-^di I ■ 

If we determine the values of a and e as in the last 
example, we shall have the two equations 

K + e-i/^e^-'jc +J*C3'+ ro')^-'tdty 
from which the values of x and y may be determined in 



We have 


|- + & + % = .'. 




ifc+M + (4 + 2»)>i + (3 + 6«) J = 1 


! + ««•. 


Now, aifsuming 


4 + 2e = — «; 

3 + 5(? = — «(J = 4fl + 2s 


', we have 


2«'— » = 


= 3; whence IC = -1, »■' = 


3 

■2- 


.-. 4 — 2 = 


— J=2,tmH + 3 = - 


J■=^. 


• ■■ »-» = 


«-"{«+/('-•■)•■* <!'}. 




.+ |!/ 


= «-''{«'+/(' + |-«')e' 


•it. 


These equations 


are readUy integrable. 
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116. Let us now take the three equations 

-J + «.i^ + ^ + « = r (1), 

^ + «'^ + h'y + C. - r (2). 

^^a"x^b"y + c''t=^T" (3), 

ill which T, T', T" are functions of (. 

Multiply (2) by 0, and (3) by S,, and add the results to 
(1). We thus obtain 



+ (c + c'P + c"(7,)3= T+ T'o + T'e^. 
Putting x + ey + 6,!! = v; a + a'd-\- a"e,= — a; 

b -^ b'o + b" Ot = — ad; c H- e" e + e" tfi = — aCi, 
this equation becomes 

which is linear, and may be integrated as in the preceding 
examples. 

Now, from the three equations of condition between 
and 0,, there will result two cubic equations from which 
we can find three values each for and Oi. Calling these 
values O', 9", 0"', C,', 0", $"', and designating the corre- 
sponding values of v by i^, v", i/", we shall have the three 
equations 

x + 0'y + 0,'z = l/, 

x + 0"y + 0,"^ = v", 

x + 0"'y + Oi"'s = i/", 

from which x, y and z can be determined in terms of (. 
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117. Let the given equations be tlie following of the 
second order: 



Multiplying (2) by and adding to (1), the 
equation may be written 



» + % + 






= 0, 



o + o'« ■ a + a'll 

o -|- «'" = — ^l^ this equation becomes 

the integral of which is 

• =(J>-+C(i— . 
Designating by C, 6" the values of derived from the 
equation "^ , = S, we shall have 



e+iif 



= CB"+CV 






Example. 



-w" 



-3a; — 4;/ + 3 = 0; 



jf + »-% + 5 = 0. 
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140 T3E INTEGRAL CALCULUS. 

We have a^ — Z; a' = I; b = — 4; b' = 
; = -|- 3 ; c' =: 5 ; and we eliall find 

6'= — 4; ff"=--l; n'^\/T; n" = 2; 

c + c'O' __ Vl_ e + c'O" _ J^ 

a + aV 7 ' o + «'(/" ~ 2 ■ 

17 

Hence, a; — 4y-j — =- ^ Cfe" ' + Ce— '' ', 



from which we may find an algebraic equation between a; 
and y by the elimination of (. 

118. As a last example let us take the two equations 

-^ + T = » «• 

^ + ^ = (2), 

in which r = i/x' + y'. 

If we multiply the first equation by y, the second by x, 
and subtract, we shall have 



d'y d^x 

'' df ~ ^ IF 



the integral of which is 

^ <(( y dt -" '•^J- 

Transposing the first term of (1), and multiplying by (3), 
we have 






d^x _m j 
- ^] 

f which is 
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SIMULTANEOUS EQUATIONS. 
Similarly, ive shall obtain from (2) the 



Multiplymg (4) and (5) by y and a;, respectively, aud 
addiiig the results, we find 

''l^ay + bi: (6), 

or mr -j- ay + bx = c^ (7), 

or m'ix- + f) = \e'-(ay + iz)\' (8). 

This is the partial solution of the problem "to find the 
motion of a particle when attracted to a fixed point by a 
force which varies inversely as the square of the distance;" 
and equation (8), being of the second degree, shows that 
the path of such a particle will be a Conic Section. 
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